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Prologue

This is the most ambitious writing project undertaken by the author so far as a math student,
and he hopes he can finish it in two years. The author, as a probability student, did not
excel in his real analysis courses (MATH 202AB at UC Berkeley) during his senior year. To
compensate, the author aims to write an extensive and detailed note that surveys through all
the major measure theory results of interest to a rigorous-minded mathematical probabilist.

Part I of this note will be devoted to measure theory in a general setting, while Part II
will discuss results in probability spaces built on top of Part I. The author hopes that his
commentary and the overall structure of the survey can help the readers (and himself) truly
understand both abstract measure theory and probability theory from a measure-theoretic
point of view.

This entire survey will be based on multiple sources, listed in the bibliography page. As
the old saying goes, “if you copy from one book that is plagiarism, but if you copy from ten
books that is scholarship.”

Shanghai, August 2024 F.C.

The prerequisite for this survey notes is a strong background in undergraduate real
analysis and familiarity with elementary probability theory. Some key results about normed
spaces, Hilbert spaces, and topology will be assumed, and these can usually be found on
any first-year graduate analysis texts. Some rudimentary familiarity with weak topology
on Banach spaces will contribute to the understanding of weak and vague convergence of
measures. We have also included appendices at the end of the survey, which discuss some of
these facts at a high level.

Remarks on Notation. In Part I we use X to denote a nonempty set, but in Part II we
use X instead to denote a random variable. As a replacement a nonempty set is denoted
by S. Oftentimes S is a metric space with metric p, and we recommend to assume S to be
separable at all times.

If you see any errors or typos, please inform the author via

fecheng@math.washington.edu.


mailto:fecheng@uw.edu
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Literature Review

The most commonly used textbook for measure theory and functional analysis these days in
the US is [Fol99], but is a very hard book at first exposure based on our personal experience.
On the other hand the book is too analysis for a probabilist. It would serve as a good
preparation for people interested in Fourier analysis, PDEs, and mathematical physics, but
may not be the best choice for people ultimately interested in probability theory.

The nice little treatise [ADM11] is based on the undergraduate classes at Scuola Normale
Superiore in Italy, and is very accessible for students with concrete background in elementary
real analysis. The exposition is very different from Folland, and various materials that
would be more of interest to probabilists/optimal transport theorists. One could say that
the measure theory part of the book is a combination of the Folland perspective and the
Ambrosio—Prato-Mennucci perspective. We also mention [Coh13] and [Tay06] contain
additional materials that are not usually covered in a first class in measure theory. These
materials in particular include Polish spaces, integration on differential forms, and Haar and
Hausdorff measures.

Functional analysis is not the focus, but sufficient understanding of the basics of Hilbert
spaces, Banach spaces, weak topology, and semigroups play a crucial role throughout the
text. [Brell], [BS20], and [BS18] are our personal favorite. Both books are very detailed and
well-structured. The book [Sch17] also heavily inspired to treat Riesz’ theorem and Fourier
transform of measures in the correct way suitable for probabilistic applications.

For probability from measure theory all the way up to stochastic calculus, the best
recommendation is go with either Durrett [Durl9][Dur96| or Le Gall [LeG22|[LeG16]. They
are both very good books with very different perspectives, and one should probably be
familiar with the content of both books.

We have to mention the encyclopedia [Kal21], which is really a reference book but contains
literally 99% of the content' one will encounter as background knowledge in probability
theory. Some of the results are a bit too general, but the presentation is usually concise and
optimal.

stochastic calculus [KS91] [RY99]

The blog-style lecture notes by George Lowther and Fabrice Baudoin

[DaP14][DaP06] has a somewhat different yet valuable perspective for a thorough course
on stochastic calculus. By this I mean it does not get deep into the convoluted continuous
filtration and martingale theory. He opted C}, for uniformly continuous and bounded functions
to develop many results, which may be nonstandard.

[Bas11] contains various good content, but has way too many typos for the readers

convergence of measures [Dud02][Bil99][Bog18]

[ABS24][San15][Vill5]

Lexaggeration, perhaps

11
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Chapter 1  Measure spaces

1.A Basic setup

We let X be a nonempty set in Part I.
1.1 Definition. For {A,,}22, C p(X), we define

limsup A, = ﬁ D A,, and liminfA, = D ﬁ A,

n—oo n—oo
n=1m=n n=1m=n

Note () can be seen as “for all” and [ can be seen as “there exists”. Therefore lim sup,, A,
consists of elements that belong to infinitely many A,,’s (spread out across n € N), while
liminf,, A,, consists of elements that belong to all but finitely A,, (the n’s at the beginning).
To compare this with the limsup and liminf of a sequence of numbers, one may try the
following exercise.

1.2 Exercise. Show that

limsup A, = A <= limsuply, =14,

n—oo n—oo
liminf A, = A <= liminfl,, =14.
n— oo n— o0

Here 14: X — {0,1} given by

1 ifzeA,
Lal) = {0 if o ¢ A

is called the indicator function (characteristic function for analysts who choose to write x4).

If {A,}52, is an increasing sequence of sets, then
liminf A,, = limsup 4,, = U Ap;
n n "
if the sequence is decreasing, then
liminf A,, = limsup 4,, = ﬂ A,.
" n n
Also remember that, by De Morgan’s Law,
limsup A, = (lim inf An)C and liminf AS = (lim sup An)c.
n n n n
Here is another exercise.

15



16 Measure spaces

1.3 Exercise. Consider a sequence of functions f, that convergences to f pointwise on some
set F. If we define

En,e = {.13 : |fn(x) - f(I)| < 6}

for € > 0 and n € N, then

E = ﬁ hn}ninfE;{k = ﬁ [j () EV*.

k=1 k=1m=1n>m
1.4 Definition. A nonempty collection A of subsets of X is an algebra if

(a) 0, X € A
(b) if E € A, then E° € A; (closed under complement)

(c) if By, E5 € A, then Ey U Ey, By N Ey € A. (closed under finite unions and intersec-
tions)

Furthermore, A is called a o-algebra if condition (c) asks for countable unions and intersec-
tions.

An algebra can be constructed from a more basic structure called semialgebra, which we
define below.

1.5 Definition. A semialgebra £ is a collection of sets such that

(a) Deg&;
(b) closed under finite intersections;

(c) if A € € then A° is a finite disjoint union of elements in &.

Some authors drop condition (a), while others add the condition that X € £. But of
course there is no essential difference. Now comes the main result.

1.6 Proposition [Fol99, Proposition 1.7]. If £ is a semialgebra', then all finite disjoint unions
of sets in £ form an algebra.

The most important example of a semialgebra consists of the empty set and all sets of

the form
(a1,b1] x -+ x (aq,ba] € R,

where —oo < a; < b; < oo. The finite disjoint unions of half-open half-closed cubes should
therefore form an algebra.

From now on we will assume A is by default a o-algebra. Obviously the largest o-algebra
on X is the power set p(X).

Given a o-algebra A on X, the couplet (X, .A) is called a measurable space, a space on
which we can possibly attach a measure. Given a measurable space (X, .A), we call a set F
is A-measurable if E € A.

Also in analysis, “0” means countable union while “¢” means countable intersection. An
F, set is a countable union? of closed® sets, while a G set is a countable intersection® of
open® sets.

1Folland calls this elementary family.
2somme in French

3fermé in French

4 Durchschnitt in German

5Gebiet in German
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We know that the preimage of a function f: X — Y is a mapping f~1: p(Y) — p(X)
that preserves unions, intersections, and complements, which are also operations in the
definition of a o-algebra. The next result makes the relationship between the two explicit.
See Section 2.A for the use.

1.7 Proposition [Kal02, Lemma 1.3]. Consider f: X — Y, and M and N be two respective
o-algebras on X and Y. The preimage f~! induces two o-algebras:

(a) M'={f"YA): A€ N} on X, in the backward direction;
(b) NV ={BCY: fY(B)e M} onY, in the forward direction.

We will write M’ = f~1N subsequently.
The following fact is left as an easy exercise to the reader. It shows these structures are
nice to work with.

1.8 Fact. The intersection of a family of algebras/c-algebras is an algebra/o-algebra. Note
that the union is not.

This fact holds for other set algebra structures as well, which include Dynkin’s A-system
and the monotone class to be introduced in Section 1.B.

With this elementary fact in mind, we have the following definition.

1.9 Definition. Within X, given a family of subsets &£, the smallest o-algebra containing &,
i.e., the intersection of all o-algebras that contains &, is called the o-algebra generated by &,
denoted by o ().

The same definitions apply to algebra and other set algebra structures, including Dynkin’s
A-system and the monotone class to be introduced in Section 1.B.

Certainly the definitions of algebra and o-algebra bear some resemblance to the definition
of topology. The above fact and definition have just turned this connection even more evident.
We will explore this connection further in Section 3.A, when discussing product o-algebras.

Of course we need to endow a topology on the measure space X to make things interesting.
If X is a topological space, then the Borel o-algebra on X, which we denote by Bx or B(X),
is the o-algebra generated by all open sets. One can of course replace the “open” here by
“closed”.

If X = R with the standard Euclidean topology, then B(R) is generated

e by open intervals (or closed),

e by left-open right-closed intervals (or the other way around),

e by open rays {(a,0) : a € R} (or the other way around),

e or by close rays {[a,c0) : a € R} (or the other way around).

e One may replace the endpoints of intervals by rationals as well.

The first bullet point boils down the fact that an open set in R can always be written

into the disjoint union of a countable number of open intervals. The proof of this requires us
to show that

1.10 Exercise. Given a set U open in R. The relationship ~ on U given by z ~ y if
[x Ay,zVy] CU is an equivalence relation.
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The theorem is of significant importance throughout measure theory, and is key to the
construction of Lebesgue measure on the real line that we will see soon. The notations x Ay
and z V y are shorthand for min{x, y} and max{z,y}. We will use them later more often.

1.11 Definition. A measure p on (X, A) is a function u: A — [0, 00] such that

(a) u(@) =0;
(b) p is countably additive/o-additive, i.e., let {F,,}22; be any measurable partition of

E € A, we have
p(E) = u(U En> = pu(En).
n=1 n=1

For two different rearrangements of the same measurable partition of F, u(E) should yield
the same value, because the sum of nonnegative values does not change under reordering.
An easy way to see this is to note

Zan = sup{z a,, : I is a finite subset of N}.

n=1 nel

In fact the right hand side above is how we define generalized sums over possibly uncountable
indices. Therefore condition (b) makes sense.

1.12 Exercise. Define ) pan, = sup{>_, . a, : I is a finite subset of £}, where £ is an
uncountable index set and all a,, > 0. If the sum is finite, then only countably many a,’s
are nonzero. (Hint: consider the set Ey = {n : a, > 1/k}, which should be countable.)

From now on we assume by default that u is a measure. The triplet (X,.4, p) is called a
measure space.

A measure p on (X, A) is a probability measure® if u(X) = 1; p is finite if u(X) < oc;
and p is o-finite if X can be written as a countable union of measurable sets A,, € A, each
of which is of finite measure. Note for a o-finite measure, we can replace this countable
collection of finite-measure sets that make up X by an increasing sequence of finite-measure
sets. We may even further assume that the sets are mutually disjoint. These assumption can
be handy in some proofs.

It is clear that any probability measure is a finite measure, which is in turn a o-finite
measure. The probability measure is the essential example of a finite measure, because
mostly you can normalize the measure of the whole space to 1.

A o-finite measure is a well-behaved kind of measure. The Lebesgue measure that we
will rigorously see soon, for example, is o-finite. Some major results in measure theory, for
example the Fubini-Tonelli theorem (see Section 3.B), are only true for o-finite measure
spaces. A measure that is not o-finite is considered, in some sense, a little pathological.

The following “restricted” measures will come up a couple of times.

1.13 Fact. Fix some S € A. The function v: A — [0, 00] given by v(E) = u(EN.S) is still a
measure on (X, A).

1.14 Fact. Fix S € A. By intersecting S we can get a sub-o-algebra A|g on S, where

As={ENS:EecA.

5Why use this name? Because the probability of the entire sample space should be 1.
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Such (S, A|s) is called a measurable subspace of (X, A). Note that p restricted to the
o-algebra A|g is a measure on A|g. We denoted this restricted measure on (5, A|s) by pls,
or simply p when the context is clear.

Below are some important basic properties about measures that are used all the time.
1.15 Proposition. We have the following properties about a measure p on (X, A).
(a) monotonicity: for A, B € A,
ACB = u(A) < pu(B);
(b) inclusion-exclusion: for A, B € A with pu(AN B) < oo, we have
#(AUB) = u(A) + u(B) — n(AN B).

(c) o-subadditivity: for possibly intersecting sets” {E,}%2, C A,

u(@l En> < g 1(En)-

(d) continuity from below: for a sequence of sets {E,}22 ; C A that increases to F, we
have

1(En) T u(E).

(e) continuity from above (when the first set is of finite measure): for a sequence of sets
{E,}52; € A with p(Eq) < oo and E,, | E, we have

1(En) L p(E).

All these properties above require the famous disjointification trick to prove: we partition
the sets in question into pairwise disjoint pieces, and then use countable additivity of the
measure.

Now we discuss two important examples of measure extremely useful in application®.

The first one is the counting measure. Consider the measurable space (X, p(X)). The
function p: p(X) — [0, 00] given by p(E) = |E| is a measure. Basically it counts how many
elements are in each subset of X.

The second one is the Dirac point mass. Given (X,.A) and some x € X, we define the
function dx: A — {0,1} given by

1 ifzeA,
%(4) = {0 if v & A.

This is clearly a probability measure. Notice its difference from the indicator function. The
point mass . (A) takes in a set and spits out 1/0, while the corresponding indicator 1 4(z)
takes in a point and spits out 1/0.

"Recall in o-additivity the sets must be mutually disjoint.

81n this note we will avoid going deep into facts/examples/counterexmaples that are ultimately not very
useful in practice. One such “useless” example that is often mentioned here is the countable-cocountable
measure on an uncountable set. One may also list the collection of all countable and cocountable sets as an
example of a o-algebra earlier, but we have omitted for the same reason. Some results of greater generality
and particular examples add further insight to the subject matter and help our understanding, but in many
situations this is not the case.



20 Measure spaces

A countable linear combination of Dirac point mass defines a measure p on A called the
discrete measure. To be precise, given a countable set Y C X, and a function ¢: y — [0, 00]
at each y € Y, we can define p: A — [0, 00] by

w= Z c(y)dy.

yeYy

The meticulous reader should notice that the function ¢ here resembles the probability mass
function on a discrete probability space; see Section 7.A.
We say p is a continuous measure if it assigned zero measure to all singletons. By
comparison, this should be naturally connected to continuous distributions in probability.
We now introduce two additional elementary results about measures, which are simple
consequences from Proposition 1.15. These two results are important in probability theory,
but both are indeed purely measure-theoretic.

1.16 Corollary (Upper and lower semicontinuity of measures). For {E,}, C A, we have
p(liminf E,) < liminf p(E,).
If in addition p is finite, then

limsup p(E,) < p(limsup E,).

1.17 Borel-Cantelli lemma I. For {E,}, C A, assume ) u(E,) < oo, then

,u(lim sup En) =0.

We will see that the above result are commonly used to prove almost everywhere
convergence of (measurable) functions, a notion that will be introduced in Chapter 2.

One can skip the rest of this section for now, and come back after reading about the
Lebesgue measure on the real line.

Given (X, A, 1), a subset E C X is called a null set if there is B € A such that £ C B
and p(B) = 0. If A contains all these null sets, then the measure space is complete. The
completion A" is the smallest o-algebra containing A such that there exists a measure [,
which extends p to A*, that makes (X, A*) complete.

Why is a complete measure space sometimes desirable? In some cases we want to make all
subsets of measure zero sets measurable to avoid some technical peculiarity, and meanwhile
we can measure a larger collection of sets. However, it is important to remember that a
larger o-algebra can lead to more technical peculiarities as well. In many cases the additional
measurable sets after completion may not be well-behaved with respected functions, which
we will see in Section 2.A. In addition, even a complete measure space (X, A, u) may still
not measure every subset of X.

The completion of a measure space is given explicitly, as stated in the following theorem.

1.18 Theorem [Fol99, Theorem 1.9]. The completion A* is unique, which is given by
At ={EUF:E € Aand F C N, where N is a null set}.

In addition, the measure [ given by i(E U F) = u(E) not only completes A, but also is the
unique extension of y from A to A*.
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Proof. The first part of the proof is given in the reference. For the uniqueness part, suppose
there is some other measure i on A" such that i(F) = p(FE) for all E € A. However, there
exists some D C N, where u(N) = 0, such that 4(E U D) # p(F) = a(E). This implies
(D —FE)>0. Yet D— E C N where ji(N) = 0. This contradicts monotonicity. O

Let u be a o-finite measure. The set A € A is called an atom of the measure p if the
set has measure p(A) > 0 (including +00), but all its measurable subsets must be either of
measure 0 or of measure p(A). The measure is atomless if there are no atoms. The measure
pis (purely) atomic if the measure p is concentrated on a countable union of atoms (J - ; Ay,
ie, u(X -1, 4n) =0.

Atomic measures are essentially just discrete measures.

1.19 Proposition. Let X be a separable metric space. For any o-finite measure on the Borel
o-algebra of X, an atomic measure is precisely the discrete measure.

Proof. Let X be concentrated on U;il Aj. The rest of proof should resemble that of
Proposition 7.19, which has all the details written out. For each A;, there should be a
countable subcover of open balls {B (x; %) tx € A}. Out of this subcover there exists one ball
By, centered at some  such that pu(By/,NA;) = pu(A;). Notice that p((Byjm—Bi/n)NA;) =
0 for any pair of n, m, and therefore

W(BiNAj) = pu(BijpNBiNAj) ="

This implies that
u(ﬂ By N Aj) = p(4;),
n=1

and since (),—, By /n 18 a singleton, we have “reduced” A; to a single point. O

1.B Two tools from set theory

1.20 Definition. A w-system on X is a nonempty collection of subsets of X that is closed
under finite intersections.
A X-system L on X is a collection of subsets of X such that

(a) X € L;
(b) if A,B € L and A C B, then B — A € L; (closed under proper differences)
(c) if A, € L and A,, 1 A then A € L. (closed under ascending countable unions)

1.21 Definition. A monotone class on X is a collection of subsets of X that is closed under
ascending countable unions and descending countable intersections.

1.22 Dynkin's m-\ theorem. Within X, if P is a w-system that is contained in a A-system L,
then o(P) C L.

1.23 Monotone class theorem. Given an algebra Ag of sets, then the monotone class M
generated” by Ay coincides with the o-algebra o(Ag) generated by Aj.

9see Definition 1.9
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We deferred the proofs of both theorems to Appendix G; they are somewhat involved and
not too interesting in the end. “The structure generated from & is the smallest containing £”
is always the main proof idea behind results on generated o-algebras (or other structures).
We will see this proof idea also in our immediate result below.

This next result is also of theoretical significance. It tells us a w-system that generates
the o-algebra identifies the measure.

Suppose we want to show some property holds on the entire A. The way we apply the
Dynkin’s 7-A theorem usually looks like this. First we prove that the collection of sets with
this property is a A-system. If we have a m-system with this property that generates A, then
the entire A must agree with this A-system.

from [ADM11, Proposition 1.15]

1.24 Coincidence criterion. Let p; and pg be two measures on (X, .A). Suppose we can find a
m-system P on which the two measures agree, and o(P) = A.

If 41 (X) = p2(X) < oo (for example, both are probability measures), then the two
measures agree on the entire A.

More generally, if there exists {X,} C P such that X, 1 X and

p1(Xn) = p2(X,) < oo for all n € N,

then the two measures agree on the entire A. (X is o-finite in this case.)

Proof. Assume p1(X) = p2(X) < oo. Define D to be the collection of all sets in A on which
the two measures agree. It is easy to verify that D becomes a A-system. Now invoke Dynkin’s
m-A theorem and conclude that D = A. Without the finiteness assumption, we cannot verify
condition (b) for a A-system that makes p(B) — u(A) computable.

Now consider the general assumption. We define for each n

A, ={ENX, : E € A}, which is a o-algebra, and
Pn={ENX, : E € P}, which is a m-system contained in A,,.
Then p; and poy restricted to (X,,.A,) is a finite measure. By the special case above, the

two measures coincide on o(P,,).
Now we prove A,, C (P,,). Check that since X,, € P,

{ECX :ENnX, (P}

is a o-algebra containing P, and hence A.
Now for each n and all E € A, the two measures agree on F N X,,. Now take n — oo
and we see that p; = puo. O

1.C Extension theorems

1.25 Definition. The Carathéodory outer measure on X is a function p*: p(X) — [0, co] such
that

(a) p*(0) = 0; (emptyset)

(b) if A C B, then p*(A) < p*(B); (monotonicity)

(c) For subsets Ay, As,... of X, p*(Uj2; 4Ai) < >ioy 1" (A;). (o-subadditivity)
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A null set with respect to the outer measure p* is just a set with p*-value 0.

induced from additive set function
Let C be a collection of subsets of X such that () € C and there are Dy, D5, ... in C such
that | J;cny D = X. Suppose £: C — [0, 00] with £(()) = 0. Now if we define for all E € p(X)

= inf{Zé(Ai) B C U A;, where every A; € C},

i=1

then p* is an outer measure on X. (Note that by assumption the infimum is taken over a
nonempty set, and hence always exists. For simplicity one may just assume X € C as well.)
The proof is routine.

Here are some forewords to what we will construct.

e Let X = R, C be the collection of all left-open right-closed intervals, and 6((@, b]) =b—a.
This gives the Lebesgue outer measure m* used to construct the Lebesgue measure m.

e Let f: R — R be an increasing right-continuous'’ function. we let E((a,b]) =
f(b) — f(a). The p* that arises from this is used to construct the Lebesgue—Stieltjes
measure.

1.26 Definition. For an outer measure u*, a set A C X is u*-measurable if for all E C X,
p(E) =p (ENA)+p" (ENAY).

This characterizes a collection of sets that are well-behaved under set operations, which
leads to the next theorem. Note it A is p*-measurable if and only if for all E with p*(E) < oo,

W (B) 2w (BN A) + 0 (E N A,

1.27 Carathéodory’s theorem. Given an outer measure p* on X, then the collection A of
w*-measurable sets is in fact a o-algebra on X. Let p = p*|4, then p is a measure. Also the
o-algebra A contains all the null sets, i.e., (X, .4, ) is complete.

Proof. A is clearly closed under complements. We then check .4 is an algebra (the union of
two sets in A is still in A), and show p* is finitely additive on A.

We wish to extend finite additivity to countable additivity. We let B, = U?zlAj and
B =U32,A4;. For any E, we may conclude that

“(ENBy,) Z w(ENA;j)
It follows that u*(E) > >0, u*(E N Aj) 4+ p(E N B°). Take n — oo we may conclude

i (ENA;) + 1" (E N BY)

oo

> u (U(EmA )) W (E N B°)

Jj=1
=p (ENB)+p (ENB%) 2 p*(E).

10We will use “increasing” and “strictly increasing” in our note. Right-continuity at  means continuity
from z7T.
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It follows that B € A, and if we let F = B, the first inequality (which is an equality) gives
countable additivity.
Tt is easy to show A contains all p*-null sets: for N such that p*(N) = 0, for any E we
have
p*(E) < p (ENN)+p (ENNS) < p*(ENNS) < p(E). O

1.28 Carathéodory extension theorem. For an algebra Ay on X and its premeasure pg, let

mf{z wo(4;) 1 EC U A;, where every A; € Ao}

1=1

for all E C X. Then (1) p* is an outer measure on X, and hence by Carathéodory’s theorem
it gives a meausure space (X, o(Ao), it); (2) p*|4, = po; (3) every set in Ay is p*-measurable;
(4) if po is o-finite, then p in (1) is the unique extension of g from Ag to o(Ap).

Proof. When proving u*(E) > pio(E) in (2), consider the disjoint sets B,, = EN(A,, —Ul'"' A;).
Then U2, B,, = E, which implies > 7, po(A4,) > 07 po(Bn) = po(E). Then take
infimum. (3) is fairly straightforward from definition.

To prove (4), let measure v be another extension. Consider E € o(Ap) and {4;}2, C A,

that covers E, we have
<Y w(A) = po(A).
i=1 i=1

Take infimum and we get v(E) < u(E).
Now let A = U2, A;, then

u(A) = nh—>12c w(U A = lim v(UL A;) = v(A).

n—oo

If u(E) < oo, then for any € > 0 we may choose {4;}$2, such that u(A — E) < e. It follows
that

wE) < p(A)=v(A) =v(E)+v(A—FE) <v(E)+e.

Therefore u(E) = v(E).
Now suppose we have X = U2, B; such that po(B;) < oo and that the B;’s are pairwise
disjoint. Then for E € o(Ap), we have

ZuEﬂB :qumB v(E),
j=1

where the second equality follows from what we have previously. O

Notice we have proved (4) from the first principle; however, this is also a direct consequence
of the coincidence criterion.

1.29 Proposition [Coh13, Lemma 3.4.6, 3.4.7]. Let A be a o-algebra generated from the algebra
Ap.

(a) Suppose p is a finite measure on A. Then for any A € A and € > 0, there exists
some B € Ay such that u(A A B) <.
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(b) Now 4 is allowed to be any measure on A, but instead suppose X = (J -, C,,, where
Cp € Ap and u(C,) < co. Then for any A € A with finite y-measure any any € > 0,
there exists some B € Aj such that u(A A B) <e.

Proof. In part (a) we want to show that the collection of A € A that can be approximated
by sets in the algebra Ay forms a o-algebra. Since the collection contains Ag, it must be A.
The proof is standard and hence omitted.

Moving on to part (b), we may first assume that C,, is an increasing sequence of sets.
Since u(ANCy) — u(A), for any given € > 0 there is some N such that

WANC,) > u(A) - ¢/2.
This allows us to apply the first part to AN C,,: there exists some Ay € Ag such that
,u((A NCN) A Ag) < €/2.

We claim that B = AgN Cy is what we are looking for, which follows by using the triangular
equality for symmetric difference of measures, stated below. O

WAAB) < u(AAC)+ pu(C A B). Up to the equivalence relation A ~ B if u(AA B) =0,
we have a metric on the o-algebra of measurable sets.
measure approximation in symmetric difference

1.30 Theorem.

1.D The Lebesgue measure

1.31 Fact. Assuming the full axiom of choice, we can use Zorn’s lemma to assert that

L # p(R).
1.32 Fact. With the countable axiom of choice, we can explicitly show that £ # B.

We know as a consequence of Proposition 1.6 that the finite disjoint unions of (a, ],
where a,b € R, form an algebra on R. We refer to this algebra as Ag below.

1.33 Theorem. For an increasing right-continuous function F': R — R, the function pg: Ay —
[0, 00] such that po(@) = 0 and

uo(U (aj, bj]> = ZF(bj) — F(a;) for disjoint {(ay,, bj}}?zl

is countably additive, and hence a premeasure on Ag.
1.34 Theorem [Fol99, Theorem 1.16].

(a) Let F: R — R be an increasing, right-continuous function, then there is a unique
associated Borel measure pur on R such that

pr(a,b]l = F(b) — F(a) for all a <b.

If G is another increasing, right-continuous function, then pr = pg if and only if F
and G differ by a constant.
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(b) Conversely, if p is a finite Borel measure on R, then the function F': R — R given
by F(x) = pu(—o0,x] is increasing and right-continuous. Furthermore = up, and
the function has left limits, i.e., F((x—) = lim,_,,- F(y) exists at every € R. More
specifically,

F(z—) = p(—o0, ). (1.35)
The function F' is known as the (cumulative) distribution function of p.
The conclusion of part (a) indicates that we should quotient out the difference up to
a constant from the collection of F’s. In this way, we obtain a one-to-one correspondence
between finite Borel measures on R with the “normalized” collection of increasing, right-
continuous functions F with F'(—oco0) = 0.

Regarding equation (1.35), it is customary to write F'(z—) = lim,_,,- F'(y) when the

limit exists. Note that having left limits implies

pla} = F(z) — F(z—)
for all € R.
Proof.
(a) Following Theorem 1.33, we have a premeasure 1o on Ay given by
o(a,b] = F(b) - F(a).
Note po is o-finite as R = Ujez(j,j + 1]. Therefore by Carathéodory extension

theorem, it has a unique extension to a measure on o(Ag) = B(R).
The pup = pe if and only if F' — G is a constant part is easy.

(b) F is increasing because p is a nonnegative function. Right-continuity follows from

lim F(y) = lim p(—o00,y]

y—zt y—zt

) 1
= lim ,u(—oo,:l:—&——}
n

n—oo

()

n=1

= pu(—o00,z] = F(x).

Note that the second equality is justified because both “>” and “<” hold.
To show p = g, we check for any a < b,

ﬂ(aa b] = /L(—OO, b] - ,U,(—OO7 a‘}
— F(b) - F(a),

and use part (a).
It remains to show for every x € R that (1.35) holds:

lim F(y) = lim p(—o0,y]

y—=xr— y—x
. 1
= lim ﬂ(—oo,m— f]
n—00 n
(D]
- n=1 , n
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For part (b), if p is a Borel measure on R that is finite on all bounded Borel sets, then
F can be instead defined by

(0, 2] ifx >0,
F(x)=140 ifz=0,
—u(z,0] ifz <0,

and all conclusions still hold.

The reason why we look at half intervals (a, b] instead of [a,b) in measure and probability
theory is largely conventional. If we work with [a,b), then the distribution function of u
would be increasing and left-continuous instead. Nothing changes essentially.

In the context of part (a), the up is called the Lebesgue—Stieltjes measure associated to
F. When the function F is the identity function, pp is called the Lebesgue measure on R,
which we will denote by m in this note''. It generalizes the notion of length of intervals to a
wide collection of subsets of R, that is sufficient for application most of the time.

In some cases it is useful to consider the completion of (R, B, pir), so that we can measure
more sets than the Borel sets. The completion of B with respect to the Lebesgue measure m
is called the Lebesgue o-algebra, which we denote by L.

1.36 Exercise. For any bounded and Borel measurable U in R”, given any vector, there exists
a hyperplane orthogonal to this vector such that U is bisected in Lebesgue measure. If U is
further assumed to be open and connected, then the hyperplane is in fact unique.

Combine this with the famous Borsuk—Ulam theorem from topology, one can prove the
Ham Sandwich Theorem, which says that for any n bounded measurable sets in R", there
exists an (n — 1)-dimensional hyperplane that simultaneously bisects all n sets.

1.37 Theorem. The Lebesgue measure m on (R, B) is the only nontrivial measure, up to
multiplicative constants, that is translation invariant and locally finite.

1.E  Regularity of measures

We study regularity of measures on a topological space X, which is almost always given the
Borel g-algebra B by default. If X is given the Borel o-algebra, then the support of a Borel
measure p is given

supp 4 = ﬂ{F closed in X : pu(F°) = 0},

which is a closed set and hence Borel measurable.

1.38 Definition. A measure p on (X, .A) is outer regular if for all E € A,
w(E) =inf{u(G) : G is open in X and G 2 E};
it is closed inner regular if
w(E) =sup{u(F) : F is closed in X and F C E};
it is compact inner regular if

w(E) =sup{u(K) : K is compact in X and K C E}.

1 Other common notations include A, £, |- |.
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A measure is locally finite if it is finite on all compact subsets of X. We say a finite measure
W is tight if
w(X) = sup{p(K) : K is compact in X and K C X}.

We remark that in the literature people both inner regularities are common. Compact
inner regularity is sometimes restricted to only open sets, which is a natural choice for
Section 5.F.

1.39 Proposition. Every finite measure on a topological space with the Borel o-algebra is
outer regular if and only if it is closed inner regular.

The proof is obvious. If a set is outer regular, then its complement is inner regular.

1.40 Theorem [Bil99, Theorem 1.1] [Sch17, Theorem H.2]. For a finite measure p on a metric
space X with the Borel g-algebra, u is both outer regular and closed inner regular. It follows
that a tight Borel measure is compact inner regular, by Proposition A.10.

Furthermore, if X is o-compact (in particular, when X is locally compact and separable),
then X is compact inner regular.

Proof. Here is a common way to characterize the regularity of measures: for all E € B(X),
for all €, there exist closed F' and open G such that ' C E C G with u(G — F) < e. We will
refer to this as the regularity condition in this problem.

If we can prove that 1) the above claim holds for all closed sets F, and then show that 2)
the collection of all E’s satisfying the regularity condition forms a o-algebra, then we are
done.

Let E be closed, and define U, = {z : d(z, E) < 1}.' These U,’s are open, since US
is the continuous preimage of a closed set [1/n,00). Also U, | {z : d(z, E) = 0}, which is
exactly E since E is closed. Therefore p(Uy) — p(E). This proves 1).

Now we show 2). Clearly if E is regular, then E° is regular. It remains to prove that the
regularity condition is closed under countable union. Let E7, Fs,... be regular. Fix ¢ > 0,
then we can choose F,, and G,, such that F,, C E,, C G,, and u(G,, — F,,) < ¢/2""? for each
n. Let G = J,—, Gy, which is open, and

(e r)so( Qo) s i<

n=1

Also let F' = Un 1 F, a closed set, where the picked N forces u(lJ,—, F,, — F) < €/2. (This
is possible because p is a finite measure.) Combining these two gives us u(G — F') < ¢, where
F C FE C @, as desired.

Now assume in addition that X is o-compact. Let {L,,} be a sequence of compact sets
that increases to X, and we define K, ,,, = F}, N Ly, which is compact. It should be clear to
see that K, ,, N E approximates £ from the inside:

— u(E—F,) asm — oo since Ky, m T Fp,
— u(E) asn — oo.

This completes the proof. O

12See Proposition A.6 if you are not familiar with the definition of d( -, E).
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The inner regularity can be easily passed to locally finite measures.

1.41 Corollary [Sch17, Theorem H.3]. A locally finite measure on a o-compact metric space
with the Borel o-algebra is compact inner regular.

Proof. We now have a sequence of compact sets L,,, each of finite measure, that increases to
X. For each FE € B, we have

p(E) = sup i(E N L) = sup pim (E),
where p,, is the restriction of u to L, (recall Fact 1.13), now a finite measure. Hence
p(E) = supsup i, (K) = supsup pm (K) = sup p(K),
m K K m K

where the supremum over K is over all compact subsets of F. O

In fact, Schilling [Sch17, Theorem H.3| also proves that for a locally finite measure p on
any metric space X, if there exists a sequence of open sets G, such that p(G,) < co and
G, 1T X, then p is out regular. Because this will not be used in the text, we omit its proof.

In elementary analysis, recall that a set E is of Lebesgue measure zero if for any € > 0,
there exists a countable cover of open intervals UJ 1(a;j,b;) D E such that Z _1lbj—aj] <e
We now justify this, which requires little modification from the formula for Lebesgue Stieltjes

measures -
mf{zlu a;,b; U a;,b; } (1.42)

1.43 Proposition. For any Lebesgue—Stieltjes measure p, we have
o) o0
1nf{Zu a;,b; (aj,b; } (1.44)
Jj=1
for any E € B(R)."?

Proof. We will give a sketch and let the reader fill out the detail. Each open interval (a;,b;)

can be written as (J;, (cf, c§+1) where
1 2
1 _ 2 bJ+Cj 3 _ b7+cj
€G =% G = "2 G T T3

This allows to reduce open intervals to half intervals, and hence the right hand side of (1.42)
is at most (1.44).

For the reverse inequality, we may use the right-continuity of F), at each b;. Consider
the larger open interval (a;,b; + d;), where F(b; +d;) — F(bj) < €/27. O

1.45 Corollary. Lebesgue-Stieltjes measures on B(R)!* are compact (and closed) inner regular
and outer regular.

Proof. The compact inner regular part follows directly from Corollary 1.41. The outer regular
part follows from the previous proposition. [

130r even E € £; but as mentioned before, the Lebesgue o-algebra will be of little interest to us.
Magain, or £
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Given a measure p on a measurable space (X, A), we can define its induced outer measure
w*: p(X) — [0,00] and induced inner measure p.: p(X) — [0, 00] respectively by

pw'(A)=inf{u(B): ACBe A} and pu.(A)=sup{u(B): A>BC A}

1.46 Fact. The measure p is complete if and only if it contains all sets with zero induced
outer measure.

1.47 Proposition. For any 0 < € < 1, there is some interval I C [0,1) with 0 < m([) < € such
that
m(ANIT)>(1—em(I) forall Ae B[0,1).



Chapter 2  Measurable functions and integration

2.A  Measurable functions

2.1 Definition. Given two measurable spaces (X, M) and (Y, N), a function f: X — Y is
called a measurable function if f~1(A) € M for all A € N.

We would stress that the function is M /N -measurable if the context is not clear. When
(Y,N) = (R, B), we usually say f is M-measurable'. Therefore when M = Bx or Ly, f
would be called Borel or Lebesgue measurable, respectively.

Check on your own that compositions of measurable functions is measurable.

To check measurability, it suffices to just check preimage condition for a collection of
subsets that generates the image o-algebra A'. This is the content of the next proposition,
and is a direct consequence of Proposition 1.7(b).

2.2 Proposition. If A is generated by &, then f: X — Y is M /N -measurable if and only if
fTYE)e M forall E € £.

With this sufficient condition in mind, it is easy to check that

(a) continuous functions between topological spaces are Borel measurable;

(b) increasing/decreasing functions from R to R are Borel measurable.

2.3 Fact. For a countable sequence of measurable functions f,,: X — R, we have sup,, fn
and inf,, f,, measurable. It follows that limsup,, f, = inf,(sup;s,, f.) and liminf, f, are
both measurable as well, and hence lim,, f,, is measurable if it exists.

2.4 Exercise. Say f: (a,b) — R is differentiable, then f’ is measurable.
Write f/ as the limit of a sequence of measurable functions.

2.5 Exercise. Lower and upper semicontinuous functions are measurable (in the extended
sense).

Given a set X, a measurable space (Y, ), and a function f: X — Y, then by Proposi-
tion 1.7(b) we know

{f71(4): Ae N}

is the smallest o-algebra on X that makes f measurable. We call it the o-algebra generated
by f, denoted by o(f).

INow be aware that either a set or a function may be called M-measurable.

31
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More generally, consider a collection of measurable spaces (Y,,N,) over all a € I.
Suppose we are given f,: X — Y, for all . The o-algebra generated by the class of functions
{fa}aer on X is defined to be

J({foz}ael) = O—(Uael{fil(Aoz) : Aa S Noz})
(Recall that union of o-algebras is not necessarily a o-algebra.)

2.6 Proposition. For any o(f)/B(R) measurable function ¢, there is a Borel-measurable
function g such that ¢ =go f.

2.7 Simple function approximation. Given f € LT (X, .A), there exists a sequence of nonnegative
simple functions {s,}52; such that s, 1 f pointwise. Furthermore s,, — f uniformly on any
set on which f is bounded.

Note that the “furthermore” part essentially means that every nonnegative bounded
measurable function is the increasing uniform limit of nonnegative simple functions.

Folland Ex 2.9

Baire o-algebra

2.B  Nonnegative Lebesgue integrals

Repartition function is cadlag

2.8 Monotone convergence theorem. If {f,} C L such that f,, 1 f , then

[=tm [ 1,

2.9 Proposition. A measure p is an order-preserving positive linear functional on LT (u).
(Strictly speaking it is a linear functional allowed to take value +00.) Let the integration all
be with respect to u below.

() [f+g=[f+[gforfge LT (p);
(b) ¢f fdu= [cfdp for A > 0;
(c) [fdu< [gduif f<g.

With this view in mind, sometimes it is preferable to write pf in place of [ fdpu.
Furthermore for f € L (), A~ [, fdu defines a (positive) measure on (X, A).

2.10 Fatou's lemma. Let {f,} C L™, then

/ (lim inf f,) < lim inf / fn

Fatou’s lemma is usually useful when one of the two lim inf’s is attained.
We see an example when the equality is not achieved. Let the measure space be (R, B, m),
and set f, = nl(o,1/n)- Then lim f, = 0, while liminf [ f, = 1.
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2.C Signed Lebesgue integrals

Extending Proposition 2.9, one can easily see that L'(u) is a vector space, and y is again a
positive linear functional over L'(u), sending f > 0 to [ fdu > 0. In Section 4.A we will
define real and complex-valued p, and in those cases p will become a general linear functional
over R and C.

2.11 Lebesgue dominated convergence theorem. If f,, — f pointwise a.e. [limit], and there
exists some nonnegative g € L' such that |f,| < g a.e. for all n, [bound| then f € L' with
the L' convergence

i [17 = ] =0,

(The type of convergence above is known as L' convergence; see Section 2.E.) In particular,

we have
/f :lirrln/fn.

2.12 Bounded convergence theorem. When the measure space is finite, it is clear that we can
set g in the theorem above to be a nonnegative real number M.

Aside from showing convergence of integrals, the above theorems are used to establish
the continuity of integrals of parametrized function, and allow us to perform differentiation
under the integral sign; see Section 2.H for precise statements.

2.13 Markov's inequality. Let f: X — R be measurable and ¢: R — [0,00) be increasing
(and hence measurable). Then for any a € R with ¢(a) # 0, we have

u{w:f(w)za}ﬁﬁ/wfdu-

The above statement still holds if we replace all R above by [0, c0).

Proof. Fix a with ¢(a) # 0. Using ¢ is increasing and nonnegative, we have

pale: f@ zaps [ o) dutz)

z)) du(x
< /{x:f(zm}w(f( )) da(x)

< [ olr(@)) duta). O

If we let o(y) = yP (0 < p < o0), and use |f| in place of f: X — R, then we get for any
a >0,

plo: il 2 a) < / rzn (2.14)

2.15 Jensen's Inequality. Let 1 be a probability measure, and f € L'. Suppose I is an interval
containing the range of f, and we have a convex function ¢: I — R. Then

w(/fdu> s/wofdu. (2.16)

We do not ask o f € L. When po f ¢ L', the integral attains +oo.
Equality condition
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2.D  Connections to the Riemann theory

We use f; f(z) dx for Riemann integrals, and f[a b f(z)dm(z) for Lebesgue integrals.

2.17 Theorem. For a Riemann integrable function f on a bounded interval [a, b], we have

b
/ fdx = fdm
a [a,b]

The following result was proved by [Lew86] using an elementary method without the
Lebesgue theory.

2.18 Bounded convergence theorem (Riemann integration). For a sequence of Riemann integrable
functions {f,} on [a,b], suppose its pointwise limit f is also Riemann integrable on [a, ],

and sup,, || fnll. < K. Then
b b
/ fndz —>/ fdx.

In essence, the Lebesgue theory was introduced to handle the limits of integrals nicely.
We will also see that the Riemann theory is easier to develop in higher dimensions.

2.19 Proposition. An improper Riemann integral over an unbounded interval is Lebesgue
integrable if it is absolutely convergent. Furthermore, the improper Riemann integral and
the Riemann integral would coincide.

In case the reader has forgot how improper Riemann integrals are defined, we have
provided the full proof below. However, this should be left as an exercise to the reader.

Proof. We cousider the interval [a, 00) for a > —oo. The proof can be adapted easily to other
types of improper integral.
Assume [°|f|dz < oo, we have

K
Jim [ 1f1dn = Jim [ 111000 dm.
which by MCT converges to

i [ 1710

This shows that f1(4 o) € L'(m), and then by repeating the above argument again with f
in place of |f| we conclude that the

/ fdx = / fdm. O
a la,00)

~ The improper Riemann integral that is not Lebesgue integrable is the Dirichlet integral:
*2%1j9,00) is not Lebesgue integrable, but is improperly integrable. Although it is not
Lebesgue integrable, we will see in that the Lebesgue theory will still be tremendously helpful
in justifying

K sinz ™

do =~
T3

lim
K—o0 0 x
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2.E Modes of convergence

2.20 Definition. For a sequence of measurable functions f,, we say f, converges to some
function f

e almost everywhere (a.e.) if
pfa < lim £, (x) = f()}° = 0.

e in LP (1 <p<o00),if [|fa|P < oo for all n, and

JIRt

In Section 5.A we will show that the limiting function f also has [|f[? < oo, along
with other basic facts about LP spaces.

e in measure if for any € > 0,
lirrlnu{x ) fn(z) — f(x)] > €} = 0. (2.21)

We say {fn} is

o Cauchy/fundamental in measure if for any € > 0, there exists N € N such that for all
m>n>N,
wlx | fu(x) — fr(2)] > €} <€ (2.22)
Note that the “>” in both (2.21) and (2.22) can be replaced by “>”, obviously. It suffices to
use only one € in (2.22) because we can always choose the smaller of two distinct €’s.

2.23 Theorem (relationships between different modes of convergence).

(a) The a.e.-limit, LP-limit, and limit-in-measure are all unique a.e.

(b) fn — f in measure implies {f,} is Cauchy in measure; and {f,} being Cauchy in
measure implies f,, — f in measure for some f.

(¢) fn — f in measure implies there exists a subsequence { f,,, } that converges a.e. to f
as k — oo.

(d) Convergence in LP implies convergence in measure.

(e) If the measure space is finite, then convergence a.e. implies convergence in measure.
(Hence in a finite measure space, if a function converges a.s./in measure and in L?,
then the two limits should agree.)

(f) fn — f in measure if and only if for every subsequence f,, there exists a further
subsequence fnk]. that converges in measure to f.

(a) The first is obvious. The second follows from Minkowski’s inequality; in particular
when p = 1 we may just use the triangular inequality.
For the third one, suppose f and g are both limits-in-measure. Then for any
€ > 0, it holds that

lirrlnu{m D falz) = f()| > €/2 or |fo(z) — g(2)| > €/2} = 0.
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This implies
pfz : [ f(x) —g(x)] > e} = 0.

The result follows by € being arbitrary.
We emphasize that the containment relation

[f(2) = g(z)| > € = |f(z) = h(z)| > €/2 or |h(x) — g(z)| > €/2 (2.24)

for some appropriate functions f, g, h, is the common trick used to prove convergence
in measure.

The first claim is easy and left to the readers, again by the containment relation
(2.24). For the second one, the idea is to construct a subsequence that converges
pointwise a.e. to some function, which we prove is our f.

For each k € N, define g; = f,,, where n; is the smallest integer such that

p{z | falx) = fn(x)] > 277} < 27% for all m > n > ny,. (2.25)

We claim this appropriately picked sequence g, = f,,, converges for a.e. . This is
equivalent to proving that g; is a.e. Cauchy.

Note that gy is exactly the desired subsequence in part (c¢), by our claim that
convergence in measure implies Cauchy in measure.

Define .
Ej =A{z:1gi(x) = gj1(z)] = 277}
This gives
o(08) <3,
J=k j=k

which goes to 0 as k — co. Hence p(limsup,, Ej) = 0, that is, a.e. z falls in {E}}3°
eventually.” To be precise, there is this N € N such that for all £ > N, for all
m >n >k, it holds for a.e. = that

m—1

190 (2) = gm (@) < Y 195 () = gj41 ()|
Jj=n
< 27n+1 < 27k+1.

Hence we have a pointwise a.e. limit f of {gr} = {fn,}. In fact g converges in
measure to f as well. (If the measure space is finite we may use part (¢), but this is
true in general.)

Fix k, we have proved already that (U2, E;) <275 and for z ¢ U2, Ej,
form >n >k,

|gn (@) = gm ()] < 275

Take m — oo in the inequality above, and we have for = ¢ U;’ik E;, there is k such
that for all n > k,

|gn () — f(z)] <27+,

2The reader might notice that we have implicitly proved and used Borel-Cantelli lemma I here. This is
how convergence a.e. is usually proved, and we will see more applications of this when discussing probability.
The main reason we have not invoked Borel-Cantelli directly is that we will use the inequality again in the
next section of the proof.
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This yields g — f in measure.
The final step is to use this to show f, — f in measure. We again resort to the
containment relation (2.24):

lfn(x) = f(@)]| > € = |fu(x) = ge(x)] > €/2 or |gp(x) = f(z)] >€/2.

terms in a Cauchy sequence terms in a sequence
that converges in measure

Hence f,, — f in measure, as desired.
(c) Contained in the previous part.
(d) This is clearly a consequence of (2.14).

(e) Fix € > 0, define E,, = {z : |fn(x) — f(x)] < €}. Recall liminf, F, consists of all =
such that |f,(z) — f(z)| < € eventually.
Since € has been fixed, we have liminf, F, should contain all x such that
fn(z) = f(x). By assumption

w(X) = p{z: fr = f} < p(liminf E,) < liminf u(E,),

which now implies p(X) = lim inf,, u(E,,) = lim,, u(E,, ). This exactly means f,, — f
in measure.

(f) The “only if” direction is trivial. The “if” direction, on the other hand, clearly
resembles Proposition A.2: fix e > 0 and consider y,, = p{z : |fn(x)— f(x)] > €}. O

2.26 Example. Part (e) is not true in general for infinite measure spaces: let u be Lebesgue
measure on R, the sequence of functions specified by f,, = 1y, ,41) converges to 0 a.e., but
not in measure.

Convergence in LP (and hence in measure) does not imply convergence a.e.: specify
In =12k (j+1)/2%), Where n = 2% 45 with 0 < j < 2*. The sequence dyadically moves across
[0,1), in the sense that fi = 1jg.1), fo = Lj,1/2), f3 = 111/2,1), fa = Ljo,1/4), f5 = L[1/a,1/2),
and so on. The sequence converges to 0 in L', but not a.e. This is a very important example
to remember.

Pointwise, a.e., and uniform convergence does not give LP convergence: consider f,, =
ll[n,n—i—l), nl,1/n), and %1[0,71) respectively, which converges pointwise, a.e., and uniformly

n

to 0 but not in L.

2.27 Exercise. Show in one line that if the measure space is finite, then uniform convergence
implies convergence in L. (In fact in LP, as we will see later.)

2.28 Exercise. Give a proof of Theorem 2.23(e) using the bounded convergence theorem.

2.29 Fact. Convergence a.e. is preserved under continuous composition: given f, — f a.e.
and a continuous function ¥: R — R, then U(f,) — U(f) a.e.

2.30 Corollary. Let i be finite, and f, — f and g, — ¢ in measure. Say ¥: R? — R is a
continuous function, then ¥(f,,g,) — ¥(f, g) in measure. In particular, f, + g, — f+¢
and f,g, — fg in measure.

Proof. The measurabilities of U(f,,g,) and ¥(f,g) are left to the readers. Suppose by
contradiction that U(f,, g,) 4 Y(f,g) in measure, then for some € > 0 and a subsequence
{(fnk;gnk)}k of {(fnvgn)}n we have

p{z [ O (fn, (2), g (@) = U(f(2), g(2))] > €} > e (2.31)
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Recall the construction of the subsequence in Theorem 2.23(c). An obvious modification of n
there, or ny; in our context, gives us a subsequence {ng, } of {ns} such that simultaneously

fnkj — f and G, = 9 ae.

It follows that
U(fur, (@), g, (1) = U(f(2),9(2)) ace.,

and hence in measure. But this contradicts our pick of {ny} specified by (2.31). O

This proof shows the power of both part (¢) and (e¢). Remember that extracting an a.e.
convergent can be helpful in many proofs involving convergence in measure.

2.32 Remark. One can prove directly that two most important cases, f, + g, — f + ¢ and
fngn — fg in measure above, without using proof by contradiction. One will also see that it
is unnecessary to assume finite measure space when proving f, + g, — f + ¢ in measure.
We leave these as an exercise to the interested readers.

2.33 Exercise. Use Theorem 2.23(c) to prove the monotone convergence theorem and Fatou’s
lemma with convergence in measure.

2.F  Littlewood’s second and third principles

2.34 Egoroff’s theorem. Say u(X) < co. Let {f,} be a sequence of .A-measurable functions
from X to R (or C) that converges to f a.e. Then for all e > 0, there exists some measurable
set E such that

w(E®) <€, while f, — f uniformly on E.

We call this conclusion f,, converges to f almost uniformly.

We mention that it is a good exercise to prove the bounded convergence theorem using
this result.

2.35 Classical Luzin's theorem. Let f: [a,b] — R (or C) be a Borel measurable function.
Then for every € > 0, there exists a closed set F' C [a, b] such that f|r is continuous while
m([a,b] — F) < e.

when f takes values in a separable metric space, the reason will become

Santambrogio [Sanl5, Box 1.6] mentions two types of Luzin’s theorem: the weak Luzin’s
theorem only cares about the continuity of f: A — Y restricted to a closed/compact subset,
while the strong Luzin’s theorem also considers whether we may find a continuous function
g: A — Y that coincides with f on this closed/compact subset.

The proof for finite measure p and f defined on general (topological) spaces is given in
the aforementioned source. In addition, the strong Luzin’s theorem for Lebesgue measure
with a slick proof is given in [RF23, Section 3.3]:

2.36 Theorem. Let A € L(R), and let f: A — R be Borel measurable. For any € > 0, there
is a continuous function g: R — R and a set F' C A that is closed in R, that satisfies

m(A—F)<e and f|lr=glF.
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2.G  Uniformly integrable functions

Use the material we have discussed so far to prove the following result.
2.37 Exercise [RF23]. Let f € L'(u). Then

(a) for all € > 0, there is a 6 > 0 such that

nE) <6 = /Elfldu<e;

(b) moreover, for each € > 0, there is some X with u(Xo) < oo such that

/.  Mi<e

]/ fdu‘S/lfIdu= / fdu‘+ / —fdu’-
E E En{f>0} En{f<0}

Hence conclusion (a) is equivalent to Ve > 0, 3§ > 0 such that

/Efdu‘<e.

This motivates the next definition, which requires (a) to hold uniformly for a class of
integrable functions.

Notice that

uE)<éd =

2.38 Definition. A set of functions F C L'(p) has uniformly absolutely continuous integrals if
for every € > 0, there exists § > 0 such that

p(E)<d = /|f|d,u<eforallf€]:,
E

or equivalently,

/fdu‘<6forallf€}".
E

The term “absolutely continuous” that appear in the definition above is related the
notion of an absolutely continuous pair of measures we will discuss in Section 4.A. Since for
f el X, A p), v(E) = [;|f]dp defines a finite positive measure v on A that is absolutely
continuous with respect to . This immediately proves conclusion (a) in Exercise 2.37.

2.39 Definition. A set of functions F C L!(u) is uniformly integrable if

lim sup/ |f]dp = 0.
O=oo feF J{|f1>C}

These two definitions are quite obviously related, as stated by the next proposition.

2.40 Proposition. Let p be finite, then F is uniformly integrable if and only if it is bounded
in L' and also has uniformly absolutely continuous integrals.



40 Measurable functions and integration
2.41 Fact. Any finite collection of L' functions is uniformly integrable. Any collection of
bounded functions is uniformly integrable.

The following proposition gives an easy sufficient condition for uniform integrability. Note
that this p > 1 will come back later

2.42 Proposition. Suppose there exists some p > 1 such that the collection F of functions is
L? bounded (i.e., sup ez [|f[P dpu < oc0) then the collection F is uniformly integrable.

Proof. This might as well be left as an exercise, but we write out the proof due to its
importance.
Let C > 0, we first observe that

/ P > oo / 51
{IfI>C} {IfI>C}

1
OSSUP/ |f|§WSUP/ LfIP.
>} >}

Now with the assumption and p > 1, by the squeeze theorem we conclude that the collection
F is uniformly integrable. O

Hence

2.43 Vitali convergence theorem. Suppose p is finite. Let {f,} € L'(X,A,u), then the
following are equivalent:

(a) f € L' with f, — f in L1

(b) fn — f in measure, and {f,} is uniformly integrable.

2.H Continuity and differentiability of parametrized functions

2.44 Corollary [Jos05, Theorem 16.10]. Let A be a metric space’, and f: X x A — R. Assume

(a) for every y € A, the function x — f(x,y) is integrable;
(b) for a.e. x € X, the function y — f(z,y) is continuous;
(c) there exists g € L'(X) such that for every y € A,

|f(z,y)| < g(x) for ae. x € X.

We may then conclude that the integrated function

Fiye /Xf(x,y)du(fr)

is continuous on A.

We need to check if {y,} C A converges to y, then F(y,) — F(y). The proof is then a
straightforward application of Lebesgue dominated convergence theorem to f(x,y,).
perform differentiation under the integral sign

3first countable is already enough; see Theorem A.3
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2.45 Corollary [Jos05, Theorem 16.11]. Let I C R be an open interval, and f: X x I — R.
Assume

(a) for every t € I we have z — f(z,t) is integrable;
(b) for a.e. x € X, t— 0f /0t exists for all t € I;
(c) there exists g € L'(X) such that for every ¢ € I,

gtf(xat)‘ < g(x) fora.e. xe X.

We may then conclude that the function

F:t— / flz,t) du(x)
X
is differentiable in I, with
0
F(0) = [ 5t duta).
X
Proof. We need to show for any sequence {h,,} C R — {0} converging to 0 that

hrILIl/f(x’t+h;:)7f(x,t)d

0
p= | g flat)du.

Set
f(xat+hn) * f(x’t)
hn,

For each n, by the mean value theorem, we know for some 6,, between 0 and h,, that

on(x) = and p(z) = %f(:c,t)

0
on(o)] = | 500+ 00)| < 9(0) e
Now apply Lebesgue dominated convergence theorem to ¢, — . [

can replace differentiable by almost everywhere differentiable ?

2.1 Image measures

Consider a measure space (X, M, u) and a measurable space (Y, N). If we have a measurable
function ¢: (X, M) — (Y,N), then we can define a function p.: N — [0, o0] given by

(s (E) = p(p™ ' E)

for all E € N. This turns out to be a measure on (Y,N), and we call this the im-
age/pushforward measure of 1 by ¢, denoted by @.p or pupu, since are pushing a measure
from the domain X forward to its range Y.

Image measure characterizes change of variables, which is of basic importance in mathe-
matics. We will use image measures later in Sections 3.C, 3.E and 7.B.

We state the main result below.
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2.46 Proposition. Under the conditions stated above, let g € Lt (Y, ) or gop € L*(X, M, ).
Then

[ (o) duta) = [ g dn.w).
X 1%
Proof. When g = 1 for E € N, we have
LHS = p{z : p(z) € E} = u(p 'E) and RHS = pu.(E).

Now extend this to simple functions, then nonnegative functions, and then integrable
functions. O

There are some properties of ¢, that will be useful. First, the mass is preserved under
P .
Pup(Y) = p(e™Y) = p(X).

In particular, if p is a probability measure, then @, u remains a probability measure. Second,
the map ¢, is additive and positively homogeneous on the space of all measures on X: for
two measures u, v on X, we have

s+ V) =+ v and  (A@)ip = Ap.p) for all X > 0.
In particular, this implies that the map ¢, is affine:
e (L=Np+Av) = (1= Npap+ Apr for 0 < A< 1.

We can further show that ¢, is continuous, when the domain and range are endowed with
either the norm or weak topologies. These will all come in Section 4.A and Section 8.C.
Also note that ¢.6, = 6¢(m).
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3.A  Product o-algebras

We start with a comparison between product topologies and product o-algebras.

For topological spaces (X4, Ta) (o € I), recall that the product topology T on X =
[I.c; Xao is the topology generated by all coordinate projections m: X — X, (i.e., the
smallest topology on X that makes all these maps continuous). Explicitly 7 is generated by
the collection of subbasic sets

{7 (Uqs) : Uy € Toya € I} (3.1)

For measurable spaces (Xq,As) (o € I), the product o-algebra A = @, c; Aa On
X = [lner Xa is the o-algebra generated by all coordinate projections m,. Explicitly A is
generated by the collection of sets

{(m2Y(Ey) : By € A, € T} (3.2)

Define the general cylinder sets' on the product of topological spaces (X, 7a) and
measurable spaces (X, A,) to be the sets of form

ﬁw;}(U%) and ﬁw;fl(Eaj),
=1 =1

for any n € N, respectively. To put them into simple words, they are finite intersections
of preimages of the projections. The collection of sets in (3.1) and (3.2) are 1-dimensional
cylinders.

The general cylinder sets on the product of topological spaces, as finite? intersections of
subbasic sets in (3.1), form a basis for the product topology 7. However, it is a well-known
fact that o-algebras, unlike topologies, cannot be written out explicitly from the elementary
sets they are generated from.

Looking back at (3.2), you may expect a smaller collection of cylinder sets generates the
product o-algebra. Yet the proof is a little weird, like most arguments involving algebras of
sets.

3.3 Proposition. Suppose each A, is generated by &,. Then @), A, is generated by the
collection
K={r(Ey): Eq € Ea,a € I}

1This definition similarly holds for other set-collection pairs.

2As another reminder, if the intersection is allowed to be arbitrary, then we get a larger topology called
the box topology. The box topology is generated by arbitrary products of open sets. When the product is
finite, the box topology and the product topology coincide.

43
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Proof. Let the collection in (3.2) be J. Clearly K C J. To see the other inclusion, consider
the induced o-algebra on X,

{EC Xo:m'(E) € 0(K)},

which contains &, and hence A,. This means 7, }(E) € o(K) for all o € I and E € A,.
Hence J C o(K). The proof is now complete. O

We have introduced very general definitions above. The reader should verify on their
own that in the case where I is countable, A = @, A is generated by

{ﬁ Ey : Ey eAk}.

k=1

Also, for measurable spaces (X1,.A;), (X2, As),..., the product o-algebra A is clearly
generated from cylinder sets of the form

I, p=DBx H X,,, where B € ®Ak.
k=n+1 k=1

This turns out to be clean to work with.

3.5.1 3.5.2 Bogachev

Since the Borel o-algebra is the o-algebra generated by open set, while the topological
space consists of all the open sets. With our above detailed comparisons between product
o-algebras and product topological spaces, the Borel o-algebra from the product topology
and the product Borel o-algebra from individual spaces should be the same, under some
conditions.

3.4 Theorem [Bog07, Lemma 6.4.2]. For any second countable spaces X1, Xa,... (finite or
countably infinite), we have

B(X)=B(X1)®B(X)®---, (3.5)
where X = X; X Xy X .-+ with product topology 7.

Proof. We follow the proof in [Kal02]?.
Let J be the class of 1-dimensional cylinder sets

Xy X oo X Xjoop X U X Xpggq X -+

over all k € N and U € Tg.
Since J consists entirely of open sets, and RHS = o(J) by Proposition 3.3, we have
LHS D RHS. Note that this inclusion does not use any topological assumptions on the X, ’s.
If we can now show that T C o(J), the proof will be complete. Now (X, T), as a
countable product of second countable spaces, is still second countable. Here we use a result
from topology, included as Fact A.18 in the appendix:

Every collection of open sets in a second countable space contains a countable
subcollection with the same union.

3We cite the second edition of the famous book here. The new proof in the third edition is misleading.
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Therefore every open set in X is a countable union of basic open sets. Since a topological
basis is given by finite intersections of the cylinder sets in J, we then have 7 C o(J). O

Specifically, the result above holds for separable metric spaces; in particular, we have
B(RY) = ®*B(R'). This theorem overall shows the fundamental importance of Borel
o-algebra in measure theory and its applications: it connects measurability to the underlying
topological spaces.

As an exercise, use Proposition 2.2 to show the following:

3.6 Exercise [Fol99, Proposition 2.4]. Given measurable spaces (X, M) and (Y, N, ) over all
a€cl Let Y =]]Y, and N = QN,. Then f: X — Y is M/N-measurable if and only if
each f, = my 0 f is M /N4-measurable.

3.7 Remark. Say we are given a metric space (X, p) with the Borel g-algebra. Fact A.1 says
p: X x X — [0,00) is continuous. It will appear later that we need to integrate this metric
function, and therefore we need to ensure measurability of p with respect to the product
o-algebra B(X) ® B(X).

If we assume X is separable, then by Theorem 3.4 we know B(X) ® B(X) = B(X x X),
which contains all the open sets in X x X. Hence p becomes a measurable function.

One can already find an application of the above remark in Egoroff’s theorem, albeit
not in the context of integration. We may assume in general f,, and f to take value in a
separable metric space there: the measurability of z — d ( ful2), f (m)) suffices for the proof
to work.

3.B Integration on product spaces

Let (X, M, pu) and (Y, N,v) be two measure spaces. We need to define a measure on the
product space (X x Y, M ® N). It is obvious that such a measure 7 should satisfy the
condition that for any pair A € M and B € N,

AA x B) = u(A)w(B). (3.8)

In this way, the idea of the area of a rectangle carries over our desired measure on the product
space.

In fact sets A x B are often given the name measurable rectangles, and note that the
collection R of all such measurable rectangles is a 7w-system.

Henceforth we will make the assumption that p and v are o-finite. We need to establish
that first, it is possible to extend the definition of ) to the entire M ® A/, and get a unique
product measure, denoted by u X v. Second, we may compute the integral of a function
f: X xY — R (or C) on the product space by doing a double integration with respect to
the marginals dx and dy, whether you choose to integrate f(z,y)dx or f(z,y)dy first.

Define E, = {y € Y : (z,y) € E}, and similarly define EY = {x € X : (z,y) € E}. To
understand the definition of E,, imagine drawing a line {z} x Y, and the proportion that
hits F is exactly E,.

For E€ M x N, wehave forallz € X andy €Y,

E,e N EYeM.

folland exercise 12
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We reserve the discussion of an extremely important existence results about probability
measures on product spaces to Appendix H. The first of the three results () tells us that
there is a natural extension of product probability measures over all finite cylinder sets to a
product probability measure over the entire product o-algebra. The second and third results
() say that if a sequence of probability measures are specified in a consistent way, then there
is a natural extension of them to a product measure on the entire product o-algebra.

Note that it makes sense to only discuss the countable product of probability measures,
so that both the coordinate measures, the finite-dimensional product measures. and the
countable product measures are all normalized. Because of this, and the significance of the
existence theorems for product measures in probability, we delay our discussion of these two
results despite their purely measure-theoretic statements and proofs.

Many books in probability only include and applies it as a special case

3.9 Fubini-Tonelli theorem.

3.10 Example (Dirichlet integral). Let us show lim g oo fOK % dx = 7/2. The easiest solution
is to use the double integral trick.

complex integration, Laplace transform, and Feynmann’s trick often requires justification
including uniform convergence

We now generalize Theorem 1.37

3.11 Theorem.

3.C Change of variables

3.12 Proposition. Lipschitz functions maps Lebesgue null sets to Lebesgue null sets. Hence
the Lipschitz image of Lebesgue measurable sets is Lebesgue measurable.

3.13 Sard’s theorem. Let A be an open subset of R™. If ¢: A — R™ is a C"~™*! map, then
the set of critical values of ¢ has measure 0 in R™.

for injective C'! functions

3.14 Change of variables. Let A be an open subset of R™ and ¢: A — R be an injective C"*
mapping. Then for any g € LT (A) or L'(A), we have

/ gy) dy = / 9(p())|det Dep(x)| da.

p(A) A

For Lebesgue measurable subset FE of A, G(F) is also Lebesgue measurable, with
m(p(A4)) = /A|det Dy(z)|dx.

See [Tay06, Appendix F| for the case when G is not even assumed to be injective, and
references to further generalizations.
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3.D  Properties of the product Lebesgue measure

Convex sets in R™ are not necessarily Borel measurable. Of course in R, convex sets are
just intervals, so they are always Borel measurable. In the general case, we can consider the
union of B(0;1) and a non-Borel subset of S(0;1)." However, convex sets in R" are always
Lebesgue measurable. See [Lang6].

3.15 Brunn—Minkowski inequality. For two compact/open bounded sets in R™, we have
(a) (additive ver.) m(A)Y"™ + m(B)Y/™ < m(A+ B)Y/".
(b) (multiplicative ver.) m(A)!=*m(B)* < m((1 —A)A + AB) for any 0 < A < 1.
If we substitute A by (1 —A)A and B by AB, and use the logarithm convexity inequality,
then we get the multiplicative version from the additive version. (One can in fact show the
two versions are equally strong, which we leave as an exercise.) We remark that if we let A

and B be n-by-n matrices and replace m by det, than the same inequalities are true as well.
This is a useful fact, for example, used in optimal transport.

3.16 Logarithm convexity inequality. For 0 < A < 1 and a,b > 0, we have
a7 < (1= N)a+ b,
which attains equality if and only if a = b.

3.17 Prékopa—-Leindler inequality. Let 0 < A < 1 and f,g,h: R™ — [0,00) be measurable.
Suppose
F@) g < h((1 =Nz + Ay)
for all x,y € R", then
11~ gll? < 1Rl

Take f =14, g=1p, and h = 1(1_y)a4rB, We recover Brunn—Minkowski inequality.
log-concave measure
Gaussian measure

3.18 Exercise. For A compact (resp. open bounded), the spherical cap A. = A + eB (resp.
eB) is minimized when A is the closed (resp. open) ball with volume m(A).

By taking limit as e — 0 one may obtain the Euclidean isoperimetric inequality, which
states that the boundary “content” of a Borel set is minimized when the set is the Euclidean
ball.

As similar result exists for Gaussian measures

intimate connection with L? space, Holder’s inequality, and the reverse Young’s inequality.

3.E  The Gamma function and polar coordinates

There is the polar identification between R™ — {0} and (0, 00) x S"~1. Let ®: x — |z| x TaT
be this map. The point at zero can be safely ignored throughout the section, since it does
not contribute anything to the integral.

4The convexity of the set is obvious. Stereographic projection tells us that S™ minus one point and R 1
are homeomorphic, and hence the non Borel subset of S(0;1) exists.
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Cauchy formula for repeated integration
Let z € C with Rez > 0, and we define f,: (0,00) — C by

f(t)=t""e " =exp((z — 1) logt) -e".
Since

3.19 Theorem. There is a unique Borel measure o on S”~! such that ®,m = pxo. If f € LT
or L', then we have

_ n—1 o _ n—1 o .
[g@a= [ [ sepr o= [ [ ey tarasty

3.20 Example (Gaussian integral). Let us show [ exp(—a?)dx = [*°_exp(—a2?)dz = /7. It
is well-known that one can consider the double integral

/Oooo /OOOO exp(—z® — y?) dz dy = (/:OOO exp(—z?) dg:)Q.

By Tonelli’s theorem, the above integral is equal to

| er(ea? =) dm(ay),

and by polar change of coordinates we get

27 e
/ / e~ rdrdo,
6=0 Jr=0

which after computation turns out to be 7.

3.21 Corollary. Say we have a function f € LT(R") or L'(R") that is radial, i.e., there exists
some f(z) = g(|z|) for z € [0,00). Then

/n Fde = o(S™) /Ooo g(r) = dr.

Note that 27 is by definition the proportion of the circumference of S*.

n— /2
o(S"1) = I2‘(n/2) and

By definition m(B") = p x o(®~1B") = fol r"~dr = 1 and therefore

7.1.77,/2

a, =m(B") = %0(5"71) = m

We will write o(S"1) = na,,.
For any € > 0, we have S"~! C B"(0;1 +¢) — B"(0;1)

m(S"1) <m(B"(0;1+¢€)) —m(B™(0;1))
< (14 e)"m(B™) — m(B").

Take ¢ — 07, it is easy to see that m(S™"~1) = 0. surface area



Chapter 4  Structure of measures and integrals

4.A  Hahn—Jordan decomposition of signed measures

Previously we generalized integrals of nonnegative function to integrals of general signed
functions and complex functions. We can make a similar generalization of positive measures
to R and C-valued measures. One of the key goals of this chapter is to explore the intrinsic
relationships between measures, functions, and integrals.

4.1 Definition. Given a measurable space (X,A), a signed/real measure (resp. complex
measure) on the space is a function p: A — R (resp. p: A — C) such that

(a) u(@) =0;
(b) wis o-additive, i.e., u(E) =", u(E,) for all measurable partitions {E,,} of E.

Note condition (b) implicitly requires the series Y u(F,,) to be absolutely convergent. An
important result that says a series is absolutely convergent if and only if any rearrangement
of terms in a series yields the same limiting sum; see [Rud76, Theorems 3.54 and 3.55]. Also
note that condition (b) implies condition (a), but we have stated it for clarity.

Many textbooks define the codomain of a signed measure to include one of +o0o or
—o00. We do not adopt this convention because it is hardly used in applications, and many
complications are avoided. Furthermore, restricting the codomain to the reals allows us to
discuss signed and complex measures simultaneously.

In this section, we will state all our proofs for signed measures, which can all be easily
extended to complex measures. To distinguish signed/complex measures from the measures
we have been discussing previously, we call measures that take nonnegative values positive
measures.

Continuity from above and below still holds for signed and complex measures. The proof
here is the same as the one for positive measures.

4.2 Exercise. Let u be a signed/complex measure. If E, + E or E, | E in A, then
w(E) = lim, (E,).

Also the inclusion-exclusion formula still holds by countable additivity. However mono-
tonicity no longer holds for signed/complex measures, but we may make the following
definitions for a signed measure.

4.3 Definition. For a signed measure p, a measurable set A is a positive (negative, or null) set
if for every measurable subset B of A, u(B) > 0 (< 0, or = 0). Equivalently, the measurable
set A is positive (negative, or null) if for all E € A, u(EN A) >0 (<0, or =0).

4.4 Hahn decomposition. Let u be a signed measure on (X, .A). Then X has a partition into
P and N such that P is a positive set and N is a negative set.

49
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Furthermore, if P’ and N’ is another such partition, then P A P’ = N A N’ is null. This
means that the Hahn decomposition is essentially unique.

Proof. First we show the essential uniqueness. Consider a measurable set £y C P — P’. This
E4, as a subset of P, must have measure > 0. Yet at the same time £y C N'—N C N’, which
implies that p(E;) < 0. Therefore u(F;) = 0. By the same reasoning with P’ switching P
and N switching N’, we should have p(FE2) = 0 for all measurable subsets Ey of P’ — P.
Since PAP' = NAN' =(P—P)U(P' — P), it is clear that this is a null set with respect
to the signed measure pu.

Now we prove the existence. We follow the presentation in [Fall9], which avoids the
axiom of dependent choice used in the proofs of most textbook authors.

To show the existence of the partition X = P U N, it suffices’ to find some measurable
N such that for all E € A, u(E) > u(N). Now we prove this claim. By assumption we have
w(N) < p(@) =0. Now for any A € A, we have

n(N) + p(N O A) < p(N = A) + p(N N A) = u(N).
Therefore N is a negative set. For any A € A, we also have PN A=A — N and
#(N) < u(4) = p(A - N) + u(N).

Therefore u(P N A) > 0, which means P is a positive set.

Now we find such an N with the smallest measure over all measurable sets. Let L =
inf{u(A4) : A € A}, then we need to find N € A such that L = p(N). Since A # 0, by
countable choice we can take a sequence {D,,} C A with u(D,,) — L.

Let A,, be the algebra of subsets of | J;-; D,, generated by {Dj}?_,, which is a finite
collection”. Therefore pi,, = p| 4, achieves its minimum on the collection A,,, say at E,,. Note
the same argument that proved the sufficient condition for finding a Hahn decomposition
clearly works for the premeasure p| 4, on the algebra A,: we have E, is a pu,-negative set
and E¢ is a p,-positive set on A,.

We claim that the desired N = liminf,, E,,. First let A” = (\._  E, and let A,, =
Ni>m Em- Then

WAL = ()

as n — o0o. Furthermore the limit above is a decreasing one: note

p(ARTY) = (AR + (AT = Br)
u(AL) + p(AL N EY)
(A7),

where the last inequality follows from the observation that EY is p,-positive set on A, and
Ar=le A,.
Now by our choice of E,,, we have

1(Dm) = p(Em) = (A7) = p(AZ+) > -

Y

Therefore
(D) > p(Am) > L,

1This is also a necessary condition.
2As an exercise, show that the (o-)algebra generated by a collection of n sets can have at most 22" sets.
(Generating a o-algebra from a finite collection is the same as generating a topology from subbasic open sets.)
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and taking m — oo gives us u(A4,,) = L as m — oo. Now the magic takes place. We know
Ay, 1 liminf,, E,,, and thus p(liminf F,;,) = lim u(A,,). The two limits must agree, and
hence L = p(liminf E,,). This finishes the proof. O

In the proof above, our negative set N attains inf{u(A) : A € A}, and by symmetry our
positive set P attains sup{u(A) : A € A}. This implies the boundedness of ;1 from both
above and below.

We define the total variation of the signed/complex measure p to be a function |u|: A —
[0, 00] given by

|u|(E) = sup{Z|u(En)| :{E,} is a measurable partition of E}, (4.5)
n=1

the maximized “variation” over all partitions of a given set in A.
The definition in (4.5) can be significantly simplified. Because the summands are
nonnegative, we can break it into two sums:

DoEN =D kEN+ D ()]

Ju(E;)20 k:p(E)<0
> u(E;)
Jiu(E;)>0

= |W(E)| + |u(B)],

k:u(Er)<0

where E = U{E; : w(E;) > 0} and E = J{E}, : u(E)) < 0}. Therefore
|p|(E) = sup{|u(EL)| + |u(E2)| : E1 and E5 are measurable and partition E}. (4.6)

It is clear that we may also take any finite partitions. We may also take the partition to be
a measurable partition of any measurable subsets of E instead, not necessarily the entire E.

By the equivalent definition in (4.6), since u is a bounded function on A, |u| is also
bounded. This is in fact the hardest part® of establishing the following fact.

4.7 Theorem. The total variation |u| of a signed/complex measure p is a finite positive
measure on (X, A).

Proof. Obviously |u|(0) = 0. It remains to check countable additivity. O

4.8 Definition. Let the space of signed (resp. complex) measure on (X,.4) be denoted by
M(X). The total variation norm is defined to be the function |- ||: M(X) — R (resp. C)
given by

[l = 1l (X).

Let us first show that this || - || is indeed a norm on M (X).

4.9 Theorem. The space of signed/complex measures M (X) with the total variation norm is
a Banach space.

3There is a very interesting direct argument that proves the finiteness of |u| using the axiom of dependent
choice; see [Rud87; ADM11; Ax120].
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Proof. O

The most important implication of Hahn decomposition is a unique decomposition of
a signed measure pu into a positive and negative part, known as the Jordan decomposition.
As we will see soon, the Jordan decomposition offers another characterization of the total
variation measure we have just discussed.

Before we start, we need an additional definition.

4.10 Definition. Let p and v be two positive/signed /complex measures on (X,.4). We say u
and v are mutually singular, denoted by p L v, if X can be partitioned into two measurable
subsets A and B, such that

uw(B)=0 and v(A4)=0,
or equivalently, for all E € A,
wE)=u(ENA) and v(E)=v(ENDB).

4.11 Jordan decomposition. Let u be a signed measure on (X,.4). Then there exist unique
two finite positive measures p+ and u~ on (X, .A) such that

p=p"—p~ and pt Lp”.

4.12 Definition. Let p be a positive measure and v be a positive/signed /complex measure on
(X, A). We say v is absolutely continuous with respect to p, or v is dominated by p, denoted
by v < u, if for all E € A,

wFE)=0 = v(E)=0. (4.13)

More generally, to define absolute continuity v < p for signed/complex p, we change
(4.13) to
|u|(E) =0 = v(E)=0. (4.14)

This is a definition not used much in practice.

One should check that v < p if and only if |v| < p if and only if vT <« p and v~ < p.
Also check that v and v are equivalent measures, in the sense that

v< || <.

For signed v, define L'(v) = L'(v*) N L' (v™), and for f € L*(v), define

[rav=[rave = [ i

Observe for f € L'(|v|), we require

[istav= [inavt + [inam <o

This shows that L(|v|) = L'(v)
|J fdv] < [1fldlv].
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4.15 Proposition. |v|(A) is the “operator norm” of the linear functional f — [, fdv. By this

we mean
/ fdp
A

where the supremum is taken over all pointwise bounded functions.

If f is in some continuous function space with the uniform/supremum norm (C./Cy/Cy,
which we will see later), the operator norm becomes a genuine one. In this case a signed
measure can be viewed as a bounded linear functional on this continuous function space with
the uniform norm.

In particular, if we view v as the linear operator mapping f +— [ « [ dv, then the “operator
norm” of v is just the total variation norm.

[v[(A) = sup
|£1<1

)

Note that within the vector spaces of signed measures, the space of positive measures is
a convex cone. Living in the vector space of signed/complex measure, we can upgrade the
property of pushforward maps mentioned in Section 2.1.

4.16 Proposition. Given a measurable function ¢: (X, A) — (Y, &), the pushforward ¢,.: M(X) —
M(Y) is a linear map that is also a contraction.

Proof. Linearity is clear. We need to check ||p.p| < ||p|]. By definition

sup{ |« pu(E)| + [0 un(E)|}
FEe&

= sup{lu(p™ B)] + lulp™ B}

[l pall

Notice that ¢~ !'E and ¢~ ' E° partitions E, and therefore the previous line is
< sup {|p(A)] + [(A%)|} = [|A]| = [|ull. O
AcA

4.B Radon—Nikodym theorem and Lebesgue decomposition

Depending on what kind of measures we are looking at, there exists multiple versions of
the Radon—Nikodym theorem. The following version is the most basic one in practice. It
considers a pair of o-finite and finite measures.

4.17 Radon—Nikodym theorem. Let p be a o-finite measure and v be a finite measure on
(X, A), where v < p. Then there exists an A-measurable function f such that

V(E):/fdu for all E € A.
E

Furthermore this f is nonnegative and unique in L'(X, A, u).

If the v above is given as a signed/complex measure instead, then the same conclusions
still hold after dropping f is nonnegative. If v is given as an arbitrary finite measure instead,
the function f becomes nonnegative real-valued*, and is unique a.e.

Our f here is called the Radon—Nikodym derivative/density of v with respect to u, denoted
by dv/dp.

We summarize two standard proofs of this theorem. The first of which uses results from
Hilbert spaces, while the second one is based on variational principles.

4.e., f takes values in [0, c0).
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Proof 1, using Hilbert spaces. O

Proof 2, using variational principles. We follow [Roy88]. Suppose p is finite. For each ¢ € Q,
let P, and N, be the positive and negative parts of v — qu. Define sup, qlp,

For each ¢ € Q, if for some measurable function f we have {f > ¢}, {f < ¢} as a Hahn
decomposition of v — qu, then f the function desired in the Radon-Nikodym theorem.” [

4.18 Lebesgue decomposition. Let p be a positive measure and v be a signed/complex measure
on (X, A). Then

(a) there exist two unique signed/complex measures v, and v, on (X,.A) such that

vV =V, + Vs, where v, < pand vy L p;

(b)
We briefly discuss Lebesgue decomposition for other types of measures below.

e If v is given as a positive/finite/o-finite measure instead, then “positive” becomes
“positive” /“finite”/“o-finite” in conclusion (a).

e If v is given as a o-finite measure instead, then in conclusion (a) v, and vs; become
o-finite.

e Conclusion (a) continues to hold if p and v are both signed or complex. Recall the
definition of absolute continuity in this case from (4.14).

e The theorems can be generalized to the case when p has no assumption while v is an
s-finite measure, which is a sum of countably many finite measures. See [Fall9].

4.19 Remark. If v is given as a signed measure instead, then write v = v — v~ and then
use the above version of Lebesgue decomposition to write

For each n € N, set v,(F) = v(ENX,) for all F € A and get a finite measure v,,. Now
apply Lebesgue decomposition for finite v above

All measures are absolutely continuous with respect to the counting measure, and the
Radon—Nikodym derivative of p with respect to counting measure is just @ — p{z}, the
evaluation of at the singleton.

For any finite/signed/complex p on (R™, B™), we have an important decomposition.
First, consider any measure space (X,.4). We can write p as the sum of a discrete measure
(atomic part) and a continuous measure. Similar to the discrete finite measure, a discrete
signed/complex measure p can be expressed as

> )y,
yey
where Y is a countable subset of X and the function ¢: Y — F is absolutely summable:
> le(y)| < oo
yey

(The definition for a continuous measure remains unchanged as in Section 1.A: since |u|
and p are equivalent measures, they should simultaneously assign zero measure to the same

5The converse is true as well. It is interesting that both the existence of the Hahn decomposition also had
such equivalent criterion which helped our proof.
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point.) Define D = {z € R": |u{x}| > 0}. It turns out that ug = p|p and p. = p|pe. This
follows directly from Exercise 1.12.

Now let (X, .A) = (R™, B™). Notice ug L m and p. < m. We can then break pu. into
two fige and pse, where pg. < m and pg. < m. (The subscript “sc¢” stands for singular
continuity.) Therefore

W= ld + tac + Hsc-

In the case of a Borel measure on the real line, the above result has a very nice inter-
pretation. First, recall any finite Borel measure p can be identified as a right-continuous
function F increasing from 0 to u(R) on the real line.® The previous decomposition can
then be written as

F:Fd+Fac+Fsa

where F is a piecewise constant function, F. is an absolutely continuous function, and Fj,.
is a continuous but not absolutely continuous function. Of course, all of them are distribution
functions, so they are increasing and right-continuous.

Lebesgue decomposition of a monotonic function (p344 345 Bogachev)

4.20 Chain rule.

4.21 Proposition [AxI20, 9.10]. If for a positive measure p and a function f € L'(u) we have
v — f then
dp ’

dv| _
product of signed/complex measure
dup dv
dlp xv) = ——=d(|p| x |V
(1 v) = b Sl x )

4.C Differentiation

In elementary analysis we learned that

T) = —
2r T—r

for any r # 0 and x at which f is continuous. A result like this was virtually impossible to

generalize before to R™, but now with the machinery developed, this is possible. Furthermore,

the continuity assumption is not longer needed, at the cost of being an almost everywhere

result.

4.22 Wiener covering lemma. Given an arbitrary collection of open balls {By}aeca in R"
whose union is the open set U, for any ¢ < m(U), there is finite subcollection {By,..., Bx}
of disjoint open balls such that

K
3" Z m(By) > c.
k=1

6A similar characterization also exists for signed/complex measures; see Theorem 4.31.
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Proof. We can find a compact set K C U with m(K) > c¢. Then we have a subcollection
G ={G1,G3,...,Gpn} of open balls that covers K. Let By be the G with the largest radius.
Throw away any other G’s that intersects By, and let By be the remaining G' with the largest
radius. Repeating this, we will obtain {B1,..., Bx} (K < N), where each G intersects some
B. If you draw a picture, it is clear to see that if we triple the radii of each By and obtain
By, then each G, would be contained in By, and hence

K K K
3" m(Bp) =Y _m(Br) =Y m(Gy) > c O
k=1 k=1 k=1

4.23 Vitali covering lemma.

Besicovitch covering theorem

There is a class of function, slightly weaker than the usual integrable L' functions, that
is used frequently in some advanced analysis (e.g., distribution and PDE theory). Let the
underlying space be (R"™,B,m). The class of locally integrable function, denoted by L,
consists of (the equivalence class of) all measurable functions f satisfying | o f(x)dr < oo
for all compact subsets of R". (Since we are in R?, compact subsets may be replaced by
bounded subsets.) The main difference between L' functions and L} _ functions is that the

tail convergence behavior of L] . functions is not controlled.

4.24 Definition. For f € L . we define the averaging operator A, f by

loc»

Arf(z) = fly)dy.

ol
m(B) oo
The Hardy—Littlewood mazimal operator is defined by

1
M) = Alfl(e) =swp——ts [ p(w)]dy.
r>0 m(B(a:, T)) B(z;r)

4.25 Proposition. Fix the dimension n, there is a constant C' such that for any A > 0 and
f € LY(R"™), we have

C
m{z e R" : M f(z) > A} < X/|f|dm
Notice the resemblance with Markov’s inequality

1
mies|f(e)| =\ < 5 [1f]dm.

The above proposition tells us replacing | f(z)| by the average of |f(z)| over balls, we have
the same inequality up to a dimension-dependent constant.

4.26 Lebesgue differentiation theorem. For f € Li , we have A, f(z) — f(z) for a.e. x € R™.

loc?

This is the most applicable result out of this section, but one may generalize it with
little effort. First, the convergence in fact holds in the L' sense. Second, the averaging does
not have to be over balls. We say a collection {E, },~¢ of sets shrinks nicely to € R™ if
E, C B(z;r) for each r, and a constant o > 0 such that

m(E,) > am(B(z;r))

holds uniformly for all . (Or course E, = B(x;r) is the trivial yet most important example.)
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4.27 Lebesgue differentiation theorem, generalized. Given f € L[ . and E, that shrinks nicely
to x, we have for a.e. x € R"

lim o / |f(x y)|dy =0,
and hence

P—%m / f(z)dx = f(zg)

In fact this holds for Radon measures (Besicovitch density theorem)
density point

4.D Bounded variations and absolutely continuity

It is well-known that there are continuous yet nowhere differentiable functions, such as the
famous Weierstrass function.

4.28 Definition. Let J C R be any interval between a and b (possibly unbounded). A function
F:J—-R

(a) has bounded variation if

n
V(F,J) :=sup Z‘F(tﬂ) — F(tj_l)’ < 00,
j=1
where the supremum is taken over all n and ty < t; < --- < t,, contained in the
interval J.

(b) is absolutely continuous if for all € > 0, there exists § > 0 such that

n

> (bj—a;) <6 = > |F(bj) — Fla;)| <e

Jj=1 Jj=1

holds for any finite family of pairwise disjoint open intervals {(a;, b;)}7_; contained
in J.

We say a function f: J — R is locally Lipschitz/BV/AC on the interval J if it is
Lipschitz/BV/AC on any compact subintervals.

4.29 Fact. Convex functions are locally Lipschitz. Lipschitz functions are absolutely continu-
ous.

We will write V2(F) for V(F,[a,b]), and define a function T : [—00, 00| — [0, 00] by

0 if . = —o0,
Tp(x) =< V(F,(—o00,x]) ifx € R,
lim, 00 V(F, (—00,2]) if = oc.

The limit as  — oo in the last line make sense because Tr is an increasing function on R.

4.30 Theorem. A function F' € BV][a,b] is differentiable a.e., with F” being integrable.
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Recall we defined the distribution function F), of a positive measure p by Fj,(z) =
p(—o0, x]. We carry this definition to signed and complex measures. It is not hard to imagine
that we may generalize Theorem 1.34.

4.31 Theorem. If 11 is a signed /complex Borel measure on R, then F), is BV, right-continuous,
with F},(—o0) = 0.

Conversely, if F' is BV, right-continuous, with F'(—oc) = 0, then there exists a unique
signed/complex Borel measure p on R such that F' = F),.

We have hence established a one-to-one correspondence between 1 and right-continuous
F with F(—o00) = 0. Also, |u| = piry, .

4.F  Fundamental theorem of calculus

4.32 Fundamental theorem of calculus. For f: [a,b] — R, the following are equivalent:

(a) f is absolutely continuous;

(b) there exists a Lebesgue integrable function g on [a, b] such that

for all x € [a, b].

(¢) f has derivative f’ almost everywhere, and f’ is Lebesgue integrable with

f@) = fla)+ [ " pe)ar

for all x € [a, b].

Bogachev 5.4.5 4.7.60 (measure theory)
[BS20, Corollary 4.3.8] For f € ACla, b], we have

b
V(f, [a,b]) = / ()] do.

Let v: [0,1] — R be a continuous curve on R, it makes sense to define the length of the
curve 7 by

length(y) = V (v, [0, 1]).

When + is absolutely continuous, we then recover our familiar definition

b
length(y) = [ |1/(a)|

This example may seem naive, but the principle generalizes to continuous curves on R™ and
even general metric spaces, by appropriately generalizing absolutely continuity, and defining
the metric derivative by
_p(y(t+h), (@)
"(2)| = lim 2~ 2 )
7' (2)] = lim ]

See [Sanl5, Box 5.1 & 5.2] for a brief account, and [ABS24, Chapter 9][San23, Section 1.4]
for a detailed account.
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4.33 Integration by parts. For absolutely continuous functions f and g on [a, b], we have

b b
/f’(w)g(z)dx:f(b)g(b)*f(a)g(a)*/ f(z)g' () da.

For completeness state the change of variables formula on the real line. Note the

1 and fﬂp(b)

distinction between f[w( ) o(a) -

a),p(b

4.34 Substitution method. Let ¢: [a,b] — R be monotonic and absolutely continuous, and let
J be the closed interval between p(a) and (b). If f € L'(J), then f(p)¢’ € L'[a,b], with

»(b) b
/ flx)de = / f (gp(t)) o' (t)dt. (4.35)
»(a) a

The interval [a, b] above can in fact be any intervals, including unbounded ones.
If we drop the monotonicity of ¢ above, but instead impose that f(p)¢’ € L', then
(4.35) remains true.”

4.F Extension to R™ and general metric spaces

4.36 Rademacher's theorem. Let U be an open set in R™. Any function f: U — R that is
Lipschitz is differentiable a.e. in U. (The L® norm® of Vf is the Lipschitz constant of f.)
Global Lipschitz may be replaced by local Lipschitz, since U is o-compact.

4.37 Aleksandrov's theorem.

TThis is a frequent source of confusion in the undergraduate curriculum. For Riemann integrals, equa-
tion (4.35) always holds provided that f is continuous and ¢ € C?'; this is just a consequence of the
fundamental theorem of calculus and the chain rule. However, in many cases, we need to compute ff f(z) dz,
and a choice of parametrization ¢ that connects between = = ¢ and d has to be made. Such a parametrization
therefore has to be injective C!, and we have

d @1 (b)
[ r@a= [T ew) o0

»~1a)

It is noteworthy that for the general change of variables in R, the injective C! assumption is absolutely
necessary even if f(¢(z)) |det Dcp(a:)| is integrable. The idea is that, the geometry of A C R™ and an interval
on the real line is just different; there is no fundamental theorem of calculus in R™.

8to be defined in the next chapter
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Chapter 5 Measures and function spaces

5A  LP when 1 <p< o0

Let (X, A, 1) be the underlying measure space and 0 < p < oo. We define the p-norm of a

measurable function f by
1/p
15 = ([ 1) € 0.0

The LP space is the space of measurable functions with finite p-norms.

The space LP is not quite a normed space under || - ||,. We will soon see that only when
1 <p<oo,|-|p will become a seminorm on £P. Hence if we consider the equivalence classes
of functions in £P that are a.e. the same, then || - ||, becomes a norm. The set of equivalence
classes we described here is called the LP space. We make the appearance of equivalence
classes in the definition of LP spaces implicit in our exposition, as long as it does not need to
confusion; for example, we always write a function f € LP instead of f € LP.

We have not yet checked that LP is a vector space. The linearity follows from the very
important inequality

[f + 9" < @max{[f],[g]})" < 2°(If1" + |g[")- (5.1)

The L' space of integrable functions have been the sole focus in the previous chapters.
In this chapter we will look at the functional analytic structure of the LP spaces, and touch
on their connections to other function spaces.

5.2 Holder's inequality. Let % + % =1, then

1 glle < WA Upllfllg-
(p and ¢ satisfying % + % =1 are called conjugate exponents.)
5.3 Minkowski's inequality. For 1 < p < oo, we have ||f + gll, < [|fll, + llgllp-
5.4 Theorem. LP is complete.

5.5 Proposition. The equivalence class simple functions are dense in LP hence L? N LP is
dense in L? for ¢ > p (6.7)

also holds for L*>
the space of bounded measurable function is dense in L?

5.6 Proposition. For any finite measure p on a metric space, we have Cp(X) is dense in L? ().
[ADMI11, Proposition 3.16]

61
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A separable metric space with Borel o-algebra is countably generated. To see this, one
can take open balls centered at a countable dense subset with rational radius.

5.7 Theorem [Coh13, Proposition 4.3.5]. If A is countably generated and y is o-finite, then
LP(X) is separable for 1 < p < oc.

5.8 Theorem. Given two o-finite measure spaces (X, M, u) and (Y, N,v), for 1 < p < oo, we
have
Lr(X)@ LP(Y)=LP(X xY),

where LP(X) ® LP(Y) is the algebraic tensor product of two LP vector spaces,’ and the
closure is with respect to the norm of LP(X x Y'). We have made the identification f ® g <>

(2 = f(z)g(2)).

Proof. We first show the case when p and v are finite. It suffices to show that LP(X) @ LP(Y')
contains all the simple function Z?Zl cjla,. For Aj € M ® N, there is a finite union E; of
measurable rectangles such that

,U,XIJ(AJ‘AE]')<€

Therefore
||1Aj - 1Ej||P < El/pa

and hence the simple function Z?Zl cjl4, can be approximated in L? by ) ;¢ilE;. Since
U ; E; can be written as a finite disjoint union of measurable rectangles, we have ) ;¢lE; €
LP(X)® LP(Y). This proves the finite measure case.

When i and v are o-finite, as usual we express X and Y into increasing unions | Jp-; Xx
and |Jg—, Y%, where each X}, and Y}, has finite ;4 and v measures, respectively.

Let f € LP(X x Y). From DCT we know we can find k£ € N such that || f — fx|, < €/2,
while || fx — hl|p < €/2 for some h € LP(X}) x LP(Y}). This completes the proof. O

5.B  L? when p = o0

5.9 Theorem. L is complete.

For any Borel measure that assigns positive values to all open sets (e.g., the Lebesgue
measure on R?), we have || f|loco = ||f|l. when f is continuous, since {z : |f(x)| > t} is open.
Notice that the equivalence class of (Cp(X), ]| - |l.) may be regarded as a closed subspace of
(LX), ]l lloo), since (Cp(X), || - ||l) is complete.

[ADM11, Remark 3.17] Cj is not dense in L™

5.10 Proposition [Fol99, Proposition 6.10]. For 1 < p < g < r < oo, then LP N L" C L9, and

I£1lg < NI,

where

gt —r1

p—l _ T_l
Lwhich means precisely that it consists of linear combinations of all functions fg, where f € LP(X) and

geLr(Y)

A= € (0,1).
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This is an interpolation result for LP spaces: if a function is both LP and L", then it
must be LY for any p < ¢ < r.

5.11 Proposition [Fol99, Exercise 6.7]. If f € LP N L* for some p < oo, then
I7loe = Jim |1,

The condition f € LP N L* enforces f € LY for all ¢ > p. One might ask if f € L9 for
all ¢ > p, then f € L* automatically. This is unfortunately wrong: on the unit interval
endowed with the Lebesgue measure, the function log(z) has finite L? norm T'(p + 1)/? for
all p < oo (verify this!), and is close to p/e for large p. However, the logarithm function is
not bounded a.e.

Assume 1 < p < g < 0.

5.12 Proposition [Fol99, Proposition 6.12]. In a finite measure space, LP O L4, with

11
1fllp < I fllqu(X)? e,
The case p(X) =1 is nice.

It is very important to remember that the containment LP? O L9 does not necessarily
hold when the measure space is infinite. Consider f = % on (1,00). It is well-known that
fé LY but feL?

5.13 Proposition [Fol99, Proposition 6.11]. Let A be any set, then ¢P(A) C (7(A), with
£y = 11.fllg-

Think about in R?, the ¢!-ball is contained in the ¢2-ball,..., and is all contained in
the £°°-ball. But when thinking about abstract L? spaces, the direction of containment is
reversed. The geometry is different.

5.C  Hilbert spaces and L?

A Hilbert space is an inner space with a complete metric induced from the inner product.
We assume the underlying field is C in this section for generality.

5.14 Proposition. An inner product space is a normed space with the parallelogram law/polarization
identity:
lz = yll* + Iz + gl = 2||z[|* + 2]|y|* for all z and y.

5.15 Cauchy-Schwarz inequality. On an inner product space V', we have
[(u, )| < lull][]l,
with equality if and only if one is a scalar multiple of the other.

Proof. Expand the nonnegative expression f()\) := ||u + Av||? for all A € R, which contains
the desired real part of the inner product and has discriminant < 0. After getting

[Re(u, 0} < ullfo]l,

replace u by %Z O

2This change-of-direction trick is a prevalent trick to extend results proved over real vector spaces to over
complex vector spaces
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The proof in fact shows that any real symmetric positive semidefinite bilinear form
(-, +): VxV — R should satisfy the Cauchy—Schwarz inequality. A bilinear form is positive
semidefinite means that (v, v) > 0 with (0,0) = 0. (It would be positive definite if furthermore
(v,v) = 0 implies v = 0.)

With the additional topological assumption that Hilbert spaces have complete metric, most
of the results for finite-dimensional inner product spaces carry over to infinite dimensional
Hilbert spaces. To motivate the upcoming results, it is recommended to review their
finite-dimensional analogs, and understand why these results should be true.

5.16 Projection theorem. Given a Hilbert space H and a closed convex subset Y,

(a)

Proof.
(a)

for each x € H there exists a unique

y = argmin||z — z||,
z€Y

which we call the projection of z to Y, denoted by my ().
Moreover, the projection y = my (x) is characterized by the property

Re(zx —y,z—y) <0 forall zeY. (5.17)

if Y is furthermore a closed subspace of H, then the characterization above for my (x)
may be further replaced by

(x—y,2z)=0 forall zeV. (5.18)

Let D =inf,cy ||z — z||, and since Y is close, we may choose a sequence {y,} such
that || — yn|| = D from above. Our goal is to show that it is a Cauchy sequence,
and hence converges.

For n > m > 1, by the parallelogram law we have

Yn + Ym |2
lym = ymll? = 201z = gall® + 22 = g — 4|2 = L2

Since W% €Y by convexity, we have

9 — ymll*> < 20|z — yall® + 2|z — ym|* — 4D

It follows that as n,m — o0, ||yn — Ym|| — 0, as desired. Since closed subset of
a complete metric space is complete, y, should converges to some y € Y. By
|z — yn|| = ||z — y|| we conclude that ||z —y|| = D.
To show the uniqueness of y: for two y and y’ that attains the infimum D, use
the parallelogram law again we have
12
ly = o/I1> = 2llz — g +2ljo — /| 4} - L2L|

<2D?+4+92D% —4D? =0.

Now we want to show this y satisfies (5.17). Let z € Y be arbitrary. To get (the
real part of) the inner product® we consider the expression

FO) = 1Az =) = (@ = )l* = lly + Mz —y) — .

3like in the proof of Cauchy—Schwarz
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For all X € [0, 1], by convexity y + A(z —y) € Y, and hence f(\) > ||z — y||*>. Now
expanding f(X) gives us

X[z — |2 = 2ARe(z — y, 2 — y) > 0.

Hence
Mz —y||> > 2Re(z —y,z —y) for all A € [0,1],

and take A — 0% gives us (5.17).
For the converse, now suppose (5.17) holds for some y € Y, and we want to show

|z —y|| <|lz— 2] forallzeV.
We trace our steps back: first,
2Re(z —y,z—y) <0< ”Z*yHQ-

It follows that
lz =yl <I(z —y) — (z —y)|%,
as desired.

(b) To show the second part, it suffice to prove that (5.17) and (5.18) are equivalent.
Because Y is now a subspace of H, equation (5.17) is equivalent to

Re{x —y,z) =0 forall z €Y.

Notice that
Im(z — y,z) = Re—i{x — y, 2) = Re(x — y, iz),

which completes the proof. O
5.19 Proposition. For H and its closed subspace Y, my has the following properties:
(a) my € L(H);
(b) 7} = my;
(c) rangemy =Y and nullm = Y*;
)

() |7y (2)]| < ||z| for all z € H.

5.20 Riesz representation theorem (Hilbert space). For each linear functional f € H*, there
exist a unique v € H such that

f(x) = {(x,v) forallze H.
Moreover || f]| = ||v||, and hence we have a isometric isomorphism between H* and H.

An orthonormal system {es}aca is a possibly infinite collection of vectors such that

1 a=248,
(earen) = {0 a+B.

The order of o does not matter when A is countable.
Given a linearly independent countable list {v;}52, of vectors in H, we can always use
Gram-Schmidt process to obtain an orthonormal list {e;}% .
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5.21 Proposition. Suppose we have a finite orthonormal system {e; };’zl that spans Y. If
Y C H. Then the projection of any « € H is explicitly my (z) = 37, (z, ¢;)e;.

5.22 Proposition. 277 Aje; converges in H if and only if 3772 [A;[* < oc.
Proof. Tt suffices to show that the partial sum S,, = Z?:l Aje; forms a Cauchy sequence.

n+m

E Aje;
Jj=n+1

n+m

>IN
j=n+1

n+m n

= > NP =D INP
j=1 j=1

Since the partial sums Z?:1|)‘j|2 form a Cauchy sequence, S,, must be Cauchy as well. [

2

||Sm+n - Sn||2

5.23 Theorem. Let {eq }aca be an orthonormal system, then

(a) for each z € H, Y 4(x,eq)? < ||z[|?, which is known as Bessel’s inequality.

(b) The equality above holds for each € H if and only if the series = ) 4 (2, eqa)€q
in H. This equality is known as Parseval’s identity.

We say {eq} is a(n) orthonormal basis/complete orthonormal system if and only if
Parseval’s identity holds for all z. This is equivalent to saying that for any x € H, such that
(x,eq) = 0 for all a, then x = 0. We also have a third characterization below.

5.24 Theorem. Let {e;}32, be a countable orthonormal system, then it is an orthonormal
basis of H if and only if span{e;} is dense in H.

Proof. Every x € H is the limit of the finite sum Z?:1<x, e;j)e;, which shows that span{e;}
is dense in H. Conversely, suppose span{e;} is dense in H. Fix z and let € > 0. Then for
m > n, we have

n

T — Z(x,ej>ej

Jj=1

m

T — Z(x,ej>ej

Jj=1

< <

b

n
T — E )\jej
Jj=1

where {)\j}?:l are picked such that the last expression is less than e. We have applied
Proposition 5.21 twice. It follows that Z;’il(xj, ejre; = for all z, as desired. O

(This suggests that in a separable Hilbert space H, it is appropriate to define an (ordinary)
basis as a countable linearly independent list of vectors whose span is dense in H. However,
this definition is nonstandard.)

We mention that it is not always preferred to work with normalized bases. For orthogonal
bases, the above results can be appropriately carried over almost without change.

Orthonormal decomposition

5.25 Theorem. H has a countable orthonormal basis if and only if H is separable. Additionally
in this case, all bases have the same cardinality.
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1+ 1+
= 0 : r = 0 ‘ L
1 1
11 11
(@) 0,0 (b) ¥1,0
11— 1 —
> 0 - z > 0 . d
1 1
11— 11 -
(¢) p2,0 (d) p2,1

Figure 5.1: Haar basis functions, before normalization

There is a canonical choice of orthonormal basis on the Hilbert space L?[0,1]. The Haar
basis functions consist of pg o =1 and {V27" 1@, :m >1and 0 < k < 2™~ !}, where

)

2k 2k +1 2k+1 2k+2
Om,k = 1 ) - )
2ms 2m 2m 2m

see Fig. 5.1. It is clear that any two ¢’s are orthogonal. Since ||, x||* = 2™, the Haar
basis functions form an orthonormal basis on L2[0, 1].
Every Hilbert space with orthonormal basis {e, }ac4 is unitarily isomorphic to £2(A).
Every infinite-dimensional separable Hilbert space is unitarily isomorphic to L]0, 1].
Given two Hilbert spaces H; and H,, we have the algebraic tensor H; ® Hs with the
inner product

<f1 ®glvf2 ® 92> = <f11 f2>H1 <91792>H27

for all f1, fo € Hy and ¢1,92 € Hs. It is possible to extend this inner product space to a
Hilbert space by metric completion, which one can read from Appendix A. We define the
Hilbert tensor product H;®H, to be the completion of the inner product space Hy; @ Hy."*

5.26 Proposition. Given two separable Hilbert spaces H; and Hy with orthonormal bases
{€;j}aca and {fs}sep respectively. Then {e, ® fg: € A, € B} is an orthonormal basis
for Hy @)Hg.

41t is noteworthy that Hp ®H, may alternatively be seen as the space of Hilbert—Schmidt operators from
HY to Hz with the Hilbert-Schmidt/Frobenius inner product. Hilbert-Schmidt operators are usually studied
in compact operator theory, which is not part of the current text. One can define two natural tensor products
for general Banach spaces, when we do not have the Hilbert space structure. They are the completion of the
algebraic tensor with respect to two different norms, and respectively correspond to the spaces of nuclear
and compact operators. For discussion, see [BS20, Section 7.10(vi)].
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Proof. The fact that
{ej ® fi:j,k € N}

is an countable orthonormal system is clear by the definition of the inner product on H;&Ho.
In light of Theorem 5.24, it suffices to prove

span{e; @ fi : j,k € N} is dense in Hy ® Hy,

which is dense in H;&@H,.
Consider any € > 0, and any element Y .- | ¢;(¢; ® ¢;) € Hy @ Hy. For each ¢; € Hy, we
can find some basis element e; such that

cillpi — e || 1]l < e

After e;; has been chosen, for ¥; € Hs, we can find some f;; such that

cillew | 1vs — foll <e

Now we compute

n n
Zcz <Pz®¢z Zcz €1 ®fz Cz”@i@”ﬁi — €y ®fi’||
=1 =1

.M§

<

=1

ci(l(pi — er) @ Will + llew ® (i — fir)ll)

1

MS \M:

S

ci(l (i — el lsll + llew [l I (wi — fir)ll)

o
Il
-

ne.

[w)

This shows precisely that any element in H; ® Hs can be approximately by some element in
the span of {e; ® f}, and our proof is complete. O

From Theorem 5.8, we know precisely that L?(X)®L?*(Y) = L*(X x Y). This now allows
us to conclude that

5.27 Corollary. Let (X, M, u) and (Y, N,v) be o-finite measure spaces with separable L?
spaces, and let {e;}52, and {fx}32; be two orthonormal bases for L?(X) and L*(Y') respec-
tively. Then L*(X x Y, x v) admits {(z,y) — €;(2)f(y) : j,k € N} as its orthonormal
basis.

5.D Duality of L?

5.28 Riesz representation theorem (L? spaces). Let (X, A, pt) be a o-finite measure space. and
let 1 < p < oco. For every ® € (LP)*, there is a unique f € L? such that for all g € LP, we

have
= / fgdu.

Meanwhile ||®|| = || f]|, which means (L?)* is isometrically isomorphic to L.
The statement above remains true if p is not o-finite, as long as 1 < p < oc.
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LP spaces are reflexive for 1 < p < oo

(£1)* = £*°, then automatically (¢>°)* = (¢1)** D (1. The containment however is strict.
Define ¢ to be the space of sequences that converges to 0. It can be proved that ¢ = ¢! (in
isomorphism).” (The generalization of this to general measure space will be the upcoming
Riesz—Markov—Kakutani theorem (finite measures).) However, ¢ is a proper subspace of £>°,
and therefore ¢f; C (¢°°)*. Furthermore, by (B.13) we even have (£>°)* = (co)* @ (1.

5.29 Exercise. Give a direct proof of (£°)* = (c)* @ £*.

5.E The L space

We use L°(X, A, i) to represent the space of A-measurable functions that are identified u-a.e.
Let p be a finite measure. On this space we have convergence in measure, and therefore it
would be nice if we can metrizes this topology. This is possible, in fact, by a collection of
metrics. The neighborhood base of f € LY is given by Uy = {g € L° : u{|f(z) — g(x)| >
€} < e}

The topology can be defined by any metric d( -, -) of the form

d(f,g) = /Xsouf—g\)du

for any bounded continuous concave increasing ¢: [0,00) — R such that ¢(0) = 0 and
@(t) > 0 for t > 0. For example, one may take ¢(t) = [t| A1 or p(t) =
And there is also the Ky Fan metric,®, which defines

t
1+t

alf,g) =inf{e>0: p{x:|f —g| > €} <e}.
5.30 Theorem. L is complete under any of the aforementioned metrics.

In some sense, lifting the separability and completeness from the image space R to L°
should be expected. You have a sequence converging in R (which is a complete metric
space), when integrated the space of functions should also be complete. Later when studying
the space of probability measures on a separable metric space (with the topology of weak
convergence), this lifting of (sequential) compactness, separability, and completeness will
appear again.

5.F Riesz’ theorems and convergence of measures

Let X be a Hausdorff space. We define C.(X) to be the space of continuous functions on
X with compact support, and define Cy(X) to be the space of continuous functions on X
such that {x : |f(x)| > €} is compact” for all € > 0.° Lastly, C;(X) is the space of bounded
continuous functions on X. All three spaces are endowed with the uniform (or supremum)
norm || - ||, and it is quite easy to verify that

5We may also use cgg, the space of sequences that are eventually zero, to replace its closure cg.

6this is more well-known in probability

"The compactness stated here should be viewed as a generalization of boundedness when the space
concerned does not have any metric.

8 Analysts sometimes asks X to be locally compact, for some technical reason from C-star algebra. The
definitions still make perfect sense without such consideration.
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5.31 Exercise. (), is complete, and hence its closed subspace Cy is complete.

5.32 Proposition. If X is second countable topological space, then C.(X) is separable. It
follows that its uniform closure Cy(X) is also separable.

5.F.1 The topology of locally compact spaces

For a Radon measure p on a locally compact metric space X, we have C.(X) is dense in
L?(u). (Folland 7.9)

5.33 Urysohn's lemma. (locally compact spaces) Let X be a locally compact metric space,
and let K be compact and U be open in X such that K C U.

(a) We can construct a precompact open set G in X such that K C G C GCU.

(b) It follows that we can construct a continuous function f: X — [0,1] with f =1 on
K and supp f is compact and is contained in U.

Proof.

(a) First consider the case when K = {z}. We know there is an open set V' containing
x with compact closure V. Taking U to be the smaller set U NV if necessary, we
may always assume that U has compact closure in X.

Now take G = B(x;r) C B(wz;r) C U for some r > 0. We then have G C
B(x;7) CU.Y Since U has compact closure, G is compact. Hence we have found
our desired G.

Now consider the general case for any compact set K. Consider the collection of
all precompact open sets A with A C U. By the above this collection forms an open
cover of the compact set K, and therefore we have a finite subcover {A1,..., A}
that covers K. Set G = |J;—, Ay, which is open. Since G = |J;-; Ay is compact
and is contained in U, the proof is complete.

(b) We have two closed sets K and X — G, where G is given in part (a). Now by
Urysohn’s lemma (ordinary version), there is a continuous function f: X — [0, 1]
such that f(K) = {1} and f(X — G) = {0}, which means that supp f C G C U.
Since G is compact, supp f must be compact. O

To state the result above in fancy topology terms, we have proved exactly that locally
compact metric spaces are completely regular.

5.34 Remark. A more common (and probably natural) way to extend from the case {z} to a
general compact set K is to consider the collection {G; }rcx instead. However, this means
that we need to choose a ball B(x;r,) around each z € K, and the full axiom of choice has
to be invoked. A similar situation appears in the proof of the Lebesgue’s number lemma,
where we are also tempted to “choose” an open neighborhood around each point to obtain
an open cover; the choice can be avoided in the same way.

5.35 Proposition. Let X be any metric space. C.(X) is a dense subset of Cy(X).

Proof. Let f € Cp(X). We know for any € > 0 that K = {z: |f(z)| > €} and F =
{z:|f(x)| > ¢/2} are both compact. Meanwhile U = {z: |f(x)| > €} is open, with

KCUCE.

9Please see Exercise B.2 for a relevant exercise.
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Figure 5.2: the function defined in (5.37), which is smooth at 0

It follows by the preceding lemma that there exists a continuous function ¢: E — [0, 1]
with f|x = 1 and supp f C U. Obviously ¢ may be extended to the entire X by setting
¢lx—p =0.

Notice that || f — ¢f||. < €, where ¢f € C.. This proves the claim. O

Now we give a finite partition of unity over a compact set in a locally compact space.

5.36 Partition of unity. In a locally compact metric space X, let K be a compact subset, and
{U;}7_; be a finite open cover of K. Then there exists a collection of {1;}_; C C¢.(X, [0,1])
such that supp¢); C Uj and 377, ¢;(z) = 1 for all 2 € K.

Proof. We know each x € K is contained in some Uy, and therefore it has an open set G
satisfying z € G, C G, C U;. As in the proof of Urysohn’s lemma part (a), we have a finite
open cover {Gg, }7"; of K such that |J;-, G, is compact. For each j € [n] now define

Fy = J{Go : G €U},

which as a compact subset of U; allows us to define g; = 1 on Fj and suppg; C U;. Note
also {F;}"_; covers K by construction.

Now we have Z?Zl g; > 1 for all points on K. We want to normalize over K but still
get a continuous function over the entire space. Here we use Urysohn’s lemma to create a
function f € C.(X,[0,1]) with f =1 on K and supp f C {z : 3_7_, g;(x) > 0}. Therefore
go =1 — f is a continuous function that is 0 on K but 1 on {z : 377, g;() > 0}. Now
Z?:o g; > 0 on the entire X, so we can safely normalize and define

9j

Z?:o 9j

for all j € [n]. Clearly supp; = supp g; C Uj, and so we are done with our construction. [

Y; =

For f € C.(X), we will use the notation f < U to mean 0 < f < 1 while supp f C U.

On a locally compact metric space X, we have just seen that Urysohn’s lemma guarantees
the existence of a function f € C.(X,[0,1]) that equals 1 On a compact subset. Now we
look at a particular example of such a bump function on R™, which is in fact smooth. (This
allows to prove a smooth partition of unity on R™, which is crucial in theory of smooth
manifolds.) It is noteworthy that a global partition of unity subordinate to a countably
infinite open cover presents much more difficulty than a local partition of unity subordinate
to a finite open cover of a compact set. In particular, we need to make sense of summing
over a countably infinite number of functions.

Recall that the function

flx) = {SXP(_l/x) gi z 8f (5.37)
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Figure 5.4: the bump function defined by h in dimension 1

is a smooth function from R to [0,1); see Fig. 5.2. Now for any a < b, consider

)
90 = T 0) 1 fla—a)

It is clear that g is smooth (the denominator is nowhere zero) and increasing on R, with
g(x) = 1 when z < a and g(z) = 0 when = > b. Such a function g is usually called a
transition function, for the obvious reason.

Let 0 < a < b, then the function h: z — g(||z||2) is a smooth function that is 1 on
B(0;a) and 0 outside B(0;b). Alternatively if we define h using the max norm instead of the
Euclidean norm, then the closed balls should be replaced by closed cubes.

The transition functions and the bump functions are very important approximants to
other functions, e.g., indicator functions. The following smooth bump function also appears
frequently in the literature as an approximant, because of its straightforward formula.
Compose the function z ~— 1 — ||z||?> with the function f defined in (5.37), we get a new

smooth function
; {eXp(|x|12—1) if flzf] <1,

(5.38)

0 if ]| = 1,

which has a closed ball/cube as its support, depending on the norm used.
We remark that C2°(C) functions must be the zero function due to Liouville’s theorem,
in stark contrast to the real case.

5.F.2 Spaces of test functions

We use M(X) for the space of finite signed/complex Borel measures on X, M, (X) for the
space of finite positive Borel measures on X.

5.39 Definition.

(a) Let X be a metric space. A sequence {u,} C M(X) is said to converge weakly to u
if for all f € Cp(X), we have

wawféfw, (5.40)
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which we denote by u, = pu.

(b) If we assume furthermore that X is a locally compact and separable, then we say
{pn} converges vaguely to p if for all f € C.(X), we have

/fdun—>/ fdu. (5.41)

It is common to see the notation pf in place of f « [ du, because we may see p as a linear
operator acting on the continuous function space, called the space of test functions.

In analysis one is often interested in test function classes Cy or C,.. Below is one reason
why the choice of C} is desirable to probabilists. Suppose the sequence {u,} C P(S5)
converges weakly to u € M(S). If we take f = 1 on the entire S in (5.40), then we have
w(S) = lim,, p, (S) = 1, thus proving that the weak limit y is a Borel probability measure as
well. Hence no “mass” is lost in this convergence, in contrast to ...

Weak convergence is a subject of greater importance to probability compared to general
measure theory and analysis. This has led to our choice (and many authors’ choice) to
present weak convergence solely in the context of probability.

5.42 Definition. Let X be a locally compact metric space. A positive Radon measure'’ u on
X is a Borel measure that is locally finite, outer regular on all Borel sets, and compact inner
regular on all open sets.

5.43 Proposition. Every Radon measure is compact inner regular on o-finite Borel sets. In
particular, every o-finite Radon measure is compact inner regular on all Borel sets.

Since we are in a Hausdorff space, a compact inner regular measure is also closed inner
regular, and because the measure is finite, it is also outer regular. Hence for finite measures,
Radon measures are the same as compact inner regular measures.'' And by Theorem 1.40,
if X is a o-compact metric space, any finite Borel measure is Radon. This passes to signed
and complex measures.

Hence we may identify Mg (X) with the space of linear functionals on C.(X), which
allows us to define the weak-star topology on Mg (X) by defining the convergence p,, —
in Mg(X) if

/fd,unﬁ/fd,u for all f € C.(X).

In notation, this topology is o (Mg (X),C.(X)). Vague convergence is interesting because it
is precisely this weak-star convergence (given that X is locally compact and separable.)

Some authors prefer to define vague convergence instead using Cj test functions. There
are certainly benefits of this. Recall that weak-star limit of bounded linear functionals does
not have be bounded. According to Appendix C, since Cj is Banach, any weak-star limit on
C§ must fall in Mg = C§. On the other hand, for {u,} C C* = Mg, since the space of test
functions are smaller (the behavior of p, at infinity are no longer considered), it is possible
that p, — p in weak-star on C with ||u|| = oo, but not weak-star on Cj.

The above paragraph can be really subtle and confusing, but fortunately there is no
actual difference when applying either definitions. If sup,, ||un|| < oo, then it is equivalent to
say [ fdpn, — [ fdu either over all f € Co(X) or over all f € Cyp(X), as a consequence of
Proposition C.8. In particular there is no difference on the space of subprobability measures,
which will be the only thing we are interested in.

10also known as the Borel regular measure or the Riesz measure
HThis is precisely the definition given by Bogachev [Bog07; Bog18].
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5.44 Riesz—Markov—Kakutani theorem (positive measures). Let X be a locally compact metric
space. Given a positive linear function L on C.(X), there is a unique Radon measure y on
X such that

Lf:/deu for all f e C.(X);

meanwhile ||L|| = ||u]|.
This p satisfies

w(U) =sup{Lf: feCuX),f<U} for U open,

and
p(K) =inf{Lf: f € Cc(X), f > 1k} for K compact.

It is well-known that Rudin [Rud87] proved the existence of the Lebesgue measure with
this theorem. More generally, one can use this to show the existence of a Radon measure on
general Riemannian manifolds.

5.45 Riesz—Markov—Kakutani theorem (finite measures). Let X be a locally compact metric
space, then the dual space C.(X)* is isometrically isomorphic to Mg (X), i.e., for all linear
functionals L € C.(X)*, there is a unique signed/complex compact inner regular Borel
measure y such that

Lf:/deu for all f € C.(X);

meanwhile ||L|| = |||

In particular, if X is separable, then in the above statement Mg(X) = M(X); if
furthermore X is compact,'? then C.(X) = C(X).

Every instance of C.(X) above can be replaced by its uniform closure Cy(X).

5.46 Corollary. Mg (X) is a closed subspace of M(X) in the strong topology, and hence a
Banach space.

Proof. In the strong topology, Mg (X) is a complete subspace in M(X), which is complete.
The vague limit of Radon measures is Radon because just because the weak-star limit on C.
must still fall in C.. O

Notice that when p, are all positive measures, then the vague limit p is positive. To
see this, take f to be any nonnegative C} function. Then f fdu, — f fdup > 0, enforcing
w(X) > 0.

5.47 Proposition. In a locally compact metric space X with p,, u € Mg(X) such that p,, = p,
one has pu(X) < liminf,, p,(X). If u, is allowed to be signed, then |u|(X) < liminf,|u,|(X).

If one is familiar with Banach space theory, this is an immediate consequence of the
uniform boundedness principle.

12Compact metric spaces are separable; see Proposition A.17.
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5.G  Convolutions and smooth approximation of functions

Let f and g be measurable, the convolution of f and g is the function

£9@) = [ fe = 09w dutw)
for all x such that the integral exists.

5.48 Proposition [Fol99, Proposition 8.6].

(a) fxg=gx*f.

(b) fx(gxh)=(f*g)*h.

(C) TZ(f*g) = (TZf)*g:f*(ng)'
(d) supp f * g C supp f + suppg.

In PDE theory, we are interested in functions defined on an open subset U of R"; however,
it can be hard to prove results directly about functions defined such U’s. We establish tools
for functions defined on the entire R, and then use extension and restriction arguments to
specialize down to functions defined on U.

[Brell, Proposition 4.20] proves the second part directly

5.49 Proposition [Fol99, Proposition 8.10, Exercise 8.7]. For f € L'(R") and g € CF(R") (i.e.,
0%g is bounded for all || < k), we have f x g € C*(R") with

O%(fxg) = f*(0%) for all |a| <k.
If fe LL (R") and g € C°(R"™), then the same claim still holds.

loc

Proof. The first part of theorem is really just differentiation under the integral sign of
parameterized functions, Corollary 2.45.
The second part of the theorem O

[Jos05, Lemma 19.22] For f € L1(U), for any open set V C V C U and e < dist(V, 9U),
we have f¢ e C™(V).

Extend f to R™ by defining it to be 0 outside U. Then we may see f € L'(R")

We now introduce the notion of a mollifier. It can smooth out functions, and allows us
to approximate a given function by its smoothed-out versions.

Dividing f by a constant, we obtain a function 7 € Ce® with [n = 1. Define n(z) =
E%ﬂ](x/e) for all € > 0. Then 7. continues to be smooth, [7 = 1, and now with support
contained in B(0;¢). The collection {n}c>o is an approzimation to the identity. (converges
to the Dirac delta function in the Schwartz sense) The function 7 is called the standard
mollifier.

Given f € LL _(U), define f¢ = f 7, in the open set U, = {x € R?: dist(x,0U) > €}.

feeC=(U.) f¢— f a.s. as € = 0 uniformly on compact subsets of U

For any open set U C R"™, C°(U) is dense in C.(U), and hence dense in Cy(U).

extend C°(U) to C°(R™),

This tells us that the Riesz-Markov-Kakutani theorem (finite measures) holds for CS°
test functions when the space X = R".

given f € C,, consider f¢

Cg° dense in LP for 1 < p < oo

fundamental theorem of Calculus of Variations
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/fy=0

for all g € C°(U), then f =0 a.e. on U. In particular, f = 0 at all continuity points of f.'?

5.50 Theorem. For f € L{ (U), if

5.51 Definition.

5.52 Young's inequality. For 1 < p,q,7 < oo such that & + ¢ = ; + 1, then if f € L? and
g € L9, then f x g is defined a.e. (if 7 = oo then everywhere) and is in L", with

1 * gl < [1fllpllgllq-

The inequality is sharp only when p or ¢ is 1. In general can improve the inequality by a
better constant, see [Bar98]. Moreover, in the same article a reverse Young’s inequality is
also mentioned:

5.53 Theorem. For 0 < p, ¢, < 1 such that % + % = % + 1, and measurable f,g > 0, we have

1+ gllr = I fllpllgllq-

The optimal constant version is also proved in [Bar98g].
Proof. We follow [Lei72], where this result was originally proved. O

Define the convolution of two measures p and v by pu*v = as(uxv), where a: R" xR"™ —
R" is the addition map. Equivalently, for all f nonnegative measurable or in L' that

[t = [ [ 1+ v dutoyavty).

Because of the commutativity and associativity of products of measures, we know convolution
of measures must be commutative and associative as well.

This definition is quite natural. Take f = du/dx and g = dv/dy, then we would like to
have

d(p*v)(z)/de = f*g(r) = - f(z —y)g(y) dy.

Therefore for all measurable A we have
pxv(A) = /A /f(w —y)g(y) dy dz,

and by a change of variables we have

pevd) = [ [ re—nama = [ ) [ @ =px vzt ye .

130Otherwise there is an open neighborhood around some continuity point that is nonzero.
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5.H Fourier transform of functions and measures

Define the Fourier transform of a complex integrable function f to be

() = / exp(—it - 2)f(v) da

Define the Fourier transform of a complex Borel measure on R™ by
(o) = [ exp(-it ) du(s)

Note that |exp(—it - )| = |cos(—t-x) +isin(—t-x)| =1 for all  and ¢, which means the
definitions above make sense.

The two are intimately related. Given any f € L'(m), the recipe dv = fdm gives us
a complex Borel measures v. In fact, Radon—Nikodym theorem tells us that all complex
Borel measures absolutely continuous with respect to the Lebesgue measure can be given
by such a recipe. Notice that ||f|1 = [g.|f|dm = |||, so the equivalence classes L*(m) of
integrable functions can be isometrically embedded into M(R™).

We let the reader recognize the following

a0) = lull, [a@)] <1, A(=t) = alt).

The Fourier transform of a measure is uniformly continuous.
Recall Corollary 2.44 to DCT discusses the continuity of the integral of parametrized
functions. Here we need to further prove uniform continuity.

te+0) = 301 < | [ expl-it - ofexp(-in-a) ~ 1 duta)
< [lexp(-it-a) - 1 du(a), (5.54)
where we have used |exp(—it - z)| = 1 to let ¢ vanish. Now |exp(—ih - z) — 1| < 2 and

limp_,olexp(—ih - &) — 1| = 0, so (5.54) converges to 0. This establishes uniform continuity.
1]l < ||pt]]1 because

sup| f(1)] < sup / lexp(—it - )] | (z)|dz = || ]
t t

)

wxv(t) = /R | exp(—it - z) d(p * v)(z)

= / / exp(—it - ) exp(—it - y) du(z) dv(y).
= a(t)o(t)
All the properties above carry directly over to the Fourier transform of integrable functions.

5.55 Riemann—Lebesgue lemma. Fourier transform of L!(R") falls in Co(R"™). This means
precisely that limp; o f() = 0.
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This does translate to measures: for the atomic measure Jg, So(t) =1, independent of ¢.
Define the inverse Fourier transform of a function by

fla) = 5= [ exalit-a)(oyat

and the inverse Fourier transform of a measure by

@) = 5= [ explit- o) dutt).

The Schwartz space S(R™; C) plays an important role in the Fourier (and distribution)
theory. It consists of all rapidly decreasing functions whose derivatives (including itself) are
decreasing at a rate faster than any powers: we say f € S if f € C°°, and

pp.a(f) =sup|zP0® f(z)| < oo for all multi-indices 3, a

This is equivalent to

pN.o(f) =sup(l+|z)N0*f(z) < 0o for all N € Ny and multi-indices .

(Some authors may even prefer the Japanese bracket (z)N = (14 |2|?)V/2 instead, a nowhere
vanishing and smooth analogue of |z|V.)

For the unfamiliar reader, on R", a multi-index « is an n-tuple of nonnegative integers,
which lets us write 27 = 2" .. mﬁ", and 0y f(x) = 031 f(x)--- O3 f(x). Note that |a| =
Z;'L:1 @j-

The topology we endow on S is the seminorm topology. One can show that pg . is
a seminorm for all 5 and a. Also py, is a seminorm. In fact, one may even define
Pa = SUPj< N Pk.a, Which is again a seminorm. (In fact all these are norms: since if p. (f) =0,
then f = 0. However, this is irrelevant to topology.)

We will stick to the pg o seminorms henceforth, although any choices of seminorms should
lead to the exact same conclusion. Define

Bl=la] P8l —9)
ZQ 1+p50¢(f g)

which metrizes the topology on S.
5.56 Proposition. The metric is complete, and hence S is a Fréchet space.

Proof. Suppose d(fm, fn) = 0 as m > n — oo, then ||, — fullg,o — 0. This means that for
each (3, ), the complex-valued sequence of functions {z9“ f,,} is uniformly Cauchy, and
hence converges to some 2. By uniform convergence of derivatives, 2 has to be 289 f.
Therefore || f, — fllg,o — 0 for all 8, «, i.e., d(fpn, f) = 0. O

In fact, S is also separable. Although there are probably other ways to approach this,
we will prove it using Hermite polynomials. One should notice the close interconnections
between Fourier transforms, Hermite polynomials, and Gaussian measures. (This ultimately
indicates why Fourier transforms ultimately leads to the classical yet most magical proof of
the central limit theorem.)

Note that C* C S.

For f € S, we havefe S.

f(2) = 2mf(~)
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5.57 Parseval’s identity. For f,g € S(R"), we have

/M—%/m

This implies the Plancherel’s identity ||f||z2 = V27| || .

Since S is dense in L2, this allows us to extend the Fourier transform to an operator on
L?. One key question now is how does it relate to the Fourier transform on L!. As expected,
the definitions are consistent.

5.58 Theorem. For f € L' N L?, we have f = Ff, where we used f for the Fourier transform
of fin L' and F for the Fourier transform of f in L2.

5.59 Theorem. The Fourier transform from S to itself is a linear homeomorphism.

We say ¢: R" — C is a positive semidefinite function if for any finite number of
t1,...,tm € R™, the matrix [¢(t; — tx)]i<jk<m is positive semidefinite. Equivalently this
means that ¢(t) = ¢(—t), and Z;nkzl NiAgp(t; —t) > 0 for any (Ar,...,\y,) € C™.

5.60 Proposition. ji (and fi) is positive semidefinite.

Proof. (t) = ¢(—t) has already been proven. Now fix ty,...,t, € R", and computation
gives us

Z NAep(t; — tr) / Z Ak exp(ityx) exp(—it;x) dx

J,k=1 j,k=1
m 2
= /‘Z Ajexp(—itjz)| dxr >0
j=1

for any A. O

5.61 Lemma. A positive semidefinite function ¢: R™ — C continuous at 0 is uniformly
continuous everywhere.

Proof. We will show that

|o(t + h) = p(t)* < (0)[20(0) — @(h) — (~h)]. (5.62)
Consider the positive semidefinite (PSD) matrix
¢(0) p(t) ot +h)
p(=t)  @(0)  p(h)
(=t —=h) @(=h)  »(0)
1 0 0
By multiplying on the left by the P= |0 1 0| and on the right by P!, we obtain its
0 -1 1
congruent matrix
©(0) o(t) o(t+h) — o(t)
p(—t) ©(0) o(h) — ¢(0)

p(—t—h) —p(=t) w(=h) —9(0) 2¢(0) —p(h) —p(-h)
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It is clear that the matrix remains PSD after the congruence transformation. Now the
submatrix from the four corners must also be PSD, and (5.62) follows by considering the
determinant. O

The following fact follows straight from the definition.

5.63 Fact. The pointwise limit of a sequence of positive semidefinite functions is positive
semidefinite.

The remaining results explain our interest in the Fourier transform of measures. The
proofs are purely Fourier-theoretic, but their interpretations only make sense in the context
of probability. We will restate these results later using the inverse Fourier transform, which
is the convention in probability theory.

5.64 Inversion formula on the real line. For u € M(R), we have for any a < b that

exp(ibt) — exp(iat)
2mit

T
gilad +ula.b)+ 50} = Jim [ ) dt

(If @ and b are not atoms of pp, then the expression above is equal to u(a,b].)

In particular, this implies that on the real line, ;1 can be uniquely determined by ji. Take
a — —o0, we have ${u(—00,b) + p(—00,b]} on the left-hand side. Now take b — 2+, we
have precisely recovered the distribution function of u.

The correspondence between p and i can proved directly on R™ using the tools we
developed. However, an explicit inversion formula is beyond our reach, since Borel measures
on R™ are much harder to describe.

5.65 Theorem. For any p € M(R™), there is a one-to-one correspondence between each
and fi.

Proof. Say ju # v, which implies there is some f € S such that [ fdu # [ fdv. Notice the
important identity

[tan=[ [ @yexpi-it- ) dtaua)
— [ [ ftyexp(-it- ) dutz) i = [ Fraco e,

where we have used Fubini. Tt follows that [ f(t)a(t)dt # [ f(t)D(t) dt, which implies ji # 7,
thus proving the contrapositive. O

In summary, we have reduced the question of correspondence between p and ji to the
linear homeomorphism of the Schwartz space under Fourier transform of functions. This is
also the key ingredient to the next (closely connected) theorem.

5.66 Lévy's continuity theorem. Let u,, € M(R™). Suppose sup,, ||| < C < oco. If fi, = ¢
pointwise for some ¢ that is continuous at 0, then there exists a unique up € M(R"™) such
that p, — p vaguely, i = ¢, and ||p|]| < C. (The uniqueness follows from the previous
theorem.)
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Proof. By the Proposition 5.60 and Lemma 5.61, we know the pointwise limit ¢ must be
continuous everywhere.
We first find the candidate p. In the previous proof, we showed that for all f € S,

[ tdun= [ Fiae)at.

By DCT, since f € L' and ||fin . < C, we have

[ tan = [ iwewa
By sequential Banach-Alaoglu theorem, there is a subsequence pu,, of the original

{pn} that converges vaguely to some p with ||u|| < C. Expanding the definition of vague
convergence, for each f € S, it holds that

[t~ [ sau= [ fonear

/7mmwﬁ:/f@ww@

for all f € S, which let us conclude that i = ¢, since ¢ is continuous. O

Therefore

The above convergence in fact holds weakly, and can be established directly via tightness.
This will be studied later.

Proposition C.8

[Sch17, Exercise 21.4]

5.67 Bochner's theorem. A function ¢: R™ — C is the Fourier transform of a finite measure
1 precisely when

(a) ©(0) = u(R™);
(b) ¢ is continuous on R™;

(¢) ¢ is a positive semidefinite function.

5.1 Fourier series

We get the second Parseval’s identity for Fourier series.

5.68 Parseval’s identity.

5.J Stieltjes transform
5.K Laplace transform

5.L  Sobolev spaces

We use U to represent an arbitrary nonempty open set in R™.
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Holder space

[Bogl0, Chapter 2]

C°(R") is dense in W1P(R™)

WP is the completion of C° with respect to the WP norm
Define W,"? to be the closure of C2° with respect to the W norm.

5.69 Meyers—Serrin theorem. C>° N WP is dense in W1P(R™).

Weighted Sobolev spaces
For every locally finite measure on R™, we can set

A1 = 1o + D 1105 florqny  for all f € C,

j=1

and then complete C¢° under this norm. This is a Banach space, but the

A well-defined weighted Sobolev norm is the one that is closable

If the density is strictly positive,

or if the density satisfies certain weak differentiability property

f € WHHR) if and only if f € L'(R), and has an absolutely continuous version whose
derivative is integrable on R.



Chapter 6  Elements of Polish spaces

To use the word of , two spaces really stands out when studying measure and integration on
topological spaces, one being locally compact space and the other being Polish spaces. In
fact, an LCH space X is second countable if and only if it is Polish. The reverse direction is
immediate by Proposition A.17. For the forward direction, the usual proof is to consider the
one-point compactification X of X. Our new X is second countable and compact Hausdorff,
and hence it is metrizable. Any such metric must be complete by compactness, and therefore
X is Polish. Now our X, as an open subset of X must be Polish.

For example, we 1mmed1ately get a version of RMK theorem for second countable LCH
space, and hence an integration theory on manifolds (which are second countable LCH) can
be obtained.

6.1 Definition. A Polish space is a separable topological space that admits a complete
metrization.

A standard Borel space is a measurable space isomorphic to a Borel subset of a Polish
space.

countable product of Polish spaces is Polish
subspace of Polish space is Polish if and only if it is a Gy set

6.2 Proposition. Any Polish space is homeomorphic to a G set of [0, 1]N
6.3 Ulam'’s theorem. In a Polish space X, every Borel measure is tight.

Proof. Let S = {z;}32, be a countable dense subset of X. Since any point X must be

arbitrarily close to some point in S, the collection {B(z;;1/n)}52, covers X for any n € N.
It follows that for any € > 0, there is some M,, such that

( U x],l/n> <27 "

To make the approximation set independent of n, consider

oo My
= ﬂ fo],l/n

It follows that pu(X — K) < lim, 0 27" = €.
Since X is complete and K is closed, K is complete. In addition, K has finite %—net for
each n, and it follows by the Theorem A.20 that K is compact. This proves the claim. [

6.4 Theorem. Two standard Borel spaces are Borel isomorphic if and only if they have the
same cardinality, which must be finite, countably infinite, or that of the continuum.
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universal measurability

Q is not Polish, this is an exercise using Baire category theorem.

For two separable metrizable spaces X and Y, if f: X — Y is Borel measurable, then its
graph is a Borel subset of X x Y.

limit of measurable function is measurable

6.5 Corollary. A standard Borel space A is isomorphic to a Borel subset B of the real line
with the Borel o-algebra. If A is an infinite set, then we can take B to be the entire real line.



Interlude: Between Measure and Probability

A Hausdorff measures and dimensions

Let (X, p) be a metric space, and E C X. For every a > 0 and € > 0, we define

HY(FE) = inf{Z(diam A;)% :sup(diam A;) < € and {A4,} covers E}
J

Jj=1

When a = 0, HY(E) is just the covering number of E, i.e., the smallest cardinality for an
e-net of . We also consider the case where ¢ = oo, which means that there is no restriction
on the diam A;’s.

Notice that H is increasing as € decreases to 0. We define the a-Hausdorff measure of
E to be

HY(E)=sup H*(E) = lim HX(E).
>0 e—0t

Notice that we get a Carathéodory outer measure.

We define the Hausdorff dimension of E by

dimg F = inf{a : H*(F) =0} = inf{a : HY (E) = 0}.

The ternary Cantor set on [0, 1] has Hausdorff dimension }ggg The boundary of the
Koch snowflake has Hausdorff dimension %. Sierpinski gasket

When f is Lipschitz, diamgy f(E) < diam F, since the diameter of a set is stretched by
at most a constant under a Lipschitz map. More generally, one can show as an exercise that
for f that is a-Holder continuous with constant C; we have

HP(f(E)) < C"H*P(E),

which gives

diam f(F) < 1 diam E.
«

(This is the reason why we chose « for the exponent in the definition of Hausdorfl measures.)
Given a bounded metric space X (i.e., diam X < 00), the lower Minkowski dimension
is defined by liminf,_,o % while the upper Minkowski dimension is defined by the

lim sup analog. The lower and upper Minkowski dimensions do not necessarily agree, and
Given a Borel measure u, the lower Minkowski content of a Borel set A is given by

1
pMF = liminf ~ (A, — A),
e—0 €
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where A, = {x € X : dist(z, A) < €}, the open e-neighborhood of A. Replacing liminf by
lim sup gives us the upper Minkowski content. We will only use the upper Minkowski content,
and usually just call it the Minkowski content.

Since (1 4 €)™ m(B”((); 1)) = m(B" (O; 1+ e)), it is immediately clear that the upper
and lower Minkowski content are the same nm(B). Recall 0(0B™) = nm(B"), so the
usual spherical measure and the upper/lower Minkowski content are exactly the same for
the Euclidean ball. We will shortly define the boundary measure for all regular-enough
boundaries, and show all these definitions coincide on the ball. However the lower /upper
Minkowski is defined for “any” Borel sets in a metric space.

Also recall Exercise 3.18, which now allows us to rigorously state

A.1 Euclidean isoperimetric inequality. For any bounded open set U, we have

n—1

mam(U) > nal/"m(U)5 .

Since mpy(0B™) = n ay,, the above inequality is sharp when U is the open ball. This means
that among all such U’s with the same volume, the open ball attains the minimal Minkowski
lower content.

In R™, and consider the n-Hausdorff measure H™. One might wonder how does it relate
to the Lebesgue measure. Since H™ is translation invariant and locally finite, we have
¢(n) H™(A) = m(A) for some constant ¢(n). It turns out that ¢(n) = «, /2", i.e., the volume
of the ball with diameter 1. Note that in defining the Hausdorff dimensions (a geometric
notion), this ¢(n) is totally irrelevant. Some authors include the constant ¢(n) as part of the
definition of H™(A)

[Tay06, Chapter 12]

We first show that m(A) < §#H"(A). This follows from

A.2 Isodiametric inequality.

m(A) < an(dl&;nA) ’

where «,, is the volume of the unit ball in R"™.

Steiner symmetrization

Minkowski-Steiner formula

To show that m(A) > §aH"(A), all the known proofs rely on some covering lemma, used
inductive way (using DC)."

B Topological groups and Haar measures

compact groups are unimodular
left and right Haar measures agree precisely when the group is unimodular

B.1 Theorem.

1This is mentioned on page [Tay06, p. 161].
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C Harmonic functions

A function u defined on an open subset of R" is harmonic if Au = E?:1 Oju=0. It is
subharmonic (resp. superharmonic) if Au > 0 (resp. < 0). A lot of the results should be
understood by their exact analogs in complex analysis. Indeed, a complex holomorphic
function, when realized on R?2, is a holomorphic function by the Cauchy-Riemann equation.

maximum principle

For u: R™ — R that is subharmonic on some open connected set U, if u attains its
maximum in U, then w is constant in U; if U is bounded and u attains is maximum on U,
then

rgcnez%(u(x) = max u(x).

mean-value property

over balls

over spheres

harmonic functions are smooth, and in fact, analytic

Liouville’s theorem

Harnack’s inequality

Harmonic measure

Riesz—Markov—Kakutani theorem (finite measures)

We will give a geometric interpretation of Harmonic measures whening studying Brownian
motions.

D Introduction to PDE

Classification of second-order partial differential equations
A general kth-order partial differential operator is given by

L= Z aq,0%.

lal<k

The general second-order linear PDEs in with n-variables looks like Lu = 377", a; ;0;0;u+
first order + linear terms = 0. Up to a sign change (because we can always change the left-
hand side by a sign), if the matrix A = [a;;] is positive-definite, then the equation is elliptic.
If the matrix A has a zero eigenvalue, then the equation is parabolic. If A has precisely one
negative eigenvalue and n — 1 positive eigenvalues, then A is hyperbolic. These terminologies
corresponds exactly to the conic sections, once we replace each 9; to x;.

In addition, if A is strongly positive definite with parameter ¢, which means that (Az, z) >
c||z||?, then the differential operator L is called uniformly elliptic with parameter c.

Given the time-dependent velocity vector field v(t, ), let p(t,z) denote the density at
time t. The continuity equation says

Orp + div, (pv) =0,

which precisely describes the conservation of mass.
Consider an open ball B(zp;r) around 0. The rate at which the mass escapes the ball B
should equate the flux over the boundary 0B. This translates to the equation

d
—/ p(t,z)dx = —/ (pv) - ndo at all time t.
dt B(xo;r) 9B(zo;r)
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Here we have made the physical assumption that the flux density should be given by pv. By
the divergence theorem, the right-hand side becomes

—/ div F dx.
B

Now rearranging the equation gives
/ Op(t, x) + div(pv) dx = 0,
B(zo;r)

and we obtain the continuity equation once we take r — 0.
By Fourier’s law of thermal conduction, the velocity field v(t,z) is proportional to
—Vu(t,z). For our purpose let v(t, x) = —3V,u(t,z). This leads to the heat equation

Ou = %Amu,

which is a parabolic equation because A does not include the time variable.

The steady state of this heat equation is at 0;u = 0 = A, u, i.e., when there is no more
heat diffusion, the temperature u becomes harmonic. The equation Au = 0 is called Laplace’s
equation, and is the topic of first-order importance studied in PDE. Its generalization is
Poisson’s equation

Au = f.

Both are elliptic equations, because A has the identity matrix as its highest order coefficient
matrix.
Black—Scholes equation

OV + 20?520V =rV —rSOsV.

perform a change of variables

backward PDE

an initial value problem for a forward PDE is equivalent to a final value problem for a
backward PDE

a final value problem for a forward PDE, or equivalently, an initial value problem for a
backward PDE, is ill-posed

we cannot in general find a solution u(t, z) such that u(T,z) = f(x) for any specified
function f in general (u(T,z) must follow some structure determined by the PDE)

Fundamental solution

LF =9

Green’s function

symmetric Harmonic property

Poisson kernel

Dirichlet problem on the half-space

Dirichlet problem on the unit ball

Dirichlet energy

D.1 Gronwall's inequality. For w: [0,T] — [0, 00) be absolutely continuous with

du
% <Bu and u(0) = up.



E Distribution theory 89

for some 3 € L'[0,T]. Then

t
u(t) < uoexp</ 5dt) forall0 <t <T.
0

Absolute continuity is to ensure the FTC for Lebesgue integral works. Set v(t) =
exp(— [ Bdt)u(t), whose derivative is < 0. Integrating dv/dt will then give you the inequality.

The statement remains true if we replace the “<” in the condition and the conclusion
both by “>7.

This implies that «(0) = 0 implies u = 0 on [0, T7.

Gradient flows

Euler-Lagrange equation

Hamilton—Jacobi equation

E Distribution theory

the space of distributions D’, of tempered distributions &', and of compactly supported &’
D’(R") is defined to be the space of continuous linear functionals on C2°(R™).? However,
we have yet to specify the topology on C°(R™). seminorms on C2° induces a locally convex
topology on C°(R™). We can then endow the weak-star topology on D'(R"™).
Defining the seminorm topology on C2° is in fact a daunting task. But one has the
following sequential characterization, which is ultimately what people care about. The space
of distributions D’ consists precisely of all linear functionals F' on C2° such that

w; = ¢ in D implies F(p;) = F(p).

(This statement might remind the readers of weak-star topology. But the weak-star topology
is a topology we are trying to endow on a given dual space, but here we are trying to define
that dual space in the first place.)

Define D’'(R"™) to be the space of distributions, which consists of all

For any F' € LL _(R"), the linear functional

loc
0 /(p(cc)F(z) dz for all p € C°(R™)

is a distribution on R™. More generally, for any locally finite Borel measure o on R™, the
recipe

<p»—>/<pdu for all p € C°(R"™)

is a distribution on R™. In these two standard cases we just identify F' and p as distributions.
We say F' € D'(R") is smooth if for every open set U C R", there exists g € C*°(U)
such that

F(p) = /Ugo(x)g(x) dx  for all ¢ € C°(R"™) with suppy C U.

If this g is 0 on U, then we say F is zero on U. Note that for each U the associated g, if
exists, must be unique. (This is a consequence of Theorem 5.50.)

2The notation D = C° is due to L. Schwartz.
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The complement to the union of all open sets on which F is zero (resp. smooth) is
called the support (resp. singular support) of the distribution F, denoted by supp F' (resp.
singsupp F).

A distribution F' € D'(R™) can be extended to a distribution in &'(R"™) if supp F' is
compact.

Cauchy principle values

distributional derivative

0°F(p) = (1) F (%)

Recall that for g € L = we defined its derivative according to the integration by parts
formula. The distributional derivative generalizes this idea to arbitrary distributions.
Fourier transform of distributions

F More Sobolev spaces

The differentiation operator is closed

G Functional inequalities

Poincaré inequality Let 1 < p < oo and U C R" be bounded in one direction, then for every
fe VVO1 "P(U) being zero on the boundary, we have

1f1lp < ClIV I,

where C' = C(n, p).
Let 1 <p < ooand U be a C! (or Lipschitz) domain, then for all f € WP(U), we have

-

< Clfllps
p
where C' = C(n, p).
Wirtinger inequality
For f € CL[0, R], we have

R R
/ flz)dx < Rj/ I (z) dz.
0 ™ Jo

For f € C'[—R, R] with f(—R) = f(R) and [ f =0, we have

R 2 (R
/ fx)dz < R—2/ f(x)dx.
-R ™ J-R

Rellich—Kondrachov theorem

Let U be a C* (or Lipschitz) domain in R", and 1 < p < n. Define p* = n”—_’;) = ﬁ,

then W1P(U) < LP"(U) is continuous and WP(U) < L9(U) is compact for every 1 < ¢ <
p*.

Gagliardo—Nirenberg inequality

We say a normed space X is compactly embedded into a normed space Y if the embedding
X — Y is a compact operator.
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H Tools from vector calculus

boundary OU is of class C*

H.1 Divergence theorem. For any bounded open set U C R"™ with C'! boundary, and a vector

field F: U - TU =R",
/didex:/ F-ndS.
U ouU

H.2 Green's identity. Given U with C* boundary, for u,v € C?(U), we have

(a) [y Audr = [, Opudo
(b) [y Vu-Vvde = - [, ulvdz + [, ud,vdo
(¢) [y Av—vAude = [, u-Vv—v-Vudo.

The last one shows that A is a symmetric operator over the class of L?(m) functions that
vanishes on the boundary.

If U is the unbounded R", then we have (u, Av)r2(,) = —(Vu, Vv) = (Au,v) for all
u,v € CP(R™). This is just integration by parts. Notice that (Au,u) = —(Vu, Vu) <0, so
some authors chose to use the negative Laplace operator, which is a positive semidefinite
operator.

Euclidean isoperimetric inequality

H.3 Exercise. If the bounded open set U is further assumed to be with C'' boundary, then

n—1

o(8U) > nal/mm(U) .

In particular, since 0(0B™) = n ay,, the above inequality is sharp when U is the open ball.
This means that among all such U’s with the same volume, the open ball attains the minimal
surface measure.

[ Differentiable manifolds and integration with differential forms

The smooth partition of unity theorem states that for a smooth manifold M and a given
open cover {U,}, there is a smooth partition of unity {4, } subordinate to {U,}.

We know a locally compact second countable Hausdorff space is metrizable and separable,
and therefore it is paracompact by [Rud69]. We are now ready show that for a lescH space
and an open cover {U, }, there is a countable cover {V;}32, that is a locally finite refinement
of {Uy}, and a further open cover {W;}52, with Wj is compact and is contained in V;.

Consider the collection of all precompact open sets A with A C U, for some «. By
Urysohn’s lemma for locally compact spaces, part (a), we know this collection is an open
cover of M, and therefore it has a locally finite open refinement {Vz} that still covers M.
Repeat this argument again with {Vz}. and we obtain a further locally finite open refinement
{W; };";1 that covers M, where W; is precompact and WJ C Vg for some . The index set
for W is made countable because M is second countable.

Now for each j, fix a choice of 8(j) such that W; C Vj(;). Reindex 3(j) by j, and we
have a countable cover {V;}92,; (a subcover of {Vj}) that is a locally finite refinement of

{Ua}-



92 Interlude

It remains to prove the existence of partition of unity. First, for each j, we have
g; € C*(M,[0,1]) such that g; = 1 on W; and suppg; C V;. Local finiteness allows
us to define f = }°. g; pointwise on M, and because {W;} is also an open cover, f is
strictly positive everywhere, and hence we may define f; = g,/ f, which is C>°(M, [0, 1]) and
Zj fi=1 -

It remains to reindex. For each j, fix a choice of a(j) so that V; C U,(;). Therefore
supp f; = suppg; € V; C Uyjy- Define

'(/Ja: Z fja

a=a(j)

which is well-defined and smooth because 1 = Z;’;l f; is a finite sum at each point. Clearly
0<%, <land} , o =1 Now

suppta =supp | J fi= |J swpfj= |J swpf; CU.,

a=a(j) a=a(j) a=a(j)
where the second equality comes from the fact that V; is locally finite. The proof is complete.

I.1 Corollary. Given a smooth manifold M, say we have a closed set A contained inside an
open set U in M. Then there exists a smooth function ¢: M — [0,1] such that ¢ =1 on A4
and suppp C U.

Obviously this follows by considering the partition of unity with respect to the open
cover U, M — A.

[.2 Smooth Urysohn's lemma. Given a closed set A and an open set U in the smooth manifold
M, suppose we have a smooth function f: A — R"™, then we can extend this f to a smooth
function F: M — R™ such that F|4 = f and supp F C U.

A (C') Riemannian manifold is a (C!) differentiable manifold, where at each point =
we have an inner product (-, -), on the tangent space T,,M. This inner product can be
expressed in local coordinates around = by

(vyw), =v- ([gjk](x)w)v

where [g;1](z) is a positive definite matrix, and the components varies continuously with
respect to z. (Here - is the Euclidean dot product.) This “continuous” inner product of
tangent vectors at each point is called the continuous Riemannian metric, denoted by g. (In
technical terms the Riemannian metric is a continuous symmetric covariant 2-tensor field
that is positive-definite at each z € M.)

Jost Section 3.3 Lee Chapter 15 Riemannian volume form justifies why /det[g;x]

what is the correct unit volume in the oriented Riemannian manifold with metric tensor
g, when expressed in the local (Euclidean) coordinates x1,za,. .., Z,.

For f € C.(U), where (U, ¢) is an oriented chart, we have [, f dV, = fw(U) f+/det|g;i] dx

Note that when M is compact, we only need a finite number of charts to cover M, and
by the usual partition of unity argument one can conclude that Vol(M) = [ v 1dVy, as a
finite sum of finite integrals, must be finite. Therefore the measure py induced from V is
finite, and can be normalized to a probability measure by dividing Vol(M).

different choice of local coordinates would yield the same integration formula, so the
integral is well-defined
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For a Riemannian manifold (M, g), we can define for any f € C.(M) a positive linear
functional L by the formula Lf = [,, fdV,. Then by Riesz Markov Kakutani theorem
(positive measures), we immediately obtain a Radon measure for us to perform integration
with respect to arbitrary Borel measurable functions on M. (The V, here may be taken as
the Riemannian density, or the Riemannian volume form when M is oriented.)

I.3 Bochner's formula.

I.4 Lichnerowicz' formula.
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Chapter 7 Interpreting probability using measure theory

7.A Distributions

From now on (o-)algebras will be called (o-)fields. The measure space (X, A, u) will be
replaced by (Q, F, P) with P(2) = 1, which we call a probability space. In the probability
triplet €2 is called the sample space, and F is called the event space, which contains all the
possible events. If Q is a countable set and F = p(f2), then the probability space is discrete.

Given an underlying measurable spaces ({2, F), a measurable function X : (2, F) — (S5, S)
is called a random variable. If (2, F, P) is discrete, then the image of any function X is
forced to be countable. We may then let S = X(Q2) and S = p(S), and X is obviously
measurable. The random variable defined on a discrete space is called a discrete random
variable, and its distribution is also discrete. If (S,S) is a measurable subspace of (R, B),
we call the random variable real-valued. In general when (S, S) is a measurable subspace of
(R4, B%), then X may be called a real random vector. The preference of Borel o-field over
the Lebesgue o-field has been discussed in Section 2.A.

Given a random variable X, following Section 2.1 we may define a probability measure
on (5,8) given by

n(A) = P(X ' (A)) =P(X € A) forall A€ S. (7.1)

We call this the probability distribution/law’ of X, denoted by X ~ p. It characterizes
how probability of (the image of) X is distributed across the target space (5,S)?. The
X € A above is a shorthand for {w € Q : X (w) € A}, and this convention® is widely adopted
throughout probability, as long as the context is clear. It also corresponds to the intuitive
understanding of a random variable X as a “variable” taking random values by ignoring the
underlying w, but we must not take this formally. When two (5, S)-valued random variables
X and Y (on possibly different underlying spaces) have the same distribution u, we write
X2y,

It is clear that a measure p on a measurable subspace of (R, B) can be naturally extended
to a measure on (R, B) (by setting all the new sets to measure 0). Therefore it always makes
sense to regard the distribution of any real-valued random variable as a Borel measure on R.

7.2 Remark. Another perspective we can take is to always let real-valued random variables
take (5,S) to be exactly (R, B). In this setup p will always be a Borel measure. When X
is a random variable with S := X(2) € R, we can always consider the restriction of the
distribution px to (S, B|s) to obtain our adopted definition of probability distribution in

1 Another common notation is £ that stands for “law”.
2In comparison, P characterizes the underlying space (92, F).
3In fact we have used this shorthand before, when discussing uniform integrability.
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(7.1). This alternative perspective is suitable for discussing distribution functions, while our
previous perspective is suitable for discussing density functions, as we will see.

7.3 Remark. Throughout the notes, random variables are almost always taken to be real-
valued*. The exceptions should be noted by the readers on their own.

The (cumulative) distribution function (c.d.f.) of a real-valued random variable X is
defined to be a function F': R — [0, 1] given by

F(z) = P(X <x) = p(—o0,z].

Again we mention that the choice of “<” instead of “<” in the definition of distribution
function is a convention. In fact going back to Kolmogorov’s original Foundations of the
Theory of Probability, the distribution function is defined by P(X < x).

We now slightly modify Theorem 1.34(a)(b) to suit our purpose. Note now we instead
start with the original part (b).

7.4 Theorem. Let X be a real-valued random variable with distribution x on (R, B), then its
distribution function F' has the following properties:

o lim, , o, F(z) =0 and lim,_, . F(x) =1;

e it is increasing and right-continuous;

e it has left limits in the sense that

which also implies u{z} = F(z) — F(z—).

Since p is now a probability measure, the first bullet point follows directly. The rest has
been proved already before. We remark also that every distribution function has countably
many discontinuities (by Proposition A.5), and is hence continuous a.e.

Recall Theorem 1.34(a). We can slightly modify its statement and proof to get the version
for obtaining a unique Borel probability measure.

7.5 Theorem. Conversely, let F': R — [0,1] be an increasing, right-continuous function with

lim F(z)=0 and lim F(z)=1,

T——00 T—00
then there is a unique probability measure p on (R, B) such that
u(—oo,z] = F(z) forall z € R.

Theorem 7.5 tells us that as long as we have the distribution function of a random
variable X, which increases from 0 to 1 and is right-continuous, then the distribution function
determines the distribution of the random variable. Formally we are now ready to state

7.6 Corollary. For two real-valued random variables X and Y, we have Fxy = Fy if and only if
x = by, i.e., a one-to-one correspondence between distribution functions and distributions.

4We have only discussed the integration of real/complex-valued functions. Some generalizations can
definitely be made (to for example, Banach-valued functions/random variables), but it is beyond the scope
of this survey.
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This observation is very fundamental because it tells us we can see the distribution
of a real random variables from two distinct perspectives. The corollary further suggests
that given a random variable, we may specify its distribution solely in terms of a function
F: R — [0,1] that is increasing, right-continuous, with

IEIPOOF(x) =0 and wl;ngo F(z)=1.

We call such a function F' a (cumulative) distribution function on its own. And we write
X ~ F if X ~ up, the unique probability measure associated to the distribution function F'.

7.7 Theorem. Indeed any distribution function F': R — [0, 1] can be realized as the distribution
function of some real random variable X on some probability space (£2, F, P). In particular we
can take the probability space to be ([0, 1], Bj,1}, m), and realize X ~ F' from a Uniform[0, 1]
random variable on this probability space.

First construction. By Theorem 7.5, we know every distribution function F' gives rise to a
unique probability measure p on (R, B). Now let (2, F,P) = (R, B, ) and let X be the
identity map on R. O

Given one knows Theorem 7.5, this first proof is indeed a very trivial construction. The
second proof, independent of Theorem 7.5, is more interesting and certainly of significance
to us.

Second construction. Let (Q, F, P) = ((0,1),B(0,1),m), and we define
X(w) =inf{y: F(y) > w} = F 1 (w). (7.8)

It is clear to see that X (w) < y if and only if w < F(y). Therefore for all y € R and
w € (0,1),
P(X <y)=P(w<F(y) = Fy).

The construction still works out perfectly if one replaces w by U(w), where U ~ Uniform(0, 1).
This is because the identity map is the special case of a Uniform(0, 1) random variable. We
conclude that we can use any Uniform(0, 1) random variable U to generate a u-distributed
random variable on the probability space ((O, 1), B,y m), via the recipe Fu_l(U).

In fact we may take U to be uniform over [0,1], (0,1], or [0,1), whichever is the simplest
for application. This is because their distributions are all the same on the real line. O

The realization of X ~ F described above will play a pivotal role later in Section 10.A.

There are several things we need to mind here. Firstly, one can show that inf{y : F'(y) >
w} =sup{y : F(y) <w}. The “>” direction is obvious. To see the “<” direction, consider
any x > sup{y : F(y) < w}. It is clear that F'(z) > w, and thus by right-continuity we have
F(sup{y : F(y) < w}) > w. Note that we have also just proved that the infimum in (7.9)
can be attained.

Secondly, the X defined here in (7.8) is sometimes called the generalized inverse/quantile
function of the distribution function F, denoted by F~!. Distributions functions are not in
general invertible, but this almost invertibility between R and (0, 1) motivates our definition.

We now show X (w) is continuous from the left, i.e., for all a € (0,1),

lim X(w)= X(a). (7.9)

w—a—
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Since F' is increasing, the limit exists and the “<” direction follows. Now suppose we have
the strict inequality “<”. This implies F(limw_,,f X(w)) < a. Since F(X(w)) > w, we get
a contradiction. Hence we have the equality in (7.9).

7.10 Fact. We already mentioned that F(F~!(w)) > w. It is also true that F~1(F(y)) < y.

Thirdly, we remark that X (w) = sup{y : F(y) < w} = inf{y : F(y) > w} has the same
distribution as our X defined in (7.8). In fact X and X differ at countably many points;
X(w) # X(w) if and only if X([0,w]) — X([O,w)), i.e., there is a jump for X at w. For
distinet w € (0, 1) these intervals have to be disjoint, and hence there are only countably
many such intervals. The proof of this final step is included in Proposition A.5. We leave
it as an exercise to reader to show that this X is right-continuous. (This will be helpful in
the proof of Exercise 8.25, when constructing a right-continuous candidate for a distribution
function.)

We will generalize this result later. Generalization of Theorem 7.7

7.11 Theorem [Coh13, Exercise 8.3.4].

Let X: (Q,F) — (5,8) have distribution p, and the codomain (S,S) has a natural
underlying measure p with u < p. The (probability) density function (p.d.f.)° of the random
variable X is Radon—Nikodym derivative du/dp of the probability distribution with respect
to this underlying measure for the image space.

Specifically, when X is a discrete random variable, then the counting measure is a natural
measure for (S,S), and obviously u < count. Hence du/d(count): x — p{x} is the density
function, which is also called the probability mass function (p.m.f.)°.

On the other hand, recall Fact 1.14. Given a random variable X, if the codomain S
is a Borel subset of R? and S = B%|g, and in addition u < m|g, then du/d(m|s) is the
density function. We call such X a continuous random variable”. Note in this continuous
case the density function is a.e. defined, but in the discrete case the density (p.m.f.) is
exact. Later on when discussing continuous random variables, we usually only write out the
case (5,8) = (R, B) for brevity, since the density function du/d(m|s) defined on S can be
naturally extended to the entire R.

The definition of density function for a continuous random vector is the same as above,
with the Lebesgue measure replaced by the product Lebesgue measure. Also notice that the
product of counting measures on marginal spaces is the counting measure on the product
space, so we do not need to make a separate note for p.m.f. when (S,S) is a product of
discrete spaces. In contrast to distribution functions which are only nice to work with in
dimension 1, density functions is defined for general random vectors in R%, as long as j < m.

We can define the class of distributions with densities solely in terms of their density
functions. When the desired distribution of X is discrete, it is clear that we can specify this
distribution using a probability mass function (on its own), i.e., a function p: X (2) — [0, 1]

such that
> pl) =1
z€X(Q)

When the desired distribution of X is continuous, then a nonnegative Borel measurable

Sor frequency function

6to emphasize we are in the discrete setting

"The term “continuous” here refers to the absolute continuity of the distribution function, and does not
require that the density function must be continuous.
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function f satisfying

LLf@Mx=L

called a (probability) density function (on its own) will specify the distribution. In summary,
probability mass and density functions let us generate discrete and continuous random
variables.

7.B  Moments, independence, and joint distributions

7.B.1 Expectations as integrals

The average value of function
Following the theory of Lebesgue integration we have developed,

7.12 Definition. Let X be a nonnegative random variable, its expectation/expected value is
given by

EX = [ XdP.
Q

If X is a signed real-valued random variable, with one of EXT™ and EX~ being finite,
then we can define the expectation of X to be

EX:/XdP:EXJ“—EX_.
Q

In particular, when E|X| < oo®, EX always exists. This is the case we are interested in
mostly.

Since the distribution p on (S,S) is given as the image measure P o X !, by Proposi-
tion 2.46 we have for g: (S,S) — (R,B),if g >0 or go X € L1(£2), then

E%mzéﬂmwwmm:/mmww.

S

In particular, if X is real-valued, then

EX:/X(oJ) dP(w) z/xdu(az).
Q s
Furthermore, if X is discrete, then

EX = Z xp{z};

zeS

and if X is continuous with density f, then

BX :/xf(x) do

It should be clear that X =4 Y (on possibly different probability spaces), then EX = EY.

80ne often prefers to write E|X| < oo for integrability of X in probability. However, when we are dealing
integration with respect to two different measures, then the L! notation should again be helpful.
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Recall the layer-cake representation of integrals. It provides a nice characterization for
the expectation of nonnegative random variables g(X):

Eg(X) = /0oo P(g(X) >t)dt = /Ooo P(g(X) >1t)dt.

For general g(X) € L'(P), we have

oo 0
Ef(X):/O P(f(X)>t)dtf/ P(f(X)<t)dt

— 00

00 0
:/ P(f(X)>t)dt7/ 1—P(f(X)>¢t)dt
0

— 00

7.13 Cauchy-Schwarz inequality. For any random variables X and Y,
E[XY| < (EX2)"*(Ey?)"/?

7.14 Jensen's inequality. Let E|X| < co. Suppose I is an interval containing the range of X,
and we have a convex function ¢: I — R. Then

p(EX) < Ep(X).
7.15 Lyapunov's inequality. For 1 < p < ¢ < oo, we have (E|X|?)/? < (E|X|9)"/4,
It follows directly that
L'D>L*D-.-D L™,

However, L>° # ﬂ;ozl LP. The Gaussian measure is the counterexample.

7.B.2 Independence, a new measure-theoretic notion

7.16 Definition. We say events Aj,..., A, € F are independent if for every subcollection
J C [n],
P(ﬂ Aj) =[] P4)).
jeJ jeJ
Collections of events Ay, As, ..., A, are independent if for every subcollection J C [n],
o(N14) - I
jeJ jeJ

for all possible A; € A; (j € J). Random variables X1, X»,..., X,, are independent if
o(X1),...,0(X,) are independent collections of events.

When the number of events/collection of events/random variables are infinite, then
events/collection of events/random variables are said to be independent if every finite
subcollection of these events/collection of events/random variables satisfies their independence
definitions given above.

We will be concerned mostly with the finite collection in this section. Their extension to
be infinite case should be easy.

7.17 Proposition. The following statements are equivalent.
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(a) Ay, As,..., A, are independent;

(b) AS,As,..., A, are independent;

(¢) 14,,14,,...,14 are independent.
Given (9, F, P), and let X and Y be two random variables taking values on (S7,S1) and

on (S3,8s) respectively, with distributions px and py. The joint distribution pxy of the
pair (X,Y) is given by

,LLX7y(A):PXP((X,Y)€A) forall A e S ®S8;.

The P x P here is a product probability measure on (2 x Q, F ® F).

The definition of joint distributions can obviously be generalized to any finite and
countably infinite number of random variables, by our previous discussions on product
measure spaces.

7.18 Theorem (independence characterizations). For two random variables X and Y taking
values in (51, S1) and (S2, S2) respectively, the following are equivalent characterization that
X and Y are independent (which we sometimes denote by X L Y).

(a) P(X € A1)P(Y € A3) = P(X € A1,Y € Ap) for all B; € §; and By € Sy;
(b) px X py = pxxy;

(¢) P(X € A})P(Y € Ay) = P(X € A1,Y € A) for all Ay € K; and Az € Ko, where
K1 and g are two m-systems such that §; = 0(K;) and S = 0(K2);

(d) for all f(X),g(Y) € L2,
E[f(X)g(Y)] = Ef(X) Eg(Y).

Here the L? requirement is a sufficient condition for us to assert the integrability of
f(X)g(Y), by Cauchy-Schwarz inequality.

Proof. Recall that the product measure is the unique extension of the product of marginal
measures on measurable rectangles. O

7.19 Proposition. A real-valued random variable X independent of itself must take a constant
value a.s.

If we know X € L2, then the result is immediate: by part (d) above we have EX? = (EX)?,
which implies Var(X) = 0, i.e, X = EX a.s. But there is no need to make the L? assumption.

Proof. For any A € B, we have
P(X € B)P(X € B) = P(X € B),

which implies P(X € B) =0 or 1.
We now prove a more general claim that directly implies the proposition:

a {0, 1}-valued Borel probability measure p on a separable metric space S must
be a point mass.”

9Hence the “real-valued random variable X” in the proposition statement may be replaced by “random
variable X taking values in a separable metric space”.
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We know every open cover has a countable subcover in S (this is Proposition A.17). Fix
e > 0 and consider the e-balls B(z;¢) around each z € S. Now we can choose a countable
subcollection {B(z;;€)}32; that covers S, and this implies there exists one unique j € N
such that p(B(z;;€)) = 1. We call this ball B..

The intersection of any two such balls B, N B, must have measure 1. This is because if
it has measure 0, then B., — B, and B, — B¢, both have measure 1 despite being disjoint.
Let €, = 1/n, and it follows that

o k
u<ﬂ Bl/n> = klggou(ﬂ Bl/n> =1

n=1 n=1

Since B :=(),, Bi/, has diameter 0, B is a singleton set of measure 1.

One has to be amazed that for any choice of countable subcover of open balls above, the
end product is always the unique singleton set. (When S = R? we can let these balls be
27 "-cubes, whose countable disjoint union is the entire space.) O

As a consequence of Fubini—Tonelli, for Borel measurable g: S; x S3 — R such that
g>0orE|g(X,Y)| < oo, we have

Ba(X.Y) = | a(e.g)diux < py)

z//g(m,y)duxdw-
RJR

7.20 Proposition (Factorization). Let X and Y be two discrete/continuous random variables.
Then X and Y are independent if and only if for all z,y € R,

marginal density

(a) fxy(z,y) = fx(z)fy(y), where the f’s are density functions;
(b) fxy(z,y) = g(z)h(y) for some functions g and h.

To be precise the equalities above are up to measure zero.

Proof. We show the case when X and Y are continuous random variables on R. For all
Ay, Ay € B, we have

px,y (A x Ag) = / Ix,y(z,y)dedy,
A1 XA2

px (Ar) x py (Ag) = " fx(z)dx N fy(y)dy
[ | ss@iv)dzdy.
A1 J Ao

Part (a) now follows easily. To see the “if” direction of part (b), integrate both sides of
fxy(z,y) = g(x)h(y) over Ay x Az, we have

uxy (A1 x Ag) :/

A

9(x)dz /A h(y) dy.
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Consider C' = fR h(y) dy. We may divide h by this constant C' and multiply g by this C,
and assume without loss of generality that

(A1) =y (Ar < R) = [ g(o) o

oy (d2) =y (R ) = [ hio) .

This completes the proof. O
7.21 Definition. The wvariance of an L? random variable X is defined by
Var(X) = E(X — EX)?
=E(X?) - 2EX -EX + (EX)?
=E(X?) - (EX)?.
Given two L? random variables X and Y, their covariance is defined by
Cov(X,Y) =E((X — EX)(Y — EY))
=E(XY)-EX -EY;
they are said to be uncorrelated if Cov(X,Y) =0, i.e.,
EX -EY =E(XY);
and their correlation is defined by

Corr(X,Y) = Cov(X, V)
’ Var(X) Var(y)

As mentioned perviously, the L? requirement is a sufficient, but not necessary condition
for covariance to always exist. This is similar to the L' requirement sufficient for the
expectation of a random variable to always exist.

Let A and B be two events and consider two indicators 14 and 1. Notice

COV(].A, ]-B) = E(lAﬂB) —El1,El1p = P(A N B) — P(A)P(B)

We say A and B are positively correlated if the covariance above is > 0, i.e., P(AN B) >
P(A)P(B), or equivalently P(A| B) > P(A). We say A and B are negatively correlated if
the >’s are replaced by <’s. Note that the covariance and correlation are symmetric.

7.B.3 Sum of independent random variables

Fourier transform
The tail o-field of a sequence of random variables X7, Xo,... to be

T={)o(Xn, Xng1,--.).
n=1

Let 7: N — N be a map such that w(n) = n for all n larger than some finite M, which
means that 7 only permutes finitely many indices. We call such a map a finite permutation
of N.
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w = (wi,ws,...), w; = X;(w), the random variables X; works as projection maps, and
we have identified random variables with the coordinates of the samples (in our constructed
product space).

An event is permutable if 771 A = 7m{w : mw € A} for all finite permutations, which means
exactly that an event remains invariant when we exchange the order of finitely many random
variables.

7.22 Kolmogorov zero—one law. Let X, X, ... be a sequence of independent random variables,
then any event in its tail o-field 7 has probability 0 or 1.

7.23 Hewitt—Savage zero—one law. Let X, Xo,... be a sequence of i.i.d. random variables,
then any event in its exchangeable o-field £ has probability 0 or 1.

There is a succinct information-theoretic proof of Hewitt—Savage zero—one law for random
variables taking values in a measurable space with a countably generated o-field. As
mentioned before, this includes any separable metric space with the Borel o-field, which is
sufficient for doing probability. See [OCo00].

exchangeable family of random variables

7.24 Proposition.

7.C Basic concentration and deviation inequalities

We begin with the vanilla Markov’s inequality that imposes minimal assumptions on the
distribution of the random variable X considered.

7.25 Markov's inequality. Let 0 < p < oo. For any a > 0, we have
1
P(|X] 2 a) < S E(IX]").

In particular, for nonnegative X, we have

P(X > a) EX

a

We start with two elementary inequalities on the deviation of a random variable from its
mean, assuming only that EX? < co. Applying the L? Markov’s inequality,

7.26 Chebyshev's inequality. For X with EX? < oo, we have for all £ > 0 that

Var(X)

P(X —EX| 2 ) <~

And the following result gives a sharper one-side bound.

7.27 Cantelli's inequality. For X with EX? < oo, we have for all ¢ > 0 that

Var(X)
— >t) < —————.
PX-BX21)< Var(X) + 2

Proof. Tt suffice to consider the case EX = 0 since Var(X) = Var(X + EX).
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By Markov’s inequality,

E(X +a)? Var(X)+a?
(t+a)?2  (t+a)?

P(X>t)=P(X +ta>t+a) <

holds for any a € R. The right-hand side, as a function of a, is minimized when a = Var(X)/t.
Plugging in give us the desired bound. O

7.28 Markov's inequality. Let ¢: R — [0, 00) be increasing. Then for any random variable X,
and any a € R with ¢(a) # 0, we have

1

P(X >a) < @

Ep(X).

In probability theory it is often useful to take this ¢ to be an exponential function. If we
assume Eexp(X) < oo, we get tail probabilities that are exponentially decreasing in a. In
fact, the derivation of many concentration inequalities depends in general on a technique
called Chernoff’s method, where you set p(z) = exp(Az), and in the end you aim to minimize

) Eexp(AX)

over all A € R”? (so that ¢ is increasing).

Unfortunately Eexp(AX) can be infinite, in particular for X with heavy-tailed distri-
butions. For random variables with tails thinner than exponential or Gaussian random
variables, the Chernoff method provides us valuable insights. Such random variables are
known as subexponential and sugaussian random variables, and with information about its
tail behavior, or equivalently, E exp(AX), we can derive much better concentration bounds
than the vanilla Markov’s inequality (and its consequences). See [Ver18] and [Hanl14] for the
study of these concentration results, and their applications.

The exponential and Gaussian random variables represent the two canonical tail behavior
of a random variable. To get this idea, we will let the reader verify that Eexp(AX) = pii)\
for X ~ Exponential(p) and A < p; and also Eexp(\Y) = exp(A\?/2) for Y ~ N(0,1).

The transform Eexp(AX) of the random variable X is called the moment generating
function of X, denoted by Mx(\). Apart from its significance in proving concentration
bounds, it also recovers the distribution of X, which we will study later. We will also see
that under suitable conditions for A, if Mx(\) < oo, then X € L? for all p € [1,00). This is
expected by considering the Taylor expansion of the exponential function.

Going back to vanilla Markov’s inequality, we have the moment bound

1
P(|X]|>a) < inf —E(|X|P
(IX] > a) < inf —B(XP),

which is in fact always as least as good as the Chernoff bound. However, the optimization
over p € N (or p € R) is hard to materialize.

Markov’s inequality gives an upper bound on the tail probability, with the first moment
EX. A lower bound can also be obtained, with in addition the second moment EX2.

7.29 Paley—Zygmund inequality. Let X > 0 with EX? < co. For any 0 < 6 < 1, we have

2 (BX)?

P(X > 0EX) = (1-0) 555
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Proof. The case for § =1 is trivial. We will fix 0 < 6 < 1 first.
The key is to use Cauchy—Schwarz inequality:

EX =E(X1{X <0EX}) +E(X1{X > 0EX})
=0EX + /EX2P(X > 0EX),

and then rearrange to get the desired expression.
Now let 6,, = 1/n and take n — oo to get the case for § = 0. O

We remark Markov’s inequality and Paley—Zygmund inequality are related respectively
to the first and the second moment method in probabilistic combinatorics; see [Roc24,
Chapter 2].

7.30 Hoeffding's inequality. Suppose X7,..., X, are independent, where X}, is almost surely
contained in [ak, bx] with means py, for all k € [n]. Then for any ¢ > 0, we have

P(Zn}Xk = t) < exp(—zz_lfbf_%)g).

k=1

Judging by the look of the above inequality, it is clear that we need the Chernoff method
for a proof. An additional ingredient is the following well-known lemma, which is surprisingly
hard to establish.

7.31 Hoeffding's lemma. For a mean zero random variable Y that is a.s. bounded within [a, b],
we have

My (\) = Eexp(\Y) < exp(W) (7.32)

Az

Proof. Since e** is convex, we have for x € [a, ]

AT < b—xe/\a T—a x\p
“b—a b—a

Taking expectation on both sides, and we have

b a
E V) < Aa _ Ab _ L(A(b—a)) .
exp(AY) < ¢ ot e , (7.33)
where for all h € R, L(h) = —yh + log(1 — v + ve"), with v = —z% > 0 (so that the log is
well-defined).

h

Notice that L(0) =0, and L'(0) = —y + P;YW“:O =0.
h /
L/I(h) — (’yeh>
1—~+~e
el A2e2h

1—~+~eh  (1—v+7yeh)?
:t—t2§1/4 for any t € R,

eh

where we let t = T er Now we appeal to Taylor’s theorem: for h # 0, there exists a &

between h and 0 such that

"
L(h):0+0~h+LT(£)~h2§éh2.

Now let h = A(b — a) and plug it back into (7.33), and we have shown (7.32). O
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At the moment, proving Hoeffding’s inequality rigorously is left as an exercise to the
reader. In fact, later when studying martingales, we will prove a renowned generalization
known as Azuma-Hoeffding inequality, and the above inequality will become a trivial special
case.!?

Inequality (7.32) is tight; consider any binary random variables, with probabilities 1/2,
e.g., the Rademacher random variable.

We end this section with the large deviation bound on the sample mean.

7.34 Theorem. Let Xq,...,X, beiid. and S,, = X; +---+ X,,. Then for a > EX;, we have

P<S" > a) < exp(—nl(a)),

n

where I(a) = sup,cg at — log M(t), the Legendre transform of the cumulant generating
function of X. The same upper bound continues to hold when a < EX;:

Sn
Pl—< < —nl .
(n _a) _exp( n (a))
Proof. The case a < EX; holds by replacing each X; by —X; and a by —a, and observing
that

sup —at — log Eexp(—tX) = sup at — log Eexp(tX).
teR teR

O

When M (t) < oo in a neighborhood of 0, then I(a) > 0, so both bounds are nontrivial.

Clearly M (t) = oo for all ¢, then I(a) = oo, and the bound becomes trivial. (More
precisely a tail that decays slower than exponential)

We know from the central limit theorem that asymptotically

P(a < j% < b) ~ ®(b) — d(a),

a constant, where ® is the the standard normal distribution function. This implies that the
common deviation from the sample mean is of order /n. If we consider S, /n instead, then
the deviation from EX becomes exp(—cn) for the constant ¢ depending on a and M (t). An
exponentially decaying deviation tells us that it is very unlikely that S, has a fluctuation of
order n around n EX7, due to combined effect of the i.i.d. X};’s in the sum.

Given that the large deviation bound already contains Chernoff’s method, it is quicker
to directly use this bound for sum of i.i.d. random variables. For example, we may easily
Hoeffding’s inequality for Rademacher random variables. By Hoeffding’s lemma we have

I(a) > supat —t*/2 = 1*/2.
teR

Therefore
na

2
P(S,, > na) < exp(2>.

10Hence one may extract a proof of the above inequality from there.
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7.35 Exercise. Let X1, X»,... be i.i.d. Poisson(u), which has log M (t) < u(et — 1). Verify

that na
P(S, >na)<e ™ <e,u> .

B B a
When a is much larger than u, the probability decays at a rate approximately a™® =

exp(—aloga), which is heavier than Gaussian.

7.D Miscellaneous but crucial facts and tools

7.36 Change of densities. For a random variable X and an injective C! map ¢: R™ — R",
and suppose X has density with respect to the Lebesgue measure. Then

fx(@) = fox) (p(@))]det Do(a)].
Note

fx(o)do = P(X € 4) = Pe(X) € 9(A) = [ fon)d.

A #(

By applying change of variables we immediately get the desired formula.

7.37 Definition. Fix the dimension d. The standard Gaussian measure on R% is the measure
v: B(R?) — [0, 1] given by

1
(vam)*

The above expression without the integral is hence the standard Gaussian density.

1(A) = /Aexp(—llwlléﬂ) dz.

For Y ~ N(0,X%), where ¥ is positive definite, we may write Y 2 »1/2X, where

X ~ N(0,1). Therefore the density fy for Y is fx(X71/2y) - m. Simlification gives
us

1 y'sly
(2m)d72(det 5)1/2 P 2

as the final density for Y.

It follows that Gaussian measures are orthogonally invariant. However, it is not translation
invariant. (Lebesgue measure is the only translation invariant and locally finite Borel measure
on R%.)

It is quite clear that m and  are equivalent measures, since exp(-) is nonnegative. In
fact, this crucial fact allows us to prove some deterministic facts in analysis, e.g., the space
of all n-by-n matrix, when embedded into R”Q, is a.e. invertible.

7.38 Fact. For Z ~ N(0,1;), we have
E[Zf(Z)] = E[Vf(Z)],
when the expectations on the two sides are defined.

7.39 Proposition [Ver18, Proposition 2.1.2] [MP10, Lemma 12.9]. For Z ~ N(0, 1), we have
the following tail estimate: for any ¢ > 0, it holds that

t 1
t2+1.2r7

1

exp(—t?/2) < P(Z > t) < exp(—t%/2).

S
5
3
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Therefore )
—t—210gP(Z >t) — 1,

P(Z > t) < exp(—t?/2) for all t > 0, and < \/% exp(—t2/2) for all t > 1.

The tail of a 1d Gaussian decays at rate exp(—t2/2).
Let Z ~ N(0,1), then for all £k € N,

(2k)!

2k—1 _ 2k _
EZ =0 and EZ®* = oF L]

= (2k — 1)L,

Expand
0

EZ2k-1 :/ P(Z >t~y gy —/ P(Z <t~V gp.
0

— 00

By symmetry and change of variables,

0 oo
/ P(Z<t‘(2k‘1))dt:/ P(Z > =Dy gp
0

— 00

and hence EZ2¢~1 = (.

Say X is a real symmetric random variable, i.e., P(X > t) = P(X <t) forallt € R
(whether you add “>” or not does not matter). Then the same argument as above tells us
that EX2*1 = 0.

To get the even power, we have to directly compute.

V2rEZ" = /OO "z exp(—2?/2)] dx

— 00

— 00

= [fxnfle*“‘j/z}oo 7/ —(n— 1)33”7267‘702/2 dx

—0o0

e 2
=04+ (n—-1) / " lre /2] dx

— 00

=(n— 1)!!/ e /2 4y by repeating.

With [ e~ /2 dx = /27, we get our result.
For two independent Z1, Zo ~ N(0,1), Emax{Z;, Z>} = y/1/m. This is because

1
Emax{Z1,Zs} =E3(Z1 + Za +|Z1 — Zo|) = E§|Z1 — 7],

and noticing that Z; — Z3 ~ N(0, 2).

7.40 Proposition. For a sequence of normal random variables Z,, ~ N(u,,02). Suppose
Z, = Z, then Z ~ N(lim,, pi,, lim, 02).

If Z,, — Z in probability (so they live in the same probability space), then Z,, — Z in
LP for all p.

Proof. O
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The coordinates of a normal random vector are independent if and only if they are
uncorrelated.
Bogachev Theorem 1.4.3.

7.41 Gaussian isoperimetric inequality. For A C R", then

Y(Ae) >
We now restate Borel-Cantelli lemma, 1.

7.42 Borel-Cantelli lemma I. For events A, Ay, ..., if Y~ P(A,) < oo, then
P(A, io.) =0.

In probability this theorem is typically applied to show the a.s. convergence of random
variables. We may rewrite

{w: Xp(w) = X(w)} = ﬂ{w €N X,(w) — X(w)| <eev.}.
e>0

Therefore X,, — X a.s. is equivalent to
Ve>0,P(|X,(w) — X(w)| > eio.)=0.

(This is true for infinite measure space as well, and hence provides a characterization of a.e.
convergence.) Equivalently, since we are in a probability space, X,, — X a.s. is the same as
saying

Ve>0,P(|X,(w) — X(w)| <eev.) =1.

7.43 Borel-Cantelli lemma II. For pairwise independent events Ay, As, ..., if > P(Ay) = oo,
then
P(A, i0.) =1.

The proof is much easier if we assume that the events are independent.
Proof. O

non-measurable set of the coin-tossing space

uniform measure on the sphere

The following elementary inequality is widely useful in research, but not often discussed
in the textbooks. The proof uses the very important technique of introducing an independent
copy of a given random variable. It is truly magical that an exogenous random variable that
does not appear in the problem statement itself can make such a difference to a problem.

7.44 Harris' inequality. Given a random variable X taking values on some totally ordered set
S, and increasing functions f and g such that f(X) and g(X) are L? (or nonnegative), we
have

Ef(X) - Eg(X) < E[f(X)g(X)].

More generally, the above inequality still holds if X = (X3,...,X,,) takes value on a
product space S X - -+ x S, and has independent components, and f and g are increasing in
each component.'!

Malso known as Fortuin—Kasteleyn—-Ginibre (FKG) inequality
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Proof. Let Y be an independent copy of X. Consider the expectation

E{[f(X) = f(Y)] - [g(X) — g(")]}
= E[f(X)g(X)] = E[f(Y)9(X)] = E[f(X)g(Y)] + E[f(Y)g(Y)]
= 2E[f(X)g(X)] - 2Ef(X) - Eg(Y) (7.45)

where we have used f(X) L ¢g(Y) and f(Y) L g(X).
For any outcome w € Q, if X(w) > Y (w), then by monotonicity of f and g we have

J(X)—fY)>0 and g(X)—g(Y)>0,

which implies that
[F(X) = F(Y)] - [9(X) = g(Y)] = 0.
The above inequality also holds when X (w) < Y (w). Therefore

E{[f(X) = f(Y)] - [9(X) —g(¥)]} = 0.

The desired inequality then follows by using (7.45).

If suffices to only consider the case where X = (X7, X3), since the rest can be done by
induction.

Say X; takes value in S with distribution p;. Define fi(z1) = Ef (21, X2) and g1(x1) =
Eg(x1,X2). It is clear that f; and g1 should be increasing. Note that by the Fubini—Tonelli
theorem, we have

Ef(X)-Eg(X) = Efi(X1) - Eg1(X1)
and
E[f(X)g(X)] :/s Elf(z1, X2)g(x1, X2)] dui (21).

By the 1-dimensional case, since f is increasing in the second coordinate, we know

Elf(z1, X2)g(z1, X2)] > Ef (21, X2) - Eg(z1, X2)
= fi(z1)g1(x1),

and therefore

E[f(X)g(X)] > g fi(z1)g1(z1) dpa (1)

= E[f1(X1)g1(X1)]
> Efi1(X1) - Egi(X1)
= E[f(X)g(X)].
Here we used the 1-dimensional case again in the second-to-last line. O
We say A € F is an increasing event if 14: (S, <) — {0,1} is an increasing function.

This means precisely that if 1 < x5 in S, then x1 € A implies zo € A. The above theorem
tells us that if A and B are two increasing events, we have

P(X € A)P(X € B) < P(X € AN B),
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which exactly tells us that A and B are positively correlated. Correlation structure is an
important theme in statistical physics, and Harris” inequality has important consequences in
domains like percolation.

We also mention that in the case X ~ N(0,X), where all entries of ¥ are nonnegative,
then Harris’ inequality remains in force despite the dependence between the coordinates.
This is known as Pitt’s theorem [Pit82]. We will prove this result at the very end of the text.

symmetrization technique

replace X by X — X’

replace X by e X

Consider the space L?([0,1],m). We know RJ[z] is dense in C[0, 1] with respect to the
L norm, and hence dense in C0,1] with respect to the L? norm. Since C[0, 1] is dense
in L2[0, 1] with respect to the L? norm, R[z] must be dense in L?[0,1]. We can therefore
perform Gram-Schmidt process on {1, 2,22, ...} to obtain an orthonormal basis for L?[0, 1].

We now show this is still possible for the Gaussian measure. It turns out the orthonormal
basis for L?(y) that we obtain this way will be a list of polynomials. But before that, we
first need to show

7.46 Theorem. RJ[z] is dense in L?(R,~). Equivalently, for all k& € Ny, we have for h € L?(7),

/ 2*h(z) dy(z) =0,
R

then h =0 vy-a.e.

Replacing h(z) by f(z)exp(—z?/4), then f € L?(m), and we may consider instead

/ 2F f(x) exp(—2?/4) dz = 0,
R
and show f =0 m-a.e.

Proof. To show f = 0 a.e., it suffices to show that the inverse Fourier transform of
f(x) exp(—x?/4)
g(t) = / f(z) exp(itz — x*/4) dx = 0.
R
for all ¢t € R.

First note that f(¢) is well defined by Cauchy Schwarz inequality and exp(itz — 2 /4) €
L?(dx) for any t € C. (For any real number R > [t|, we have

lexp(2ita — 22/2)| < exp(2R|) exp(—2?/2) = exp(2R?) exp ( B (|33|—22R))

which is integrable.)
Now compute

6k
okt

The derivatives are again integrable, by observing that

2 exp (_ (|x|—223)2> < 22 [(Jz| — 2R)* + (2R)*] exp (— W)

f(x) exp(ite — 2%/4) = (iz)* f(z) exp(ite — x%/4).
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which is finite (recall when we computed the even moments of Gaussians). Therefore we may
differentiate under the integral sign and conclude that g(*)(0) = 0 for all £ > 0. This implies
g(t) = 0 in a neighborhood of 0, and by the uniqueness theorem we have g = 0 everywhere,

as desired. O
We claim that the following polynomial functions form the orthonormal basis for L?(7)
from applying Gram-Schmidt to 1,z,22,.... The Hermite polynomial of order n > 0 is
defined by
2 n 2 P2 n
He,(z) = (-1)"exp(%) Lo exp(-%) =e " 12 (7.47)

for D = d/dx. By the chain rule, {He, } is determined by the recurrence relation Heg(z) = 1
and

He,1(z) = x He, (x) — He, (z),

We list the first six Hermite polynomials for reference:

Hep(z) =1, Heq(z) = =, Hey(z) = 22 — 1,
Hes(z) = 2® — 3z, Heq(z) = 2* — 62° +3, Hes(z) = 2° — 102> + 152.

Equivalent to (7.47), we have the generating function representation in A

exp(Az — 1N?) = Z He;!(x) A" (7.48)
n=0

Completing the square on the left hand side, we have

o0

AT dr

exp(i2® — 3(z — \)?) = exp(L2?) nz;o v exp(—3(z — \)?) ‘)\:0.
Fix z, and differentiate both sides of (7.48), we obtain the relation
He! () = nHe, _1(x).
This leads to a new recurrence relation: Heg(z) = 1, Hey(z) = z, and
He,11(x) = x He,(z) — nHe, 1 (). (7.49)
that determines {He, }. Also He,, satisfies the differential equation
—He!! () + z He], (z) = nHe,(z). (7.50)

This is a useful property that will prove to be useful near the end of the book.

This recurrence relation allow us to confirm that He,, must be a monic polynomial of
degree n (if we count 1 as having degree 0), and Hegy, should only have terms of even degrees,
while Hegg 1 should only have terms of odd degrees.

To show that (He,,,He,) = nld,,, the best idea is to use the generating function
representation again. Integrating

exp()\z — %/\2) exp(px — %pZ)
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with respect to 7y gives us exp(Ap). If we expand this expression using (7.48) and then
integrate, we should get instead

S (Hey, Hen) o A7

m,n

Comparing the coefficients, we should realize that (He,,,He,) # 0 if and only if m = n, with
(Hep,Hey) = & /== =nl.

It remains to confirm that {He,,} can indeed be obtained from {1,z,2?, ...} by Gram-
Schmidt (without normalization). First notice that {Heg, Hey, ... ,Hek} and {1, z, ..., 2k}
are linearly independent lists with the same span for all k > 0. Therefore z**!, after
orthogonalization, and Heg; are orthogonal to the same span, so they must be the same up
to scaling. Since 2**!, after orthogonalization, and Hey 1 are both monic polynomials, they
must be the exactly the same.

Therefore {He, ()} spans the space R[z] over R, and by Theorem 7.46, we conclude

7.51 Theorem. The set of vectors {He" ﬂE)} is an orthonormal basis of L?(y).

It is easy to generalize Hermite polynomials to multiple dimensions. Define the function
Hex = Hey, ...k, on R™ by

Hep, ...k, (21, -, @n) = Heg, (21) - - - Heg, (an).
First of all, Corollary 5.27 immediately tells us that
Hekl,m’kn, where k1,...,k, € Ny

gives an orthogonal basis for L?(v,) (and can be normalized dividing k;!- - k,!.

We say a function f: R? — R is log-concave if f can be written as the exponential of a
concave function. We focus on log-concave density functions. Clearly the standard Gaussian
measure is log-concave.

SUBTLETY WE NEED TO LET f be strictly positive on its support, or use
an extended version of convex concave function

We say a probability measure p on (R%,B%) is log-concave if for all A, B € B? and
0 < A <1, we have

p((1 =N A+AB) < p(A)' u(B)*.

We have already related this definition to the Brunn—Minkowski inequality, which precisely
states that the above inequality is true for Lebesgue measures. Obviously for probability
measures this is not always the case.

If the affine hull of supp ¢ has dimension d, then ;“ exists and is a log-concave function.
Conversely, if the affine hull of supp f has dimension d, then fdm is a log-concave measure.

The converse is true by applying the Prékopa-Leindler inequality

Since we do not really care about the singular case, we will always say X follows a
log-concave distribution if it has a log-concave density, i.e., the distribution of X is not just
a log-concave measure, but also has a full-dimension support.

The Gaussian measure is log-concave because ||x[|?/2 is a convex function. In fact, it
is strongly log-concave because its second derivative is strictly positive. A measure that is
log-concave but not strictly log-concave is the uniform measure on a convex set.

product of log-concave distributions is log-concave
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the marginal distribution of a jointly log-concave pair of random variables is log-concave.

If X € R" and Y € R" are log-concave and independent, then so is X + Y. First,
(X,Y) having density fx fy must be log-concave on R?". If we can show (X +Y, X —Y) is
log-concave, then by marginalization we get X +Y and X — Y must be log-concave.

The “if” step is proved in general below. It says that under affine change of variables,
log-concavity of the density function is preserved.

7.52 Proposition. Let 7: R* — R? be an affine and invertible linear map, and let f and g be
the density of X and T(X) respectively. If f is log-concave, then g is also log-concave.

Proof. First )
9(T'(z)) = f(x)m7

where the Jacobian |DT'(z)| is a positive constant independent of x, because T is linear
and invertible. Now write f(z) = =% for some convex ¢ and g(y) = e~*®¥) for some 1.
Therefore for some real constant c,

e V(T @) = geme()
which implies

P(T(z)) = c = p().
Observe for any 0 < A < 1 and z,y € R? that

c—p((1 =Nz +Xxy) =c— (1= Np(z) — Ap(y)
=c—(1=N[c=9p(T(x))] = Ae—v(T(y))]
= (1= N¢(Tz) + Mp(Ty).

Under the assumption that T is affine,

c—p((1 =Nz +Xy) =4(T((1 =Nz + \y))
= ((1 - NTx + ATy).

Combining the equations above gives the convexity of 1, which proves that g is log-concave.
O
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Chapter 8 Modes of convergence in probability

8.A Statistical distances

Important disclaimer. This section deals purely with comparisons of probability measures
w1 and v on a given Borel measurable space (9,S), and has nothing to do with random
variables. In practice we may want to see p and v indeed as probability distributions of
random variables on the codomain space (5, S). Please be very careful about this distinction.

Given two probability measure p and v on (S, S), we have the signed measure p—v: S —
[—1, 1]. Its total variation norm

I = vl = = vI(S)
sup|(p — v)(A)[ + [(u = v)(S — A)]
Aes

= sup|u(A) —v(A)| + 1 — p(A) — 1+ v(A)|
AeS

= 2 sup|u(A) —v(A)].
AeS

The factor 2 above is usually dropped in probabilistic applications. We define the total
variation distance between p and v to be

1
drv(pv) =5l - vl = jtéglu(A) —v(4)].

It should be clear that the absolute value sign can be dropped in the definition above, since
H(A) = v(A) = v(A°) = p(A°).

8.1 Definition. On a given measurable space (5,S), we say a sequence of probability measure
{pn} converges to a probability measure p in total variation if

drv (pn, 1) = 0. (82)

Note that if u,, are probability measures and (8.2) holds, then the TV-limit u must be a
probability measure. This is because

0 = limdrv (pn, 1) = lim sup [, (A) — p(A)],
n " AeS
which in particular implies u,, (S) — u(S) — 0. We remark that convergence in total variation
may be understood as uniform setwise convergence. Setwise convergence, by its name, means
that
pn(S) — u(S) -0 forall SeS.

119
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The total variation convergence given above can of course be defined for general fi-
nite/signed /complex measures, by using the distance induced from the total variation norm
I -]l in place of dry. (We know drv (pn, ) and ||uy, — u|| differ by a constant factor of 2,
which leads to the same definition of convergence.) We do not discuss this convergence in
the general setting.

If 4 — v < p, then by Proposition 4.21

djp — v
w—v :,u—VS:/idp.
= vl = |p = v|(S) By

This leads to the following characterization of TV distance for discrete and continuous
random variables.

Notice that two positive measures p and v always have at least one dominating measure
n+v.

8.3 Fact. Say p is a common dominating measure y and v , then

du dv ()

drv(p,v) = dp b dp. (8.4)

In particular, if (S,S) is a discrete space, then
drv(v) = 3 Y lufe) — i)
wES
And if (S,S8) = (R, B), with p being the Lebesgue measure, then

dTV ,ua / ‘f |d'r

where f = d—’; and g = d—z are the two probability densities'. In short, the total variation

distance between two probability measures is half the L' distance between their densities.
Furthermore from the proof of Proposition 4.21, one can get
drv(pv)= > p{z}—v{x}
z:p{z}>v{z}

for discrete random variables (and similarly for continuous random variables), which can be
handy at times.
The Kullback—Leibler divergence/relative entropy of u with respect to v is given by

D(ullv) = fslog Ldp ifp<u,
400 otherwise.

First observe that D(u|lv) > 0, and D(u||v) = 0 if and only if 4 = v. Clearly D(u|lv) #
D(v||p) in general, so this is not a metric.
Assume f = d“ exists. It is very important to note that

/logd—ﬂdu:/flogfdl/
s dv S

LOf course we may consider u and v on some restricted subspace of (R, B), but as mentioned before we
drop such consideration for brevity.

can still be infinite.




8. A Statistical distances 121

8.5 Fact. If 4y < v < p, then

- () (1)

Therefore if the space is discrete, then we take p to be the counting measure and get

Dlpllv) = Y pfr} log 1)

z€S V{x}

And if (S,8) = (R, B), with p being the Lebesgue measure, then

D(ullv) = /R f(x) 1og§§j§)>dx,

where f = fl—‘; and g = ‘3—; are the two probability densities. In this latter case we might as

well write D(f]|g).

Given a probability measure v, for a nonnegative f € L'(v) such that flog f is also
v-integrable, we define its entropy functional to be

Ent, f = E,,(f log f) - (Euf>(10gEVf)a

which should be compared with the variance functional
Var, f = E, 2 — (E, )%

But keep in mind the entropy functional can only be applied to (v-a.e.) nonnegative” functions
because of the logarithm in the definition.

It is easy to check that = — xzlogx has second derivative 1/x > 0, and hence strictly
convex. (This is an important fact in probability!) Therefore by Jensen’s inequality, both
the entropy and variance functionals are nonnegative. Also note that the entropy functional
is homogeneous: we have

Entcf =cEnt f for ¢ >0,

which is “better” than
Varcf =c*Varf forceR

in some applications.’
If we have another probability measure p with pu < v, then

dp
Ent, W D(pl||v).
If du/dv can be explicitly expressed by some function h (as discussed in Fact 8.5), then the
equation above gives a simple expression for the KL divergence.

2If f = 0 v-a.e., since Olog0 is taken to be 0, we would have no problem.
3Some authors define @-entropy for a convex function to mean Ep(X) — ¢(EX), which puts the “Ent”
and “Var” under the same umbrella.
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8.6 Remark. The discrete Shannon entropy of a p.m.f. p is given by
H(p)=—> p(z)logp(),

which should be seen as a measure of uncertainty of a random variable X ~ p. If we consider
the affine transformation X = aX + b, it is easy to see that the Shannon entropy remains
unchanged.

The differential entropy of a density function f on R? is given by

np == [ riossas,

which is defined to be an analog the well-known Shannon entropy. However, given X ~ f, it
is easy to verify that
h(aX +b) = h(X) + log|al,

which is undesirable, and does not serve as an intrinsic measure of uncertainty for a continuous
random variables.

However, this special integral [ flog f has appeared in our discussion of relative entropy.
Hence despite the fundamental difference between discrete Shannon and differential entropy,
it does appear in some inequalities (e.g., Blachman—Stam and Shannon-Stam inequalities)
and applications (e.g., in optimal transport).

We now state a result from information theory, which provides the most important reason
that differential entropy is still useful. For a mean-zero random vector X with positive-
definite covariance ¥, we have h(X) < h(N(0,%)) = 1log((2me)? det X), with equality if
and only if X ~ N(0,%). To prove this, expand 0 < D(f||vs), which gives

0<-h(f)~ [ flogrsde
= —h(f) - /72 logvs dz = —h(f) + h(yz)

For [ flogvys = [ s logvs, observe

1 ) T8~ 1g

log(ys) = 10g<(27r)d/2 STy 5

and also
/f(a:) 2T ede = tr (/f(x) zxT da:) tr(X7) = tr(ZX ) =4,

for any f with covariance matrix X.

An elementary introduction to information theory can be found in [CT05]. To remain
consistent with our notations from before, for a density function f, we define Ent(f) =
J flog f dm = —h(f).

A close relative of entropy is the Fisher information, where we replace log f by |V log f|?.
Given u,v € P(RY), the relative Fisher information of v with respect to p is given by

V 2
I(v||p) /S|Vlogf|2dy/S(Alogf)dyfslj{duél/sw\/ﬂzdu
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if f= Z—Z > 0 exists, and v/f € H'(u). Otherwise let I(v||u) = oco.

Given a probability density function f such that +/f € H'(dw), its (ordinary) Fisher
information is given by

2
J(f):/Rd|v10gf|2fdx=—/(Alogf)fdxz/W]{'dx=4/\v\/}|2dx.

Unfortunately Fisher information will become useful only late in the text, but we state it
here for convenience.

8.7 Remark. Fisher information is foremost a very important concept in parametric statistics,
which we will not go into. (Check out the Cramér—Rao lower bound and the asymptotic
normality of the maximum-likelihood estimator.) We do stress that the definition in statistics
is quite different. The density function f(x;6) is parametrized in terms of 6. Fix the family
of density functions z — f(z;8), the Fisher information of the real parameter 6 is given
by 1(0) = [galOelog f(x;0)|? f(x;0) dz, which is the variance of the so-called score function
g f(X;0)." There are also some connections between Fisher information and relative entropy
in the statistics, simply because the algebra in either context remains the same.

8.8 Pinsker's inequality. dpv(p,v) < /3D (u|v).
Proof 1. When p <« v the above formula is trivial, so we only consider the case p < v. An
elementary way, provided in [Tsy09, Lemma 2.5(i)], is to reduce the inequality to density

functions with respect to p = p+v. Set f = Z—‘p‘ and g = Z—; p-a.e. The inequality then
becomes

f
[1f=sgldo<v2 [ f1ogt s (89)
s S g
It is easy to check that
Y(x)=zxlogz —x+1 (x>0, 0logd=0)

satisfies ¥(0) = 0, ¥(1) =0, ¥'(1) =0, ¥"(x) = 1/ > 0, and ¢(x) > 0 for all 2z > 0.
Now check for z > 0,

h(z) = (x — 1)2 — (% + %m)w(x)

satisfies A(1) =0, A'(1) =0, and h"(z) = # <0 for > 0. A Taylor series expansion
would then give h(x) <0 for all > 0. When z = 0, h(z) < 0. We then conclude that

(x—1)2< (5 + 22)9(z) forall z > 0. (8.10)

Going back to (8.9), notice that

/If*gldp:/
S {g>0}

4One can also consider parameters # € R%, but then we need a Fisher information matrix.

Iy
g

‘gd/}
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since g > 0 p-a.e. With (8.10), the above is

oG E)eE)a

< \// %9 + 2 dp - /gz/)(f/g) dp by Cauchy-Schwarz

{g>01 3 3

4 2
:\/3+3'\//{fg>0}f10g(f/9)dp—1+1

=2 flog / dp, as desired. O
{f9>0} g

The above proof might reminds people about the proof of Hoeffding’s lemma. Indeed, we
may use that to give a straightforward proof of Pinsker’s inequality. This will be mentioned
in Section 16.B.

Fix v € P(S), and write D(-) = D(-|v). Define the function

¢(g) =logE, (e?)

for all bounded measurable functions g: S — R. Meanwhile define D on the entire M(S) by
setting D(p) = +oo for p ¢ P(S).

8.11 Donsker—Varadhan variational principle. The functions ¢: (bounded measurable) — R
and D: M(S) — R are convex conjugates of each other. This implies that D(-||v) is convex,
and

D(pllv) = sup{E,g —logE, () : g bounded measurable}.

If S is a metric space, then the supremum can be taken over Cy(S).
weak convergence

D(ullv) < liminf D(gin ).
8.12 Gibbs variational principle.

Say p and v have a common dominating measure p, with

du dv
- = d e
ip [ an Y

then the Hellinger distance between p and v is defined by

du(p,v) = (;/S[\/Tx)— \/@}%(ﬁ))lm-

(Do not mistaken this with the Hausdorff distance, which has the exact same notation. We
will not mention Hellinger distance anywhere else in the text.) The Hellinger distance always
exists, since we may take p = pu + v. The distance is well-defined, in the sense that it is
independent of the choice of such p. (Clearly this is a straightforward exercise using the
chain rule for Radon-Nikodym derivatives.) One can obviously write down the expression
when p is the counting measure or the Lebesgue measure, which we omit here.
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When the Hellinger distance exists, the following holds:
d%l(/j/u V) S dTV(,Lh 1/) S \/idH(,u> V)'

This follows from a straightforward comparison with (8.4).
probability metric
The integral probability metric (IPM) uses a class of test functions F to determine the

distance between p and v:
[rau- [ sav
s s

To be precise dr is in fact a pseudometric, and it is a metric if and only if there exists f € F
such that fs fdu# fs fdv. Tt should be noted that u — v(S) = 0 is important, otherwise
the supremum would easily become +o0, just by taking f to be arbitrarily large positive
constant.

If we take F to be the collection of all indicator functions, then dr = dyv.

The Kolmogorov uniform metric is defined by

dr(p,v) = sup
feF

dic(pv) = sup|F(x) — F, ()] = sup|ju(—o0,2] — (o0, ]|,
zeER zeR

which is the an IPM dr with F = {1(_o 5 : € R}.

8.B  The coupling technique and Wasserstein metric

Given two probability measures p and v on (R, B), we say v stochastically dominates p,
denoted by p <X v, if
wu(t,00) < v(t,00) for all t € R.

We are interested in the case where p and v are realized by two real-valued random variables
defined on the same probability space (Q, F, P), and we write X <Y if ux < py.

8.13 Fact. X <Y is equivalent to saying for any increasing f such that E|f(X)| and E|f(Y)|
are finite, we have

Ef(X) <Ef(Y).
This is clear form layer cake representation.
8.14 Proposition. For a given joint pair (X,Y") such that X <Y, there exists a monotone
coupling (X,Y), which means that
X<y a.s., while pg = px and pp = py.

Proof. In light of Theorem 7.7, we may use the same uniform random variable to define the
distribution of X and Y. The monotonicity is easy to see. O

This provides another proof of Fact 8.13.

The above result is known as Strassen’s theorem in the general case, where X and Y take
values on a finite poset with the power set o-field, or even more generally a Polish space
(S,S) with a closed partial order. (A partial order < on S is closed if the set

{(z,y) € S x S: 2 <y}
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is closed in the product topology.) See [Roc24, Theorem 4.2.11] and [Lin99].
Given two Borel probability measures p and v respectively on two topological space S
and T, we define the coupling space ITI(u, V) to be the space of all 7 € P(S x T) such that

T(AXxT)=pu(A) and =(Sx B)=rv(B),

i.e., the probability measures on the product space S x T' whose marginals are p and v. This
set is nonempty because of X v, and is convex: for any m and 73, 0 < A < 1, we have

(1= Mm1(A x T) + Ama(A x T) = u(A)

and similarly (1 — \)71(S x B) + Ame(S x B) = v(B).
Let (S, p) be a separable metric space, and 1 < p < oo, the Wasserstein distance of order
p is defined by

1/p
W)= nt [ ot anten)] (5.15)
mell(pv) |/ sxs
Alternatively, one has the probabilistic interpretation
W,y (p,v) = nf{B[p(X,Y)P]/?: X ~ p, Y ~ v}, (8.16)

and understand it as an LP distance between two probability measures.
To see why the two characterizations are equivalent, first of all

E[o(X,Y)"] = /S o) dn(a.y).

for m = Po (X,Y)~!. Secondly, u = P o X! is equivalent to saying for A € S, we have
7(Ax S)=Po(X,Y) H(AxS)
=Po X HA) = pu(A).

(A similar result holds for ».) This shows that X ~ y and Y ~ v is equivalent to m € II(u, v),
and hence the right hand sides of (8.15) and (8.16) should be the same.

The separability of (S, p) ensures p: S x S — [0,00) to be a measurable function with
respect to the product o-field B(S) ® B(S), which we discussed in Remark 3.7.

Restricting ;1 and v to be measures on the Wasserstein space enforces W), to be finite,
and henceforth a metric, as we will see. The Wasserstein space of order p is defined by

Pp(S) = {,u eP(9): / p(xg, z)P du(z) < oo for some (and hence any) zg € S’}.
s
(Recall (5.1).) In the case whereS is a normed space (e.g. R%), we have

PR = { e P(5): [l duto) < .

the space of measures with precisely finite p-th moments.

8.17 Fact. As expected, the Wasserstein distance gives a metric on P,(5).



8.B  The coupling technique and Wasserstein metric 127

Unfortunately the proof of this fact has to be delayed to .
For point masses d, and d,, it is easy to see

Wp((sm(sy) = p(x7y)'

by the probabilistic interpretation.
W, (N (), N())
WI(IU/7V) S WQ(:U/7V) S S WOO(M7V)
P1(S) 2 P2(S) 2 ... 2 Poo(5)

For a metric space with bounded metric, we have
W, (p, )P < diam(S)P~ Wy (p, v).

8.18 Fact. When S is Polish, the infimum in the definition of Wasserstein distance can be
attained.

As in the case for LP space, our primary focus is on P; and Ps spaces. It is easy to check
that

Pi(S) = {,u e P(S): / fdu < oo for all 1-Lipschitz functions f}
s
On the one hand, for any 1-Lipschitz function f, we have
[ = a0 = [ 50) = @) duto) < [ plao,x) duta).

On the other hand, for each xy € S, we may define a 1-Lipschitz function f(x) = p(xo, ).
8.19 Dual representation of W;. For u,v € P1(5), we have

lﬁWW%ﬂwﬂ/fw—/fw

Thus Wj is an IPM.

: f is 1-Lipschitz, f € L*(u — 1/)}

The inequality > should be very easy. Indeed, for any = € II(u,v), we have for any
1-Lipschitz f that

‘/fw—/fw

The reverse inequality < is however quite difficult.

This may be seen as a special case of the so-called the Kantorovich—Rubinstein duality
(KR duality henceforth).

If we consider S endowed with the discrete metric p(x,y) = 1{z # y}, then for p,v €
P1(S), we have by definition

f@%—ﬂwdﬂ%wlél;smawdm

SxS

Wi(sv) = inf P(X £Y).

o
On the other hand notice that f is 1-Lipschitz means precisely that sup f —inf f <1, and

hence by the KR duality, we have
[ran= [ rav

This tells us one way to bound the total variation distance between p and v is to find a
coupling (X,Y") that marginally follows p, v that minimizes P(X #Y).

Wi(p,v) = sup
0<f<1

—dTV ,u7 )
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8.C  Weak convergence of probability measures

Let (S, p) be a metric space. We use P(S) for the space of Borel probability measures. A
subprobability measure p is a measure with p(S) < 1, and we denote the space of all Borel
subprobability measures by M=<1(S).

Our attention will be restricted to the case when p,, is a sequence of Borel probability
measures.

The current section aims to present the tip of the iceberg of the theory of weak convergence.
For the thorough treatment of weak convergence of Borel probability measures on metric
spaces, see the classical [Bil99] and [Par67].

8.20 Definition. A sequence {u,,} of Borel probability measures converges weakly to a Borel
probability measure p if for all f € Cy(S), we have

[ g~ [ s
s s
which we denote by u, = u.

If each p, and p represents the distribution of some (S, Bg)-valued random variables
X, and X, then we usually say X,, converges to X in distribution, denoted by’ X,, = X.
Because of Corollary 7.6, when S = R we also write Fx, = Fx.

Recall that vague convergence

8.21 Proposition. Weak convergence of integer-valued measures is equivalent to pointwise
convergence.

8.22 Alexandroff portmanteau theorem. The following statements are equivalent characteriza-
tions of the weak convergence of Borel probability measures on a metric space (S, p).

(a) [ fdun, — [ fdp for all bounded Lipschitz functions f on S;
(b) [ fdpn — [ fdp for all bounded uniformly continuous functions f on S;
(¢) limsup,, [ fdu, < [ fdu for all USC functions bounded from above;
(d) liminf, [ fdu, > [ fdu for all LSC functions bounded from below;
(e) limsup,, pn(F) < p(F) for all closed sets F;
(f) liminf, p,(G) > u(G) for all open sets G;
(g) lim, pn(A ) = u(A) for all continuity sets A with respect to p, i.e., Borel sets A with
1(0A) =
The same convergence remains in force if we have lim,, y,,(S) = u(S) for i, u € M*T(S).5
8.23 Theorem. When S = R, the weak convergence of probability measures p, = u is

equivalent to F,(z) — F(x) at every continuity point x of F', where F,, and F are the
distribution functions of u, and pu, respectively.

Proof. Characterization (g) immediately tells us the direction that weak convergence implies
convergence at all continuity points of the limiting distribution function. For the reverse
direction, O

5sometimes even mix up and write X,, = p

6As Bogachev [Bogl18] points out, “I do not know who invented such a nonsensical name for Alexandroff’s
theorem.”
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Recall that the subsequential limit F' constructed above associates to a Borel measure pp,
by Theorem 1.34(a). This up is a subprobability measure on (R, B), since for all continuity
points z,

up(—oo,z] = F(z) < 1.

Since the increasing function F' has at most countably many discontinuities, we can construct
a sequence of continuity points approaching oo, and conclude up(R) < 1.
See [Sch17, Theorem 21.18, Corollary 21.19] for a direct proof.

8.24 Helly selection theorem. Let S be a locally compact separable metric space. For any
sequence {1, } € M=1(S), it has a vague subsequential limit in M=!(S). This means exactly
that M=1(S) is sequentially compact in the vague topology.

Proof. This follows by combining three results. We know (C.(S), |- |l.) is a separable
normed space, and by the sequential Banach-Alaoglu theorem, C.(S)* must be weak-
star sequentially compact. By the Riesz—Markov—Kakutani theorem (finite measures), the
sequence {p,} € P(S) is norm bounded in M(S) = C.(S)*. Hence p, must have a
subsequential vague limit p that satisfies ||u|| < 1. Since w,, are all positive measures, u must
also be positive measure, and hence a subprobability measure. O]

As an exercise, one may try to give a direct proof in the R! case, by arguing directly
with the distribution functions. Recall the sequential Alaoglu we used above was proved
using a diagonal argument, so this will the key ingredient in this exercise as well. We knew
from the classical Arzela—Ascoli theorem that the diagonal argument is an important tool in
establishing subsequential convergence.

8.25 Exercise. Let {F},} be a sequence of distribution functions, then there is a subsequence
{F,,} and a right-continuous increasing function F' such that

lim F,, (z) = F(x)

k— o0

for all continuity points = of F.
(We have given a hint when discussing distribution functions in Section 7.A.)

8.26 Corollary. When S is a compact metric space, weak and vague convergence coincides.
Hence for any sequence {u,} C P(S5), it has a weak subsequential limit in P(S). This shows
that P(S) is sequentially compact in the vague/weak topology.

A finite-dimensional normed space (S, || - ||) must be locally compact and separable. In
particular, this includes R® with the usual Euclidean norm.

The pp above is not in general a probability measure, for example, consider the uniform
distributions over [—n,n|. The sequence {Uniform[—n,n]} itself (and hence all of its
subsequences) converges vaguely to the 0 function. To ensure that the subsequential p.,
constructed in Helly selection theorem is indeed a distribution function, we require tightness
over the entire sequence of measures in addition. We say a family {q }aca of measures is
tight if for each € > 0, there exists some compact set K, such that

sup pa (S — Ke) <e.

a€cA
Indeed this merely extends the idea of tightness of a single measure we have discussed
previously. (Some authors use the term “uniformly tight” or “equi-tight” to stress the
difference.)
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When S is compact, we know weak and vague convergence for a sequence of measures are
the same. To upgrade vague convergence to weak convergence in the general case of a locally
compact separable metric space .S, it seems natural to control the proximity-in-measure of S
to a compact metric space.

since we are working with subprobability measures When S = R¢, vague convergence
may be further defined by [ fdu — [ fdu for f € C2(R?)

8.27 Theorem [Sch17, Theorem 21.17]. Let S be locally compact and separable’, and {u,} C
P(S), then the following are equivalent.

(

(

a) fin = 113
b) pn — p vaguely, with p € P(S);
(¢) pn — p vaguely, with {p,} being a tight sequence of measures.

We are now ready to generalize Corollary 8.26 from compact to locally compact separable
metric spaces. It also provides an accurate characterization for tightness.

8.28 Proposition. For a sequence of Borel probability measures in a locally compact separable
metric space, every vague subsequential limit (which exists by Helly selection theorem) is a
probability measure if and only if the whole sequence is tight.

Proof. One direction is already contained in the previous theorem. For the other direction,
suppose every vague subsequential limit of {1, } is a probability measure, but the sequence
is not tight. By Helly selection theorem, we may assume in addition that u,; is vaguely
convergent sequence, with limit as a probability measure by assumption. This contradicts
Theorem 8.27. O

8.29 Skorohod representation theorem (Polish space). Let (.5, p) be Polish. Suppose p, = u,
then there exist X,, and X defined on a common probability space (2, F, P) = ([0, 1], B, m),
such that X,, ~ p,, X ~ p, and X,, = X pointwise everywhere on ).

Redefine X,, by X outside the set of convergence Weak compactness

Prohorov metric for S = Z

[Bil99, Theorem 3.4 & 3.5]

If X,, = X, then E|X| < liminf, E|X,]|.

For {X,} uniformly integrable and X,, = X, the limit X must be integrable as well,
with EX,, — EX.

8.C.1 The topology and metric of weak convergence

When S is locally compact and separable, we know C.(S) is separable, and therefore
Theorem C.9 tells us that the vague topology on M=1(S) is metrizable. This induces a
metric for the topology of vague convergence on P(S). Unfortunately, despite the fact that
vague convergence and weak convergence when the limiting measure is a probability measure,
their topologies on P(S) are still different, simply because the test functions (and hence the
basic open sets that define their topologies) are different. The current subsection is subject
to the study of the topology of weak convergence.
Compare with the Arzela—Ascoli theorem for the space of continuous functions.

7Of course we can state this result in general for lc(sc)H spaces, but we chose not to due to our focus on
metric spaces.
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8.30 Prohorov's theorem. Let S be a metric space (not necessarily separable). Suppose a
collection of measures K C P(.9) is tight, then K is sequentially precompact in the topology
of weak convergence on P(S), i.e., for any sequence of measures in K there is a subsequence
that converges in P(.9).

Proof. We follow [Kal21, Theorem 23.2|. [DaP06, Theorem 6.7] uses the diagonal argument
twice O

The converse is true when S is Polish. Note this converse is just a generalization of
Ulam’s theorem.

8.31 Corollary. [ABS24, Corollary 2.9] Let p € P(S) and v € P(T') be tight (e.g., if S and
T are both Polish), then the space IT(u, V) of couplings between p and v is a sequentially
compact subspace of P(S x T').

Proof. First we show II(j, v) is closed in P(S xT'). We know each m € P(u, v) is characterized
by

/ (p,Idy ) dr = / edu  for all p € Cy(9),
SxT S

and similarly with respect to the marginal v. It is then clear that the weak limit of a sequence
{mn} CII still falls in II.

By Prohorov’s theorem, it now suffices to show that II(u,v) is a tight family. For any
€ > 0, there exists K1 C S and K5 C T such that

w(S — K1) <e/2 and w(T — Ka) <e¢/2.
It follows that for any = € II(u,v)
(S xT — Ky x K3) <7((S— K1) xT) +7(S x (T - Ka))
=u(S—K)+v(T-K—-2)<e,
proving tightness. O
8.32 Theorem [Bog18, Theorem 3.1.2]. The weak topology on M™(S)

The weak topology can be metrized Prohorov metric on a metric space
For p,v € P(S), define

dp(p,v) =inf{e > 0: v(B) < u(B°) + ¢, u(B) < v(B) + ¢ for all B € S}.

On a separable metric space S, dp metrizes the topology of weak convergence on P(.S).

Wasserstein distance on a separable metric space

Ky Fan metric on a separable metric space metrizes convergence in probability

Convergence in probability for real random variables is the same as convergence in
measure for real-valued functions. The generalization to separable metric spaces (S, p) is
obvious. We say X,, — X in probability on S if for any € > 0, we have

P(p(Xn, X) > €) = 0.

(Again separability of S is to ensure measurability.) Previously in Section 5.E, we have
defined the Ky Fan metric a(-, -) on the space L°(Q, F, P) of random variables on S by

dpan(X,Y) =inf{e > 0: P(p(X,Y) > €) < €}.
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(Tt is an easy exercise to show that the infimum can be attained, thanks to the inequalities
“>” and <, which cannot be replaced.)

If S is Polish, then (L°(€), ) is Polish.

For S separable, we have

dp (/~L7 V) = )l(r}vfu dFan (X7 Y)
Y~v

For p,, € Pp(S) and pu € P(S), we have p, — p in W, if and only if p,, = p and

[ olao,a)? duate) = [ plao. o duta)

for some fixed zy € S.
if and only if u, = p and

lim sup/ d(xo,z)? dpn(z) = 0as M — o0
d(zo,x)>M

n—oo

For a Polish space S, we know W), metrizes the space P, with the topology of weak
convergence (for any 1 < p < 00) on any subset of S with a uniform tightness condition.
Notice that if the metric on S is finite, W, metrizes P,(S) = P(S) with the weak topology.
For a Polish space S metrized by an unbounded metric p, one may always replace p by a
bounded metric min{p, 1}. The topology on S is the same so weak convergence on S is still
the same. Therefore W, with respect to a bounded metric on S metrizes the entire P(S).

Continuing with Section 2.I and Section 4.A, we give one more useful property of the
pushforward:

8.33 Proposition. For ¢: S — S continuous, the pushforward ¢, : P(S) — P(S) is sequentially
continuous when the P(S) is endowed with topology of weak convergence.

Proof. Say p, = p in P(S), i.e.,

/fd,un — /fd,u for all f € Cp(S5).
This implies that
/fogod,un — /fogodu for all f € Cy(S).
since for continuous ¢: S — S, fop € Cp(S). It follows that
/fd(w*un) — /fd(tp*u),
1.€., Qully = Qs O

8.C.2 Problem of measurability
When S is infinite, B(S) is not separable.
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8.D Comparisons between modes of convergence

8.34 Theorem. If u, — p in total variation, u, — p setwise, which implies that u, = u.

Proof. The first part has already been discussed. For the second part, we know setwise
convergence means that for all A € S,

/]—Ad/in_)/]-Ad/L

The convergence then extends to all bounded measurable functions, which of course include

Cy(9).
Alternatively this also follows from characterization (g) in Alexandrofl portmanteau
theorem. [

For this reason, pu, — u setwise is often referred to as strong convergence of measures as
)
opposed to weak convergence of measures.

8.35 Theorem. When S is a separable metric space, if X,, = X a.s., then X,, — X in
probability, which further implies X,, = X.

Proof. The first part was done in Theorem 2.23. O

8.36 Theorem. If X, = c for some real constant ¢, then X,, — ¢ in probability.
Notice that for g € Cp(R) and f € Cy(5), go f € Cp(S5).

8.37 Continuous mapping theorems. Let f be a continuous function. If X,, — X weakly/in
probability /almost surely, we then have f(X,,) — f(X) weakly/in probability /almost surely,
respectively.

8.38 Lemma. If X,, = X and Y,, = c for some real constant ¢, then
(Xn,Yn) = (X,0).

Proof. O

Convergence of one sequence in distribution and another to a constant implies joint
convergence in distribution
The following result is a direct corollary of

8.39 Slutsky’s theorem. Suppose X,, = X and Y,, = c as real random variables, then

(a) Xn+Y,=X+¢
(b) VX, = cX;
(¢) X,,/Y, = X/e, provided that ¢ is invertible.

Holds for random matrices as well
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8.E Laws of large numbers

8.40 L? weak law. Let X1, Xo,... be uncorrelated L? random variables with equal mean p
and sup; Var(X;) < oo. Then
n

—

in L? (and hence in probability).

Proof. We have

X 4.+ X, 2 X, +...+X, 1
E<1++ _M) =Var<1++> < L qup Var(X,).

n n o
Take n — oo gives the result. O

8.41 L' weak law. Let X, X5,... beii.d. and L' with mean px. Then

X, +...+X,
7_>
n

in probability.

8.42 L' strong law. Let X1, X,,... be pairwise independent, identically distributed L'
random variables with mean py. We have

Xi+... +X,
n

— o as.

Furthermore the above convergence also holds in L'.

Proof. The a.s. part will follow the Etemadi’s classical truncation proof.
It remains to show that {X, }nen = {%}nEN is uniformly integrable. We know

each X, as an L' random variable, must be uniformly integrable. In particular, for any
€ > 0, there is some § > 0 such that for all n € N,

P(A) <6 = E(|X;];A) <e forallj€ [n]

Xi+...+ X,
= E(’l—’_—’_ ;A> < €.

n
Meanwhile
Xi+...+ X, E|Xq|+... + E|X,]
supE|———| <sup
n n n n
= E|X1| < 00.
Combining the above information gives uniformly integrability of {X,}. O

If the distribution for the sequence is assumed to be i.i.d. L* or L2, then much simpler
proofs can be given. One should try to recover them on their own.
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Let X1, X5, ... follow a common distribution y on the real line, or alternatively a common
distribution function F. The empirical/sample distribution of the first n random variables is

defined to
1 n
n — ] 5

which is the averaging of the point mass of the first n sample observations. Notice that p,
is a random probability measure, a random variable from Q to P(R). This p, gives us the
empirical distribution function

n

Fulw) = p(—o0,2] = - S 1{Xe < ),
k=1

which is a random function defined on €.

8.43 Glivenko—Cantelli theorem. As n — oo,

sup|F,,(z) — F(z)] = 0 P-as.

11.4.1 Dudley

For any Borel probability measures ;1 on a separable metric space S, the empirical
distribution u,, converges a.s. to .

Kolmogorov—Smirnov statistics and test

8.44 Dvoretzky—Kiefer—Wolfowitz—Massart inequality. For every ¢ > 0,
P(sup|F,(z) — F(z)| > €) < 2exp(—2ne?).

8.F Moment generating functions and characteristic functions
Integral transform converts a given problem to one which is easier to solve, and then ’inverting’
to solve the original problem

For a real random variable X, its moment generating function (m.g.f.) is a function
Mx: R — R defined by Mx(t) = Eexp(itX), provided that exp(itX) is integrable. Its
characteristic function (ch.f.) is a function px: R — C defined by px(t) = Eexp(itX).
Notice that

Eexp(itX) = Ecos(tX) + i Esin(tX)

always exists, because the real and imaginary parts are both bounded by 1.

testing against coefficients give you enough information to recover information about the
random variable

For a random vector X € R? we would define Mx(t) = Eexp(t - X) and ¢x(t) =
Eexp(it - X) for t € R4,

The cumulant generating function is defined to be the log moment generating function.

[Bog07, Theorem 7.13.1] Bochner

8.45 Example. For X ~ N(0,1) and ¢t € R, we have the Mx (t) given by

1 > 2
Eexp(tX) = \/—27_/ e " /26! g

_ et2/2% /Oo exp(—%(w - t)2) dz = exp(t2/2).

27 J_ 0o
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It turns out that the ¢ x (¢) has almost the same expression (except for the sign):
Eexp(itX) = exp(—t%/2)
for all ¢ € R. It suffices to show that
Eexp(tX) = exp(t?/2) (8.46)

for all t € C.
We wish to use the uniqueness theorem given (8.46) already holds for ¢ € R. The
left-hand side is holomorphic:

O Eexp(tX) = E0; exp(tX)
= EX exp(tX);
and the right-hand side is obviously holomorphic®.
8.47 Example. The L? limit of a sequence of normal random variables must be normal.

8.48 Recovery theorem for m.g.f. Suppose M (t) exists for ¢ in some neighborhood (—4,d) of
0, then

(a) E|X|* < oo for all k € Np, with EX* = M*)(0);

(b) we have the Taylor expansion M (t) = > 72, Eé(,k t* in (—6,6).

8.49 Recovery theorem for ch.f. When the high-order derivatives of ¢ is finite, they recover
the high-order moments of X. More precisely,

(a) if p(2%)(0) exists, then EX?* < oo;
(b) if E|X|* < oo, then we have the Taylor approximation

k . i
o0 =3 2 o1t
=0

and in particular ¢*) () = i* EX*.
8.50 Inversion formula on the real line. Let X ~ F with ch.f. ¢, and define F': R — [0, 1]

Fla) = 5[F(x) + F(z-)]

We have for any a < b,

T exp(—iat) — exp(—ibt)

F(b) — F(a) = lim

t) dt
e | o omit o (t)

8.51 Theorem (c.d.f. and ch.f. correspondence). For any real random vectors X and Y, X =4 Y
if and only if px = ¢y

For nonnegative random variables, we may use m.g.f.

8Recall we defined complex exponentials as power series, and power series/polynomials are differentiable
term-by-term.
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8.52 Corollary. Two given random vectors X in R™ and Y in R" are independent if and only
if px v (s,t) = px(s)py(t) for all s € R™ and t € R™.

Proof. The only if direction is easy because the characteristic function is a continuous
bounded (complex-valued) function.
For the if direction, let X’ and Y’ be two copies of X and Y that are independent. Then
we have
ex,y(s:t) = px:(s)py/(t) = px:(s)py: (t) = ox,y:(s,1)
for any (s,t) € R™*". This implies that (X,Y) 2 (X',Y’), which means X and Y are
independent as well. O

8.53 Lévy's continuity theorem. Let {1, } € P(RY).

(a) If p,, = p, then the corresponding ch.f.’s have ¢,, — ¢ pointwise everywhere.

(b) If ¢, — ¢ pointwise, and ¢ is continuous at 0, then the measures p,, associated to
pn converges weakly to some probability measure p whose characteristic function is
©.

In the above theorem statement, we do not know if the pointwise limit ¢ is a priori the
characteristic function for some u. The “continuity at 0” assumption is precisely included
to ensure that ¢ = i for some p. Since ¢(0) = lim, ¢, (0) = 1, p is indeed a probability
measure.

8.54 Bochner's theorem. A characteristic function ¢: R% — C is precisely characterized by
the following three properties:

(a) ¢(0) =1;

(b) ¢ is continuous on RY;

(c) ¢ is a positive semidefinite function, i.e., for any finite number of real numbers
t1,...,tn, the matrix [p(z; — x1)];x is positive semidefinite.

8.55 Classical central limit theorem. Let X1, X5, ... bei.i.d. L% random variables with variance

02 # 0, then we have
X1+X2++Xn—nu

av/n

Proof. By scaling we may assume p = 0 and o2 = 1.

Eexp(Xy 4 -+ Xn) = ¢x, ()"

= N(0,1)

Taylor’s theorem O

8.56 Lindeberg—Feller condition. For each n € N, let {X,, ,,}"_; be a sequence of L? random
variables with zero mean. If

(a) Zn E(Xn,m)2 = 0,21 > 0, and

m=1

(b) for all € > 0, we have

1 n
P ZlE(|X,2L,m;X,2L,m > €op|) = 0,
-

then x x
A1t A = N(0,1).

On
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8.57 Lyapunov condition.
moment problem

8.58 Berry—Essen bound. For X1, X, ... ii.d. with E|X1]? < p, EX; =0, and EX? = 02, let

be the empirical CLT-scaled distribution. We have
Cp

o3y/n

|G (2) = G(z)] <

for some absolute constant C' > 0.
One can show that

\/n rate of convergence to the distribution function
de Moivre—Laplace central limit theorem for binomial distributions with fixed p’s can be
proved directly for example with the help of Stirling’s formula
8.59 Theorem. g
On Z 1P N(0,1)
q

= N(0,1)

S

[Durl9, Theorem 3.12] 2k/v2n — x

exp(—22/2)
NG

If p,, decreases inversely in n, then we have the following theorem.

P(S2, = 2k) ~

8.60 Poisson limit theorem. For a sequence of X,, ~ Binomial(n, p,,), where np,, — A for some

positive constant A, we have
X, = Poisson(A).

Explicitly, this means given Y ~ Poisson()), for all k& € Ny, we have
P(X,=k)—>PY =k) asn— .

8.G  The moment problem

The previous section tells us the characteristic function and the moment generating function
of a given distribution can capture all the moments of the distribution. With ch.f. and m.g.f.,
we were able to recover the original distribution, and ch.f. and m.g.f. also interact well with
weak convergence of measures.

Now we ask the following question: if we know all the moments of some pu € P(R), can
we uniquely determine p? The answer is no in general, the most well-known example being
the log-normal distribution.

Fortunately, with some additional assumptions on the moments, one can indeed uniquely
determine p. Furthermore, it is possible to get results for weak convergence of measures,
when their moment sequences are converging.

Given a distribution function F', define the pth moment of F' is given by [ 2P dF(x).
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8.61 Proposition. If [ a? dF, (z) has a limit m,, for each p, then the sequence {F,} is tight.

Therefore every vague subsequential limit is weak. Every weak subsequential limit should
have pth moments m,,. If there is one unique distribution with pth moments m,,, then the
distribution F' is uniquely determined.



140 Modes of convergence in probability



Chapter 9 Conditional expectations and discrete martingales

9.A Conditional expectations
9.1 Definition. Let E|X| < 0o, and G be a sub-o-field of F. Define the conditional expectation
of X given G to be the random variable Y satisfying
(a) Y is G-measurable;
(b) E(Y1g) =E(X1¢) for all G € G.
This Y is denoted by E(X | G).

We first show that the above definition makes sense from a purely measure-theoretic
point of view, and is unique a.s. Notice that the function v: G — R given by

V(G):E(Xlg):/GXdP (9.2)

is a signed measure, and v < P|g. Therefore by the Radon—Nikodym theorem for a
signed measure and a finite positive measure, there exists a random variable Y, unique in
L'(Q,G, P|g), such that

v(G) = / YdP =E(Y1g)
G
for all G € G. Be aware that conditional expectations are unique up to measure zero.

9.3 Definition. Define the conditional probability of A € F given a sub-o-field G of F to be
E(14|G), which we denote by P(A|G).

Our new definitions of conditional expectation and conditional probability are very
abstract, and particularly distinct from the undergraduate version, and the following example
is almost included in all textbooks, which explains how our new definitions generalizes the
old definitions.

9.4 Example. Let Q1,85,... be a countable partition of the sample space €2, where each 2,
has strictly positive measure. In an undergraduate class we would define

E(X;Q,)

B(X |00) = g

for any n. Now define G = o({Q2,}521). It is easy to see that

E(X;Q,) B
/Q" 7P(Qn) dP = /Q" X dP. (9.5)

141
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We claim that E(X | G) is given by

o E(X§ Qn)

Y = ————= on each Q,,
P(Q,)

and hence coincides with our undergraduate definition.
First the candidate Y is G-measurable since it is a constant on each €,,. Also since {{,}
is a partition of £ and generates G, equation (9.5) immediately implies that

/YdP:/XdP
G G

for all G € G. This finishes the proof.
Now we look at condition probability. Set X = 14, and we have

P(A]G) =EQ1al9)

_ E(lAlgn)
= W on each €,

_ P(ANQ,)

on each ,,,
P(Q,)

which was our undergraduate definition of conditional probability P(A | Q).

9.6 Fact (characteristic property). Let all X € F and Z € § satisfying E|X| < oo and
E|XZ| < oo, we have
E(E(X |G9)Z) =E(XZ).

This property characterizes the conditional expectation E(X | G).
Proof. Left as an exercise, using the standard limiting argument. O
9.7 Proposition. Let X,Y € LY(Q, F, P).

(a) For X that is G-measurable, E(X | G) = X.

(b) For X and G that are independent, E(X | G) = EX.

(¢) Linearity: E(aX +Y |G) =aE(X |G)+E(Y | G).

(d) Monotonicity: if X > Y a.s., then E(X | G) > E(Y | G).

(e) Contractivity (in L'): |[E(X | G)| < E(|X| | ), and taking expectation on both
sides gives E(|E(X | G)|) < E|X].

9.8 Conditional Jensen's inequality. Let ¢: R — R be convex, and X and ¢(X) be both
integrable, then

p(E(X]9)) < E(p(X) | 9).

9.9 Corollary (Contraction property). The conditional expectation E( - |
linear operator on any L? (1 < p < oo): for X € LP(Q, F, P), |E(X? |
and taking expectations on both sides gives

) is a 1-Lipschitz
)| <E(XP|9),

QQ

E(|E(X |G)") <E|X.

In particular, this implies that if X,, — X in LP, then E(X, |G) - E(X | G) in L*.
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9.10 Theorem (alternative Hilbert space definition). Let X € L?(F), which is a Hilbert space.
Then E(X | G) is exactly the projection to the closed subspace L?(G). Furthermore, this
projection linear operator 7: L?(F) — L?(G) can be uniquely extended to a bounded
linear operator IT: L*(F) — L*(G), which is exactly the conditional expectation defined by
Radon—Nikodym in Definition 9.1.

Proof. The projection theorem says that it suffices to show that for all Y € L?(G),
E(E(X |G)Y) =E(XY).

This is true by Fact 9.6 and E(X | G) € L?(G), which follows from Corollary 9.9.

To extend the linear operator 7 to a larger domain L!(F), recall that L?(F) is dense
when considered as a metric subspace of L!(F), and L'(G) is complete. Now consider 7 as
a function from (L2(F),||-|l1) to (L*(G),| - |l1). We claim this 7 is bounded, in particular
1-Lipschitz. To see this, it suffices to verify that

E|E(X | G)| < E|X|
for all X € L?(F). Now let A =E(X |G) > 0, then
E[E(X |9)| = E(E(X|9)14) — E(E(X | G)Lac)
— B(X14) — E(X14:) < E|X].

With all these information, by Theorem A.24 we have a continuous linear operator
II: LY(F) — L'(G), and by the uniqueness of the extension, II should exactly be the
conditional expectation E(- | G) defined previously. O

L?-contractivity follows from Hilbert subspace projection reduces norm

9.11 Tower property. For G; C G5, we have
E(E(X |G1)|G2) =E(X | G1) = E(E(X | G2) [ G1).

This means that the iterated conditioning is ultimately conditioning on the smallest o-field.
Note in particular, we have
E(E(X |G9)) = EX.

9.12 Proposition. For Y € G, we have E(XY |G) =Y E(X | G).
9.13 Proposition. For two sub-o-fields G; and G5 of F, then the following three are equivalent:

(a) G1 and Gy are independent;
(b) E(X |G1) = EX for every X € L*(Gs) or L*(G);
(¢) E(1g, | G1) = P(G2) for every Gy € Gs.

In particular, let X and Y be two random variables. Consider G; = o(X) and Gy = o(Y).
Then X and Y are independent if and only if

E[f(X) Y] =Ef(X)

for all f such that E|f(X)| < oc.
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9.14 Proposition. Let X: (Q,F) — (T, 7) and Y: (2, F) — (S5,S), and say G is a sub-o-field
of F. If X is G-measurable and Y is independent of G, then for any f: (T'xS,T®S) — (R, B)
such that E|f(X,Y)| < oo, we have

E[f(X,Y)|G] = h(X), where h(z) = Ef(z,Y).
In particular, when X and Y are independent, we have
E[f(X,Y) ] X] = h(X).

9.15 Definition. Let X be nonnegative F-measurable, then we define its conditional expectation
given G to be
E(X|G) = li_>m E(X An|G).

Radon-Nikodym theorem fails to help us

9.16 de Finetti's theorem. For a sequence of exchangeable random variables, conditioning on
the exchangeabale o-field £, X1, X5, ... are i.i.d. More precisely, we can show that for any
bounded measurable functions f;’s, it holds that

E(f[l F(X5) ‘ 5) = f[lE[f(Xj) | €].

This result roughly says that the conditional distribution of X; | £ becomes i.i.d. We
remind that when X;’s take value in standard Borel spaces, then there is a regular conditional
distribution for X | £.

9.B Conditional distributions and transition kernels

9.17 Definition. Let (2, F) and (5, S) be two measurable space. A random probability measure
isv: 2 x8 — [0,1] such that

(a) for (P-a.e.) w € Q, the function v(w, -) is a probability measure on (S, S);
(b) for each A € S, the function w — v(w, A) is F-measurable.

Let Y: (Q,F) = (S,S), and G be a sub-o-field of F. A reqular conditional distribution
of Y given G is a random probability measure v: Q x § — [0, 1] such that satisfies:

(c) for each A € S, the function w — v(w, A) is a version of P(Y € A|G).

Recall that the function P(Y € A|G) is unique only P-a.e., hence a version of P(Y € A|G)
means a function defined at each w € Q. Note that condition (¢) may be replaced by the
following: for each f such that E|f(Y)| < oo, we have for P-a.e. w,

Bf(Y)| 6] = / £ () v(w, dy).

This follows by observing that

E(Liyea; | 9)(w) = P(Y € A|@)(w) = / 14(y) v(w. dy),
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and then employing the standard approximation argument.

Most often we take G = 0(X), and then our v defined above is the regular conditional
distribution of Y given X. In this case however, our notation above turns out to be awkward,
since we want to make the role of w implicit, but the role of x = X (w) explicit. To accomplish
this the following general definition is introduced.

9.18 Definition. Given two measurable spaces (T, T) and (S,S), the stochastic/transition
kernel from T to S is a function k : T x § — [0, 1] that satisfies:

(a) for each x € T, the function k(z, -) is a probability measure on (5, S);

(b) for each A € S, the function z — k(x, A) is T-measurable.

Note that a transition kernel v from € to S is just a random measure. Now rephrasing
Definition 9.17, the regular conditional distribution of Y given G is a transition kernel v
from Q to S such that

the function w +— v(w, A) is a version of P(Y € A|G),

for each A € S.

If we consider two random variables X: (Q,F) — (7,7) and Y: (Q,F) — (S5,S),
respectively, then the regular conditional distribution of Y given X is ko X, where k: SxT —
[0,1] is a transition kernel such that

k(X (w), A) is a version of P(Y € A| X)(w). (9.19)

for each A € S.

It turns out quite surprising that the notion of a transition kernel fully generalizes
Definition 9.17. Indeed it is clear that random measures are just transition kernels. To
recover the definition of regular condition probability in Definition 9.17, we may set X to be
the identity map from (£2,G) to itself.

These are all formal definitions. When doing concrete computations,

It turns out that regular condition distributions do not always exist.

However, if we assume that Y takes value in a standard Borel space (S,S), then the
regular conditional probability of Y given X exists.

9.20 Theorem. Let p be a probability measure on the product space (T' x S, T ® S), where
(S,8) is a standard Borel space. Then p = u ® k, where = p(- x S) and & is a transition
kernel from T to S.

Proof. Take S=R. Let v =9 x p O
(a) For two discrete random variables X and Y, we want

_(P(YeA|X==z) if P(X =x)>0,
iz, A) = {5yO(A) if P(X =2)=0

(b) For two continuous random variables X € R™ and Y € R", with joint density
f(z,y). We know the marginal density of X is given by

(¢) Gaussian

[Kal21, Theorem 8.5
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9.21 Disintegration of random variables. Consider two random variables X : (,G) — (T, T)
and Y: (Q,F) = (5,8), where (S,S) is a standard Borel space. Then the joint distribution
pof (X,Y) is equal to the product measure p X x, where p is the marginal distribution of X
and k is a transition kernel that satisfies (9.19).

It follows that for any measurable f > 0 or E|f(X,Y)| < oo, we have

B[f(X,Y)| X] = / F(X,y) w(X, dy).

E[f(X.Y)|G] = / (X, ) w(dy).

Ef(X,Y)=E / F(X, ) 5(X, dy).

It is easy to verify that u = [ 8, du(x), and the point masses are the extreme points of
P(S) in the vector space M(S).

9.C Stopping times

A discrete filtration on a given a probability space (2, F, P) is an expanding sequence of
sub-o-fields Fog C F; C --- of F. Given a sequence of random variables Xg, X1,.... we
define its natural filtration by setting F,, = 0(Xo, X1,...) for all n € Nj.

9.22 Exercise. Let S and T be two stopping times. Prove the following claims.
(a) SAT and SV T are both stopping times.
(b) If S < T, then Fs C Fr.
(C) Forr = Fs N Fr.

9.23 Wald's equations.

(a) Let X1, Xo,... beiid. L' random variables. If T is a stopping time with ET < oo,
then E(X; +...+ X7) = EX, ET.

(b) Let X1, Xo,... beii.d. mean zero L? random variables. If T is a stopping time with
ET < oo, then E(X; + ... + X7)? = E(X, )2 ET.

9.D Martingales in discrete time

Given a filtration {F,}, a discrete martingale is a sequence of L' random variables X,
adapted to F,, such that

9.24 Example. Here are some of the most important examples of martingales coming up in
applications. Let {X;}; be a sequence of random variables, and S, = 377, X;. Let F, be
the natural filtration with respect to X,.

(a) Linear martingales: if the sequence EX; = 0 for all j, then S, is a martingale.
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(b) Quadratic martingales: if EX; = 0 and EX? = o2 for all j, we have S} — no” as a
martingale.

(c) Exponential martingales: say an unrelated sequence Y;’s are nonnegative, i.i.d., with
EY; =1, then M,, = H;'l:1 Y; is a martingale.

Tt is clear that eﬁff(?))

is a candidate for our Y.

9.25 Exercise. Let {X,,} be a martingale (resp. supermartingale, submartingale). For every
0<n<m, E(X,,|F.) =X, (resp. <, >).

9.26 Proposition (Martingale transformations under convex functions). Let {X,} be adapted.
For a convex ¢: R — R such that E|p(X,,)| < co, we have

(a) if {X,} is a martingale, then {¢(X,)} becomes a submartingale.

(b) if {X,,} is a submartingale (resp. supermartingale), and ¢ is in addition increasing

(resp. decreasing), then {¢(X,,)} remains a submartingale (resp. supermartingale)

9.27 Definition. A sequence of random variables { H, } is a predictable sequence if the sequence
is bounded and each H,,; is F,, measurable.

The discrete stochastic integral from time 0 to n € Ny is defined by
(HX)p=H1(X1 —Xo)+ Hy(Xo—X1)+ ...+ H.(X;, — Xn—1),

forn>1,and (H+X)o =0.
It is useful to see that (H+—X), = —(H + X),.

9.28 Proposition.

(a) If {X,} is a martingale, then {(H « X),} is a martingale.

(b) If {X,}, is a submartingale (resp. supermartingale), and H,, > 0 for all n, then
{(H « X),} is a submartingale (resp. supermartingale).

9.29 Optional stopping theorem, basic version. Let {X,,} be a martingale (resp. supermartin-
gale), and T be a stopping time, both with respect to {F,}, then

(a) the stopped process { X, 7} remains a martingale (resp. supermartingale);

(b) moreover, if T' < M a.s. for some M < oo (bounded stopping time), then EXp =
EXy (resp. < EXj).

9.30 Doob'’s decomposition. Any adapted integrable process {X,,} can be uniquely decomposed
by X,, = M,, + A,,, where {M,,} is a martingale and {A,} is a predictable sequence starting
from Ay = 0. This is known as the Doob decomposition.

Furthermore, an adapted integrable process {X,,} is a submartingale (resp. supermartin-
gale) if and only if it has a Doob decomposition with an increasing (resp. decreasing)
predictable sequence.

Proof. The proof is quite elementary and may be left as an exercise. We want X,, = M,,+ A,,,
and conditioning both sides on F,,_; gives

E(Xn | -Fn—l) = Mn—l + An = An—-1— An—l + An-
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This gives for all n € N,
Ap—Ap 1 =EX, | Fo1) — Xno1. (9.31)
Set Ag = 0, and by repeatedly applying the above identity we get

Ap = B(Xg — Xg_1 | Fror)
k=1

n

that is Fjx_1 measurable. We have shown that the decomposition, if exists, must be unique.
It remains to check that M,, is indeed a martingale:

EMy | Fno1) = E(Xn | Fao1) — An
= anl - Anfl = Mn7

where we used (9.31).
The furthermore part follows immediately from (9.31). O

9.32 Martingale convergence theorem. Say {X,} is a submartingale bounded in L', then the
sequence X,, converges a.s. to some X, € L.
supermartingale /martingale

It is clear that the limit X, cannot be explicitly computed, and we have to employ some
clever trick to prove the existence of the limit.

9.33 Lemma. A sequence of real numbers z = {x,,} converges if and only for any two rationals
a < b, we have Uy ([a, b],x) < .

9.34 Doob's upcrossing inequality. Let X = {X,,} be a submartingale. Then for every a < b
and every n € N

(b—a)EU,([a,b],X) <E(X,—a)" —E(Xo—a)".
Proof of the martingale convergence theorem. O

Optional stopping theorem, basic version may fail when the stopping time 7" is unbounded.
The same example also show that the martingale convergence theorem does not hold in
the L! sense.

9.E  Uniformly integrable martingales

9.35 Proposition. The collection {E(X | G) : G is a sub-o-field of F} is uniformly integrable.

9.36 Theorem (characterizations of uniformly integrable martingales). For an F,-adpated
martingale X,,, the following are equivalent.

(a
(b

(c
(d

{X,} is uniformly integrable;

X, converges a.s. and in L';

X,, converges in L';

there exists an integrable X such that X,, = E(X | F,).

NEEENS N NG
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Proof. (d) = (a) follows from Proposition 9.35. (b) = (¢) is trivial. (a) = (b) is true
because {X,,} is bounded, and hence we may apply the martingale convergence theorem.
(c) = (d) is also not difficult. Let X be the L! limit of X,,. Then for any m > n, we
have E(X,, | F.) = X,,. If we can show that E(X,, | F,) — E(X | F,) in L', then the proof
is complete.
E|E(X, | Fo) —E(X | 7o) <E[E(|Xm — X| | Fo)] < E|X,, — X,

which goes to 0 as m — oo, as desired. O

9.37 Levy's zero—one law. Let {F,} is a filtration with Foo = 0(U,Fy,), which we write as
Fn T Foo- Suppose E|X| < oo, then

E(X | Fn) = E(X | Fx) as. and in L'.
In particular, for A € F,, we have
E(14|F,) — 14 as. and in L.

9.38 DCT for conditional expectations. Suppose X,, — X a.s. and for all n € Ny, |X,,| <Y
for some Y € L. Given that the o-fields F,, 1 Foo, then

E(X, | Fn) = E(X | Fx).

9.F Backward martingales and their applications

9.39 Definition. A backward filtration is a Z=%-indexed filtration, i.e., a sequence of sub-o-fields
of F

- CF CFC K.
Let Foo = ﬂ?l:_oo Fn, which we know is again a sub-o-field of F.
9.40 Backward martingale convergence theorem. The sequence X,, — X_, a.s. and in L'.
9.41 Example (another proof of the L' strong law).

9.42 Example (another proof of the Hewitt—Savage zero—one law).

9.G LP convergence of martingales
9.43 Doob’s maximal inequality. Let {X,,} be a submartingale, then for every a > 0, we have

aP( max X > a) < E(an{ max X,, > a}) < EX,'f.
0<k<n 0<k<n

If {Y,,} is a supermartingale, then for every a > 0, we have

aP( max Y > a) <EYy) +EY, .
0<k<n

Combining the two cases above, we get for a submartingale or supermartingale { X}, it
holds that

> < nl-
aP(max |Xi| > a) < E[Xo| + 2E[X|
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The technique of introducing an appropriate stopping time
Integrating the two sides of the first inequality, we can obtain an LP moment bound on
E(max Xj) for 1 < p < oc.

9.44 Doob's L? inequality. Let 1 < p < oo and {X,,} be a nonnegative submartingale. For
each n € Ny, we have

p
P >aq) < P (P P,
o X 2 0) < B %) < (27 ) B0

Therefore if {Z,,} is a martingale, then {|Z,|} is a nonnegative submartingale. Therefore
we have

P
a?P( max |Zy| > a) < E( max |Zk|)p§ L E|Z,|".
0<k<n 0<k<n p—1

We say {X,} is a square integrable martingale if {X,} is a martingale, and each X,, €
L?(P).
When {X,,} C L? is a martingale, then we have by Doob’s L” inequality (p = 2) that

i< 2 .
Eorgnka%(n Xi <4EX; (9.45)

We now show that a uniform control on {X,},en can be obtained. Doob’s decomposition
tells us that we can decompose the submartingale X2 into M, + A,,, where {M,} is a
martingale, and {A,} is an increasing predictable sequence given by

A, =S E(X} - X2, | Fisa)
k=1

= ZE(X;E = 2X3 Xpo1 + Xy | Froa)
k=1

= zn:E[(Xk — Xp-1)? | Fr1l,
k=1

where we have used E(Xy, | Fr—1) = Xi—1 in the second equality. This increasing sequence
has a special name, called the quadratic variation of the square integrable martingale {X,},
which we denote by {(X),}.

Note EX2 = EM,, + E(X),, = EXZ + E(X),, and we may plug this into (9.45). By the
monotone convergence theorem, we can therefore conclude

9.46 Proposition. For martingale {X,,} C L?, we have
Esup X2 < 4E(X)o +4EXG,

where (X)o = lim,, (X),,, which is possibly infinite.

9.47 LP convergence theorem for martingales. Let 1 < p < oo, and {X,,} be a uniformly
LP-bounded martingale. Then X,, converges a.s. and in LP to some X, satisfying

E|Xoo |p = sup E|Xn ‘p.
Meanwhile

p
E(Sup|Xn|)p < (p) E| X P.
n p— 1
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9.48 Theorem (convergence of L? summable random series). Let {X,,} be a sequence of
independent mean zero L? random variables, then the following are equivalent:

(a) Yonii BXT < oo;
(b) >°>° , X2 converges a.s. and in L?;

C — converges in L~.
() Zf_l szl ges i L?

9.H Martingales of bounded increments

9.49 Theorem (convergence behavior). For a martingale {X,} with sup, |X,+1 — X,,| <
00, we have almost surely either lim,, X, exists and is finite, or limsup,, X,, = +o0 and
lim inf,, X,, = —oo0.

9.50 Fact. For a martingale {X,,}, we have for any Borel measurable f and F,-measurable
Y that
E[f(Xn41 — Xn)Y] =0

by the tower property. This of course includes the case Y = g(Xo, X1,...,X,,) for some
Borel measurable g.
In particular, we have

E[(Xn41 — Xo) (X1 — Xin)] =0
for any n > m, i.e., martingale differences are uncorrelated.

9.51 Azuma—Hoeffding inequality. Let {X,,} be a supermartingale, and {4, } and {B,} are
predictable with respect to the filtration {F,}, such that

An § Xn - Xn—l S Bn

If for all A,, and B,, we have some positive constant ¢, such that B, — A,, < ¢,, then we
have

2t
k=1"k

If the {X,,} above is a submartingale instead, then we get

2t2
P(Xo— X, >t) <exp —W .
k=1 Ck

Hence by a simple union bound, we get for a martingale {X,,} with the described conditions,
it holds that
P(|X, — Xo| > ) <2 ( 2t° )
—Xo|>t) <2exp| —=7— |-
! > i1 G
Proof. We first show (9.52) when {X,,} is only a martingale, and at the end we extend the
inequality to the supermartingale case by invoking Doob’s decomposition.
The Chernoff method is expected, just by observation of the inequality. For any A € R,

we have
Eexp(/\(Xn — Xo))
et

P(X, —Xo>1t) < . (9.53)
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Now focus on Eexp()\(Xn — XO))7 which is equal to

n - n—1
Eexp(AZXk _ Xk_1> — Blexp M(Xn — Xn_1) -exp()\ZXk — Xk_lﬂ

k=1 k=1

-E -E(exp AMXn — Xn_1) - exp()\nzl Xy — X,H) ‘ ]—'nl)}
L k=1

n—1

—-E _eXp()\ 3 X - Xk_1> E(exp()\(Xn - X,L_l))‘ ]-"n_l)] .
- k=1

(9.54)

Since {X,} is an {F, }-adapted martingale, for the difference sequence Y,, = X,, — X,,_1, we
should have

E(Y, | Fno1) =0.
Also by assumption for constant ¢, > 0 and random variable A,, that is F,,_j-measurable,
we have

therefore by the conditional version of Hoeflding’s lemma, line (9.54) is
2.2
n

n—1
< E{exp(/\ZXk — Xkl)] exp()\gc )
k=1

We may repeat the procedure above by first conditioning and then applying Hoeffding’s
lemma, and obtain in the end that

n 2
The quadratic expression %/\2 —tX in A has minimum value

t? 22

- n 2 — n 2"
PRDSHNT: B 5 Y.

=t _
k=1 C%
2=

when \ = — . Therefore

22
P(X,—Xo>t)<exp —W ;
k=1Ck

finishing the proof for the martingale case.
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For a supermartingale )A(m we know by Doob’s decomposition that there is a (unique)
decomposition X,, = X,, + D,,, where X,, is a martingale and D,, is a decreasing sequence.

This implies that
P(X, —Xo>1t) = P(X, — Xo+ D, — Dy > t)

as D, — Dy < 0. The proof is now complete. O

It is clear that Hoeffding’s inequality is simply a special case of the above martingale
inequality. Another applicable consequence of Azuma-Hoeffding inequality is the following
result about concentration of functions taking vector inputs of independent components.

9.55 McDiarmid's bounded difference inequality. Let a measurable function g: [[,_; Sx = R
satisfy the bounded difference property with constants ci,...,c,. This means for each
k € [n], we have

sup |g(z1,...2n) — g(T1, .o Th—1, Thy Thot 1, - -+, Tn)| < Ck-

L1yeeeyTn
!
), €Sk

Let {X}}}_, be independent Sj-valued random variables, then
—2t?
P(g(Xl, coy X)) —Eg(Xq,..., X)) > t) <exp| =3 |-
26
(Note that by the triangle inequality, g(x) — g(x’) < >_7_, ¢ for any x,x" € [], Sk, and
hence the function g is bounded.)

Proof. Define the martingale Y, = E[g(X1,...,X,) | Fx] for 0 < k < n, where F}, is the
natural filtration with respect to { X} }. It suffices to check the conditions of Azuma-Hoeffding
inequality. Note Y — Yx_1 can be expanded into

E[g(Xla e 7Xk7£k+17 cee 75”) - g(Xla v 7Xk—17£k7 e 7§n) ‘ fk}? (956)

where &, ..., &, are copies of Xy, ..., X,, that are independent of everything else.
Now we define our natural candidate for Ay by

Zlensf E[g(X17"'7Xk717Zﬂ€k+1 7§n) _g(X17"'7Xk717§k7£k+1 7§n) | ]:k]a
k

and let By be the corresponding supremum; both are Fj_j-measurable. The bounded
difference condition gives that

By, — Ay,
= SU% E[Q(le cee ,kala vakJrl o agn) - g(le s ,kala w,EkJrl cee 7£n) | -Fk]
Z,WESk
< Ck,
and hence we have verified all the conditions for invoking Azuma—Hoeffding. O

9.57 Efron-Stein inequality. Define Var;(x1,...,z,) = Var(z1,...,X,,...,zy,). For indepen-
dent X4,...,X,, we have

Var f(X1,...,Xp) < E(ZVarjf(Xl,...,Xn)>.

Jj=1



154 Conditional expectations and discrete martingales

Let us mention one elementary application of Azuma-Hoeffding inequality. For a Erdés—
Renyi graph with n vertices and Bernoulli parameter p, one can show that

P(|x — Ex| > tv/n) < 2exp(—t*/2),

where x is the coloring number for the graph.

9.1 Gamblers’ ruin and random walks

For a random process {X;} that starts Xo = x, we often use P, instead of P as the notation
for the underlying probability measure. There is absolutely difference between the two in the
context of this section. The subscript x here is merely used to emphasize where the random
process starts. However, it deserves attention that P, is a distinct probability measure living
on a different space that is induced from the usual P on (2, F). We will discuss this at a
detailed level in the upcoming chapter, when discussing the canonical probability space for a
Markov chain.

9.58 Theorem. Let S,, be the symmetric random walk on Z that starts at 0, and define
T =min{n : S, ¢ (—a,b)}, where —a < 0 < b are integers. We have T' < oo a.s., and

b a
——, Po(Sr=b) = ——,
a+b’ o(Sr =?) a+b

Take —a = —1 and b= N —1 > 0. For any y € N, define the hitting time T}, = min{n :
Sp = y}a then

Po(St = —a) = and E¢T = ab.

N -1 1
and Po(T_1 > TN—I) = N

Po(T_1 < TN_1) =

Therefore

oo
Po(T_; < o0) = PO( U{r. < TN_1}> =1
N=1
However, EqT_1 = .
by monotone convergence

9.59 Theorem. Let S, = Z;‘;l &; be the asymmetric random walk that starts from 0, where
each & isiid., with P(§; =1)=p>1/2and P({;=—-1)=¢q=1—-p < 1/2.

(a) First, one can verify that {(q/p)" }n is a martingale.

(b) Therefore let f(y) = (¢/p)¥. Again define the hitting time T, = min{n : S,, = z}.
For —a < 0 < b, we have

Po(T_q < T) = m and Po(T_, > Ty) = Z“))—‘f’(—“)'

(¢) Now we look at the two hitting times individually:

Po(min S,, < —a) =Po(T-, < 0) = (11)) ]

Po(max S, > b) = P()(Tb < OO) =1 Eylp,=——.

This stopping time conversion is very standard



Chapter 10  Construction of random processes

10.A  Independent sequences

A major theme of the previous chapters is about the asymptotic behavior of a sequence of
independent random variables. However, it is not immediate that there is an appropriate
probability space for us to construct such an independent sequence.

If the sequence or random variables is assumed to be R-valued but not necessarily inde-
pendent, then the sequence always exists on the common probability space ([0, 1], Bjg 1, m),
since we can use Theorem 7.7 to realize the distribution u,, for each X,,. If we have a finite
list of independent random variables X1, ..., X,, with distributions p1, ..., t,, then we can
always take (R™, B, 1 X -+ X uy,) to be the probability space.

It is in fact possible to either continue with the space ([0, 1], B,1],m) and define an
independent sequence, or prove a theorem on the existence of countable product of probability
measures. We will go with the first approach, and leave the existence theorem to Appendix H.

We closely follow [LeG22] below, and summarize the main idea first.! The binary digits
of a single Uniform[0,1) is an i.i.d. sequence of Bernoulli(1/2) random variables. By a
clever expansion of indices, the sequence (X, ) can now be used to generate a sequence of
ii.d. Uniform[0, 1] random variables. An application of Theorem 7.7 gives us the desired
construction.

On the probability space Q = [0,1), F = Byg.1), P = m, define

X (w) = |2"] — 2|2 w],

the proper binary expansion of w € [0,1). We claim that the X,(w)’s form an i.i.d.
Bernoulli(1/2) sequence in our probability space. This is easy because for any finite subcol-
lection,

P(Xy=by,..., X =by) =2"" = [[ P(Xi = bx).
k=1
Let ¢: N x N — N be a fixed one-to-one and onto map, and define

Yii ) = Xo(i)-

Further define U; = Y77°, Y, ;5277, which forms an i.i.d. sequence of Uniform[0, 1] random
variables.
We may now invoke Theorem 7.7 and conclude that

—1
F,, (U;)

ISee also [Kal21, Theorem 4.19] for a quick introduction.

155
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produces an independent sequence of u;-distributed real random variables.
Given a sequence of i.i.d. random variables

€ = 1 with probability p,
" | =1 with probability ¢,

we define S,, =& + -+ &,.
Nearest neighborhood rw lazy
There are two different perspectives on may look at random walks.

0

10.B  Consistent family of probability measures

Let {1 }52; be a sequence of measures each defined on S. We say the sequence is a consistent
family of probability measures if

pn(Ap X - X Ap) = pipp1(A1 X -+ X A, X S)
for any Aq,..., Ax € B(S). The p,’s are called finite-dimensional distributions.

10.1 Daniell-Kolmogorov existence theorem. For a consistent family of distributions {p,} on
R, then there exists some probability space (€2, F, P) on which we can define a stochastic
process { X, bnen with {u,} as its finite-dimensional distributions.

We follow the second proof in [Bil95, Section 36]. See also [Kal02, Chapter 8].
For uncountable indices, we have to adjust our definition.
generalize to Polish spaces

10.C Poisson processes
10.2 Proposition. For two independent random variables X ~ Exponential(A) and Y ~
Exponential(p), we have
(a) min{X,Y} ~ Exponential(A + p);
D N
(b) P(X V) = £
(¢) min{X,Y} and {X <Y} are independent.
Proof.
(a) P(X >t,Y >t) = P(X > t)P(Y > t) = e~ O+t
(b)

P(X-Y <0) = /Ooo P(X <y)fy(y)dy

— [ e ray
0

:/ ue*#y,/ pe~ ATy gy
0 0

A

A
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PX>t,Y>t,X<Y)= X>tX<Y)

/ / Ae M ue M dy dx
r=t

:/ e AeTHE g
=t

_ A e
A+
— P(X >1,Y > )P(X <Y). 0

The above claim can be similarly stated for the smallest of n independent exponential
random variables, with the exact same proof; see [Durl9, Exercise 3.7.3] for the statement.

However, the converse is not true. Consider a random variable Z ~ Exponential(A + p),
and an independent random variable £ ~ Bernoulh( ) Let

(2, Z2+1)  ife=1,
(X’Y>{(Z+1,Z) if € =0.

Then clearly all conditions (a)(b)(c) are met, but X and Y are clearly not the desired
Exponential random variables.

This might be a little disappointing. But with some deliberation, we notice that the
three conditions only capture the distribution of the smaller of X and Y, and the probability
that which of two is smaller one. In other words, we have no information about the larger
of the two random variables after the “time” min{X, Y} is reached. (Recall an exponential
random variable is usually interpreted as the random time at which a light bulb went off.)

Poisson distributions and exponential distributions are duals to each other. Because
exponential distributions are memoryless, they form the basis of all continuous-time processes.
(for a clock to ring)

A counting process {N(t)}1>0 = {Ni(w)}+>0 is a continuous-time stochastic process with
these properties:

(i) for each t, N(t) € No;
(ii) N(t) is increasing;
(iii) N(t) is right-continuous for almost every w.
Given a stochastic process X4, for each sample w we have the so-called sample path X;(w).
It is customary to assume cadlag sample paths for continuous-time stochastic processes.
This is mostly an assumption for theoretic purposes on the regularity of the process. For a
counting process this assumption is also somewhat natural, since once an increment in NV is
supposed to take place, it should take place at precisely this time instant ¢, and not at t+.
A Poisson (point) process with arrival rate A is the particular counting process that
“follows” the Poisson distribution. It satisfies
(a) N(0) =0;
(b) N(t) has right-continuous sample paths;
(c) for (s1,t1] N (s2,t2] = 0, the increments N(t;) — N(s1) and N(t3) — N(s2) are
independent random variables; (independent increments)
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(d) the number of events in any interval of length ¢ follows Poisson(At). (stationary
increments depending solely on t)

The independent and stationary increments assumption can be expressed explicitly as
follows: for any arbitrary ¢, h, and k > 0, we have

P(N(t+h)—N(t)=k)=e (A:')k.

We have the equivalent infinitesimal definition that, for any ¢t > 0, N(t) follows the
equation that for very small positive h,

P(N(t+h)—N@{#t)=1)=Mn+o0(h) and P(N(t+h)—N({t)=0)=1—Ah+o(h).

To illustrate why the two definitions are the same, recall how the Poisson distribution may
be interpreted as infinite coin flips. Thus, the coin with success probability Ah to increase N
by 1 in all intervals with very small length h is what approximates the Poisson process. Note
that when h — 0, the o(h) in the two expressions above will vanish. The rigorous proof of
the equivalence between the two definitions requires differential equations and is omitted
here.

Poisson thinning and superposition

10.3 Theorem. Given a Poisson process {N(t)} with rate A, and an independent sequence of
ii.d. random variables §; ~ Bernoulli(p), then the process {N1(t)}, given by

N()
N1<t) = Z §j7
j=1

is a Poisson process with rate pA.

10.4 Theorem. Given two independent Poisson processes Ny (t) and Na(t) with rate X and p
respectively, the process N (t) := N (t) + Na(¢) is a Poisson process with rate A + p.

Again both claims
Compound Poisson process

10.5 Poisson limit theorem.

10.D  Explicit construction of discrete Markov chains

Let S be a finite or countably infinite set, implicitly with the o-field P(S). A (row) stochastic
matriz is a countable-dimensional real matrix {Q(xz,y) : z,y € S} satisfying

(a) each value takes value in [0,1]: for every z,y € S, 0 < Q(z,y) < 1;
(b) each row sums to 1: for each z € S, 3 ¢ Q(z,y) = 1.

10.6 Theorem. Let @ be a stochastic matrix on S, we can find a probability space (2, F, P),
on which we can construct a Markov chain {X,} started at any initial distribution for Xj.
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The construction of such a probability space is insufficient for our theory. By definition
a Markov chain forgets its past. At a future state X,, = x,,, we can pretend that moving
forward {X}, : k > n} is a new Markov chain started at x.,, as if the past has never happened.
(This is known as the Markov property, and will be introduced in Section 12.A.) To formalize
this notion, we are forced to consider a probability space on which the entire Markov chain
{Xn}n>0 can be shifted into the future.

Now we describe the canonical probability space for a Markov chain. Let 2 = SN, on

which we define functions Xy, Xq,... to be the sequence of coordinate projections. This
means that for w = (wp,ws, ... ), we define
X (w) = wy.

Let § = 0(Xo, X1,...). Under this setup, we show that the probability space (2, F, P) in
the previous theorem can be pushed to another probability space (€2, §, P), the canonical
one.

Recall Exercise 3.6, which tells us exactly that f is /§

10.7 Theorem. Let @ be a stochastic matrix on S. For any distribution p on S, there exists
a unique probability measure P, on (£2,F) such that under P, the sequence of coordinate
projections {X,} becomes a Markov chain with initial distribution p and transition matrix

Q.

10.E  Lévy’s construction of Brownian motions

Let (9, F, P) be the underlying space. An R%-valued stochastic process { B;};>0 is called a
d-dimensional Brownian motion started from x if it satisfies the following three conditions:

(a) (independent increments) By = z, and for any n € N and possible 0 =ty < t; <
.-+ < ty, the increments

By, — Byy,..., B, — By,

are all independent;
(b) (stationary increments) for any t,s > 0, Byys — By 2 Bs — By;
(¢) (Gaussian increments) By — By ~ N(0,t14);

(d) (continuous sample paths) the ¢ — B;(w) is continuous P-a.s.

The sample path can be made surely continuous.
When = =0, {B;}+>0 is called a standard Brownian motion.

10.8 Theorem [Bil95, Theorem 36.3]. For a family of functions X;: @ — R over t € T,
(a) if Aco(Xs:teT)and w € A, if Xy(w) = Xi(W') for all t € T, then w’ € A;
(b) if Aco(X;:t€T), then A € o(X; :t €S5) for some countable S C T

€(0,00),R) € B(RI>))
a direct proof using a special complete orthonormal system
It is possible to endow two different metrics on C[0, c0).
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10.9 Proposition [Coh13, Exercise 8.1.6]. We can define a metric d( -, -) on C[0,c0) given by
the recipe

d(f.g) =sup{1A[f(t) — g(t)| : t € [0,00)}.

The metric characterizes uniform convergence of continuous functions on [0, co):
fn = f uniformly on [0,00) <= d(fn,f) — 0.

However, the topology on C[0, c0) induced from this metric is not separable.

10.10 Proposition [Coh13, Exercise 8.1.7]. We can define another metric d(-, -) on C[0, 00)
given by

A(,9) = 3 g max{1 A |£(1) — g(0)] : £ € [0,m]}.

The metric characterizes uniform convergence on compact subsets of [0, 00):
fn — f uniformly on [0, N] for all N € N <= d(f,, f) = 0.

Under this metric, C[0,c0) is in fact complete and separable. (This shows the topology of
uniform convergence on compact sets is in fact Polish.)

For the functions we will consider it usually suffices to consider uniform convergence on
C0,1], and by scaling we obtain uniform convergence on C[0, N| for all N. However, this
space is not locally compact.

Weak convergence on the metric space C[0, 1] cannot be determined by

10.F  Other constructions of Brownian motions

modify its path so that it becomes continuous
For 0 < a <1, wesay f: S— R is a-Ho6lder continuous if for z,y € S,

ap F@ = FWI _

THy d($> y)a

(If &« > 1, then the function must be bounded, and if o« = 0, then we the function is only
bounded.)
It should be easy to see that

Lipschitz C a-Hélder C uniform continuity,

since for any 0 < o < 1, we get uniform continuity; and if & = 1, then we get Lipschitz
continuity. When S is a compact subset of a Euclidean space, then Lipschitz further becomes
stronger than C!, and uniform continuity is just continuity.

We can define a corresponding local Holder continuity. Instead take the supremum over
the entire .S, we take it over every compact subset of S. Furthermore we have an even weaker
notion of Holder regularity useful in continuous processes. We say f is a-Hoélder at a point
xo € S if there is a ball B(zg;€) around zg such that

[f(z) = f(zo)]

sup @ ——————— < 0.
z€B(x0;€) d(x’xo)o‘
r#x)
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Given an arbitrary function f: J — R for an interval J, the é-modulus of continuity of f
is defined by

sup  |f(t) = f(s)]-

0<|t—s|<é

10.11 Kolmogorov—Chenstov continuity lemma. Given a complete separable metric space (S, p),
let X: [0,00) x © — S be a stochastic process. Suppose we have positive constant «, 3,C
such that

Ep(X,, Xp)* < C|s —t|'™F (10.12)

for z,y € [0, 00), then we have a continuous modification X of X whose sample paths are
locally Holder-y continuous for all vy € (0, 3/a).

Again the separability of S is assumed to ensure the measurability of p(X,, X;), as
discussed in Remark 3.7.

We may generalize the time index set [0,00) to be any subset of R?, while changing the
exponent of |s —¢| in (10.12) from 1+ 3 to d + 5.
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Chapter 11  Ergodic theory and stationary processes

11.A  Elementary notions

Given a probability space (S,S, 1), a measure-preserving transformation (MPT) T is a
measurable function from (5, S) to itself such that

(T 1A) = u(A) for all A € S.

In this circumstance we would also say the measure p is T-invariant. The resulting quartet
(S,8, 1, T) is called a measure-preserving dynamical system (MPDS). If T is invertible, and
T—! is measurable, then it is equivalent to say T is measure-preserving if

w(TA)=p(A) forall A€ S.

We say a measurable function f is (almost) invariant (resp. strictly invariant) with
respect to T is f o T = f a.s. (resp. x-pointwise).

Recall T,y is the image measure from Section 2.I. Note T' is measure-preserving precisely
means Ty = u. Therefore by Proposition 2.46, we have T is measure-preserving if' and

only if
/fduz/fonu

for any f € L*. This is also true f € L'(u): breaking f = f* — f—, it is clear that
foT € LY(u) is guaranteed.
An MPT T is said to be p-ergodic (or the measure p is said to be T-ergodic) if for all
A € S, we have
WANTTA) =0 = p(A)=0or 1.

A set A € S satisfying u(A AT71A) = 0 is called (almost) invariant. If instead we have
T—'A = A, then T is strictly invariant. The ergodicity of T can be equivalently defined by

T7'A=A = p(Ad)=0orl1,

that is, we only need to check strictly invariant sets must be of measure 0 or 1.

One direction is obvious. For the other direction, one can check that for any set A € S,
the set B = limsup,, T~ " A is always going to be strictly invariant.

It is easy to see that the strictly invariant o-field Z and the almost invariant o-field must
almost be the same:

11.1 Fact [Kal21, Lemma 25.4]. The almost invariant o-field is precisely generated by Z and
the p-null sets in S.

Lfollows by just taking f to be any indicator functions

163
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11.2 Definition. An MPDS (S, S, u, T) is said to be strong mizing if for all A, B € S,
lmp(ANT™"B) = u(A)u(B); (11.3)

it is said to be weak mizing if for all A, B € S,

n—1

117131% > IWANT*B) — w(A)u(B)| =0, (11.4)
k=0

ie., |u(ANT™*B) — u(A)u(B)| converges to 0 in the Cesaro sense.

Hence strong mixing implies weak mixing. In fact weak mixing further implies the system
is ergodic. Let A = B € S be strictly invariant, then we may replace T~*B by B in (11.4)
and get u(B) = u(B)2.

Notice that the above argument remains true if we remove the |- | in the definition (11.4)
of weak mixing. It turns out that

n—1
lim + > WANT*B) = p(A)u(B) forall A,BeS
n n
k=0
is in fact equivalent to the saying that the system is ergodic. But the converse requires the
Birkhoff pointwise ergodic theorem, which is the most important result of ergodic theory.
Most ergodic dynamical systems of interest to probabilists turns out to be strong mixing.
Indeed, one may interpret it as eventual independence.
Dyadic transformation
strongly ergodic completely positive entropy isomorphic to Bernoulli shift
occurrence time recurrence time sojourn time

11.5 Poincaré recurrence theorem. p({x € A:T"z € Aio.}) = u(A).
Proof. Consider the set
B={xcA:T'e ¢ Aev.} = U ﬂ{xEA:T’”xgEA},
n=lm>n

:ﬁ{xeA:T"xgéA}

()

which we want to show is of measure 0.
Notice that for any j < kin N, 777 B and T~* B are disjoint because T~/ B C T~*(X — A)
while T=*B C T—*A. Therefore

M(Ql T"“B) = gu(B) <1,

and this forces p(B) = 0. O
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11.6 Lemma. Given a m-system K that generates S, if for each A € K we have T"1A € S
and pu(T~1A) = p(A), then p is measure-preserving.

11.7 Lemma. Given a w-system K that generates S, if (11.3) holds for all A, B € K, then the
system is strong mixing.

Proof. Apply the m-\ theorem twice O

more general [Bil95, Lemma 24.2]
may also use caratheodory as appropriate

11.8 Example.

(a) Any i.i.d. sequence is strong mizing, and hence an ergodic sequence. Let X1, Xo, ...
be i.i.d. (S, S)-valued. Consider the canonical space (SN, ®@NS) with the product
measure p. First, it is clear that u(T—1A) = u(A) for all cylinder sets A, and hence
all measurable A. Now for any cylinder sets A and B, it is clear that for large
enough n we have

w(ANT™"B) = p(A)u(B),

and hence the system is ergodic. The same argument clearly applies to a two-sided
i.i.d. sequence.

Alternatively, one may use Kolmogorov zero—one law. Notice that A is T-invariant
means precisely that T~ A = A for any n. Let X1, X5,... be the sequence of i.i.d.
random variables, and note that (X1, Xo,...) = ®%S. This tells us that A € T,
and hence p(A) =0 or 1.

The Bernoulli shift deals with the case where S = {0,1} and p = ® Bernoulli(p).

(b) Rotation on a circle. Consider the space ([0,1), 8, m), and define Tz = ¢+ 2 mod 1
for z € [0,1).
If ¢ is a rational number p/q (with p, ¢ coprime), then consider the set

A=[0,2lulz 24 LUyl 2 oy L] mod 1.

It is clear that this set has measure 1/2, but is invariant under 7. Hence T is not
ergodic.

Now we show that T is ergodic when c is an irrational number. Consider we
have A € B with m(A) > 0, and we will prove that m(A) = 1.

Recall Proposition 1.47. Since T is invertible, we then have

m(ANT*I) > (1 — ) m(T*I)

For any ki, ..., ky such that T*1I,... T"*»I are all disjoint intervals, we have
m(A) > " m(ANTHI) > (1 e)m(U T’w).
j=1 j=1

By the density of the left endpoints of the intervals {T*1}%° ,, we may pick &, ..., kp

appropriately such that
m<U T’W) > 1 — 2,
j=1
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where one € comes from the internal gaps between T*11, ..., T* I while the remain-
ing € is the remaining gap that cannot be covered by translating I.

Therefore m(A) > (1 — €)(1 — 2¢), and since € is arbitrary, we conclude that
m(A) = 1. To conclude, the shift-by-c¢ map is ergodic on the unit interval if and
only if ¢ is rational. Equivalently, we may say that rotation-by-c map Tx = cx on
the unit circle is ergodic if and only if the ¢ is a root of unity.

(¢) Markov shift (delayed)
from [Bil95, Theorem 36.5]
Proof of Hewitt-Savage zero—one law. O

A stochastic process {X,,} is stationary if

D
(Koo Xn) 2 (Kt Xk,

for all n and all k. This means precisely that the distribution of the process is invariant
under shift: b
(X17X2, e ) = (X]C+1,Xk+27 e )

One important fact is that studying stationary processes and studying measure-preserving
systems are essentially the same. Let (SN, ®NS, 1, T) be a measure-preserving system,
where S is Polish and T is the shift operator. Let X = (X3, Xs,...) be a random variable
on (Q, F,P) that is (SN, ®NS)-valued with distribution p.> For any B € ®"S, define
A=BxSx---, and we have

P((Xg41s-- s Xptn) EB) =Pw:T"X € A) = P(w: X € A) = P((X1,...,Xn) € B).

This shows that {X,,} is a stationary process.
Conversely, if X = {X,,} is a stationary process on (2, F, P), we have a probability
measure gt = P o X! on (SN, ®NS8) such that

for any B € ®"S and A = B x S x ---. It follows that
n(A) = P((X1,...,X,) € B) =P(To(Xy,...,X,) € B) = u(T™'A),

which shows that the shift 7" is measure-preserving on (SN, @NS, 11).*

11.B The ergodic theorems

11.9 von Neumann mean ergodic theorem. Let U be a contraction operator on a Hilbert space
H, and let II be the projection onto the closed subspace null(f — U). We then have

1n—l
— E Ur - 11
n

k=0

in the strong operator topology, i.e., pointwise on H.

2This is possible since S is Polish.
3The Polish assumption is not necessary in this direction.
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Proof. easy for unitary

Let N = null(/ — U), R = range(I — U), and A, = L S 720 U™,

If z € N, then Uz = x and Iz = z, so the convergence holds. If x € R, which means
x = (I —U)v for some v € H, then

1 n
[Anz]| = ~[lv = U™
n
1 n
<~ =U"lvl
n

1
< —(1+17) o]l 0.

We can extend the convergence above to all x € R, essentially because ||A,|| < 1. Take a
sequence {z;} C R converging to . We have for any n and j that

[Anzl| < [Anz; || + [[Anllllz; — 2|
< [ Anzsll + flz; — 2|

Taking n — oo first and j — oo next, we have shown A,z — 0 for all x € R. B
The desired claim now follows from the orthogonal decomposition H = N & R. O

some tricks is needed We follow [Tay06, Lemma 14.1].

11.10 Birkhoff pointwise ergodic theorem. For f nonnegative measurable or in L!(u), it holds
that

n—1

> f(TFr) S EL(f]T) as.

k=0
If f € LP, then the convergence also holds in L?.

1
n

Consider the context when 7 is the shift operator on (S%, ®Z%S, 1), then for p-a.e. z € 5%
that

n—1

> f(The) = f(x),

k=0

1
n
where f is Z-measurable and

/fdu:/fdu for all G € T.
G G

Say X is a random variable on (2, F, P) that is (5%, ®%S)-valued with distribution u.
Pushing forward, we get for P-a.e. w that

n—1

D F(TFX () = f(X (W),

k=0

SRS

where f o X is X ~'ZT-measurable, and

/ f(X) dP:/ f(X)dP forall Ac X7,
A A
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This confirms our suspicion that when f is nonnegative measurable or E|f(X)| > 0,
1 n—1
- > HTFX) 5 Ep[f(X) | X7'T] as.
k=0

Clearly L? convergence should hold as well.
Set f =X and X = Id, we have

1 n—1
- > X(TFw) 5 Ep(X |T) as.
k=0

11.11 Maximal ergodic theorem. For a T-invariant function g: S — S with gt € L(u), we
have

E(f—g;f*—g>0)>0.
11.12 Subadditive ergodic theorem.
Consider a one-parameter semigroup {7} };>0 such that
(z,t) —» Thx

is S ® B[0, 00)/S-measurable. This is called a measurable flow. We say the flow is measure-
preserving if p(T; ' A) = u(A) for all t > 0. Now we naturally define the invariant o-field Z
to be the collection

{(IeS: T,7'1=1}.

11.13 Continuous-time von Neumann theorem. Say there is a one-parameter semigroup {U; }+>0
of contraction linear operators on a Hilbert space H, and let II be the projection onto the
closed subspace {z € H : Uyx = z for all t > 0} (invariant under U;). We have as the time

N — oo,
1 N
— dt — 11
NA Ut —

in the strong operator topology, i.e., pointwise on H.

11.14 Continuous-time Birkhoff’s theorem. For f is nonnegative measurable or in L!(p), it
holds that as the time N — oo, we have

N
% /0 [(Tia)dt - Eu(f|T) as.

If f € LP, then the convergence also holds in L?.

Again we should have for f nonnegative measurable or E|f(X)| < oo, that

1 N
v / FQiX)dt — Eplf(X)| XT] as,

and also LP convergence.

11.15 Shannon—-McMillan—Breiman theorem. Let H be the entropy rate of a given discrete-time
finite-state stationary ergodic process {X,,}, then almost surely

1
——logp(Xo, X1,...) = H.
n

generalization to countable-state and densities
induced transformation
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11.C Invariant measures, ergodicity, and weak convergence

Throughout this section we may assume S to be a locally compact and separable metric
space, and let T: S — S be a measurable mapping.

Often we also assume that S is just compact, so that vague convergence are automatically
weak convergence. Recall in this case the space of Borel subprobability measures M=1(S),
as the closed unit ball in C*(5), is a sequentially compact space in the topology of weak
convergence. Also P(9), as a weakly closed subset of M<!(S) (since mass is preserved), is
also a sequentially compact space.

Denote the space of invariant measures by P7(S). It is a convex subset of P(S). We
know T : P(S) — P(9) is affine from Section 2.I. Therefore for u,v € PT(S), we have

To((1=XNp+ ) =1 =NTp+ AN = (1= A)p+ v,

for any 0 < A\ < 1, which proves convexity.

If additionally T is assumed to be continuous in the topology of weak convergence, then
by Proposition 8.33 we know p,, = p implies Ty, = Topp. If po, = T pir, we must then have
T.pr = p. This shows that PT(S) is (sequentially) closed in P(S).*

If furthermore we assume S to be compact, a nonempty set of invariant measures can be
constructed.

11.16 Krylov—Bogoliubov theorem. Let S be compact and T" be continuous. Given any measure
v € P(S), we may define a sequence y,, = = EZ;S TFv of Cesaro sums of image measures.
Any subsequential limit of {yu,} in the topology of weak convergence is an invariant
probability measure. Since P(9) is sequentially compact (see Corollary 8.26), PT(S) must
be nonempty.
(If S is in general locally compact and separable, then if {u,, } is tight, it has a subsequential

limit that is an invariant probability measure, by Proposition 8.28.)

To make things slightly more general, we may also replace v be a sequence of measures
{vn} € P(S), and define p, = L ZZ;S T¥v,,. The same proof below carries over.

Proof. Let {in,} be a subsequence converging weakly to p. To check y is T-invariant, it
suffices to show that as j — oo,

/foT—fdunj—>0

for all f € C(S). Expanding the left-hand side, we get

.
1 J
*/E foT"— foTF v
o=

i/|j”oT”f—f|dz/
n;j

IN

IA

2
— || fllw =0,
nj

finishing the proof. O

4We know P(S) can be metrized when S is separable, so no need for sequential.
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11.17 Continuous Krylov—Bogoliubov theorem. Let S be locally compact and separable. Given
a measure v and a continuous measurable flow {7} };>¢, define for each N > 0 and any = € S

1 N
N’N,z(A) = N/ ﬂ*V(A) dt.
t=0

If the family of probability measures {un o }n>0 is tight for some = € S, then there is an
invariant measure p with respect to {1} }+>o0.

if and only if
The following result characterizes the ergodic measures among the invariant measures.

11.18 Theorem. Let T be measurable, then the ergodic measures in P7(S) are precisely the
extreme points of P7(S).

The following lemma precisely depicts how ergodic measures are “extreme” over the space
of invariant measures. In particular, part (b) allows us to prove our theorem.

11.19 Lemma.

(a) Two distinct T-ergodic measures p and v must be mutually singular.
(b) If u is ergodic and v < p, then p = v.

Proof. Both parts are simple applications of the Birkhoff pointwise ergodic theorem.
Pick some B € S such that u(B) # v(B). Therefore

1

n

n—1
Z 15(T*2) — u(B) p-as., (11.20)
k=0

and

1 n—1
— Z 15(T"z) = v(B) v-as.
n

k=0

Say (11.20) holds surely on the set E with p(E) = 1. It is immediate that v(E) = 0 = u(E°),
which proves mutual singularity.
For the second part, rewrite (11.20) for any A € S,

n—1

1
- Z 14(T ) — w(A)  p-as.,
k=0

Since v < u, we may integrate both sides with respect to dv, and obtain

n—1
1
=N w(TTFA) = u(A)
" i=o
However, the left-hand side is just ¥(A). Therefore u = v. O
The proof of part (b) is in fact easier without Birkhoff’s theorem, by considering f = d—;,

which has to be a p-invariant function. Hence it is an a.e. constant function that integrates
to 1, which implies f =1 a.e.
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Proof of Theorem 11.18. Suppose u is ergodic. If p is not an extreme point, then p =
(T =X)p1 + Ape for 0 < A < 1 and p3 # po. Therefore py < g (and pa < p). Therefore by
the above lemma, part (b), u1 = u, which is a contradiction.

Suppose p is an extreme point, but not ergodic. Then there exists a pair of two almost
invariant sets B, B¢ € § with 0 < pu(B) < 1. Therefore

p=pu(B)ulp + p(B)plpe O

Suppose S is compact, then PT(S) is a closed, and hence nonempty compact convex
subset of P(S). Therefore if we are allowed the Krein—Milman theorem, then the closed
convex hull of the set of T-ergodic measures are precisely P (S).
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Chapter 12  Discrete-time Markov chains

12.A Markov properties

12.1 Simple Markov property. Let G: 2 — R be a nonnegative or bounded Borel measurable

function, then
E, (Go#6, |5, =Ex,G forallneN.

Note that G is just a random variable
12.2 Chapman—Kolmogorov equation. P, (Xpnim =) =3, co Pu(Xn = y)Py(Xn, = 2). In

particular we have

Pu(Xn—&-l = -r) = ZPM(XTL = y)Py(Xl = 1‘) = ZPM(Xn = y)Q(%x)
yeS yes

By an inductive argument one gets P, (X,, = z) = > u(y)Q"(y, ), and in particular
P, (X, =) =Q"(y,z).

12.3 Strong Markov property. Let G,,: £ — R be a sequence of Borel measurable functions
bounded by M for all n € N, then

E,(L{r<oc}Gr o 01 | I1) = Lir<oo) Ex,Gr.

12.B  Recurrence and transience

Let the hitting time to y be T, = inf{n > 1: X,, = y}, then the expected hitting time to y
starting from z is E;N,,. Let the number of visits to y be N, = > ° | 1{X,, = y}. The goal
of this section is to establish the connection between the three quantities.

12.4 Fact. E;N, =Y  Po(X,=y)=>,2,Q"(z,y).
12.5 Theorem. For any x € S, then there are only two possibilities for a state:

(a) recurrent, i.e., P,(T, < oo) = 1. In this case P,(N, = oo) = 1 and hence
(b) transient, i.e., P, (T, < c0) < 1. In this case P,(N, < co) = 1, and furthermore
E;N, =3, Q"(z,z) < o0.

positive recurrent
a finite mc has at least one recurrent state

12.6 Recurrence as an equivalence relation.
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12.C Stationary distributions

12.7 Definition. Given a nonzero measure 7 such that w(z) < oo for all z € S, we say
(a) 7 is a stationary/invariant measure with respect to @ if for all y € S,
(y) =Y w(@)Q(x,y); (12.8)
€S

(b) = is a reversible measure with respect to @ if for all z,y € S, we have

m(2)Q(z,y) = 7(y)Q(y, ). (12.9)

A stationary measure can be easily interpreted in the matrix notation. If we write 7 as
a row vector indexed by S, then (12.8) is equivalent to @ = 7). Furthermore, this gives
m=7mQ" for any n.

12.10 Fact. A reversible measure is a stationary measure, which is clear by doing a summation
over z on both sides of (12.9).

12.11 Kolmogorov cycle condition for stationarity. Suppose @ is irreducible. A necessary and
sufficient condition for @@ to have a reversible measure is

(a) Qz,y) >0 = Q(y,z) > 0;
(b) for any cycle xg,z1,...,x, = T,

n n
[[Q@1,z) =[] Q). 2;-).
j=1 j=1
time reversal

12.12 Proposition. Let

12.D  Convergence to stationarity

12.13 Proposition.

(a) In an irreducible and aperiodic chain, there exists an N such that Q"(z,z) > 0 for
all n > N;

(b) if the chain is furthermore finite, then there exists M such that Q™ (z,y) > 0 for all
n> M.

12.14 Convergence in total variation. Let @ be irreducible and aperiodic for {X,}, and let 7
be its stationary distribution. We have

max dry (@"(z, -),m) = 0.

If the state space is finite, then we have an exponential convergence rate: for all time n,
there exists some rate r < 1 such that

ma ey (", )om) < O

for some absolute constant C' > 0.
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12.E  Ergodicity of Markov chains

(Example 6.1.6 Durrett)

Let @ be recurrent, and has a stationary distribution 7 that is strictly positive at all
states. Then the chain is irreducible if and only if it is ergodic.

Therefore if we start the irreducible positive recurrent chain from its unique stationary
distribution 7, then Xy, X7, ... is a stationary sequence, and we may apply Birkhoff pointwise

ergodic theorem. However, the next result shows that any arbitrary initial distributions will
do.

12.15 Ergodic theorem for Markov chains. Let @ be irreducible with stationary distribution T,
and let f € L'(S, 7). For any initial distribution u, we have

n—1

, Y F(Xn) = > fn(y) Puas.

n
k=0

Proof. O

12.F Harmonic Markov chains

12.G  Random walks as Markov chains

12.16 Reflection principle. For any real number a > 0, we have
P, (mgxsm > a) = Po(S, > a) + Po(S, > a+1)

The key to many results about Markov processes is to write the desired event in terms of
stopping times, which we have control over by the strong Markov property.

12.H Major examples

Ehrenfest urn model Pélya’s urn
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Chapter 13  Continuous-time Markov chains

13.A Jump Markov chains, a primer

Let S be the countable state space of a Markov chain, with discrete transition probabilities
given by the matrix M. This was the subject of our study in the last chapter, but we now
wonder if we can convert the discrete-time process to a continuous-time process, while still
satisfying the continuous version of Markov properties.

The answer, of course, is yes. In this section we will first define the process, and later on
in the chapter we will justify that the process is indeed the only continuous-time Markov
chain on a countable state space, and exists on a suitable probability space.

For r(z) =0, Lf(x) =0 For r(z) > 0, L(x,y) = r(x)(M — I)(z,y)

Let Q;: S — S is now a square matrix with countable dimension

4Q1=QL =LQ,

13.1 Theorem. For each x € S, the waiting time T} is exponentially distributed under P,
with some parameter r(x) > 0.

If r(z) > 0, then 77 and X7, are independent. And by the case r(z) = 0 we mean
T7 = oo almost surely, or equivalently, the state x is an absorbing state.

In the literature, T is the so-called exponential clock.

For the generator L of the semigroup Qy,

It is important to keep in mind that for general Markov semigroups @Q;, there is no reason
to believe L is a bounded operator. But the generator of a jump process is indeed bounded,
and this allows us to conclude Q; = exp(tL).

13.B  The continuous-time semigroup theory

Given a collection {Q;} of transition kernels, if we have in addition
(a) for every x € S, Qo(z, ) = 0x;

(b) the Chapman—Kolmogorov equation holds: for every A € S

Quielw, 4) = / @l A) Qi)

(c) for each fixed A € S, the mapping (z,t) — Qi(x, A) is a S ® Bjy,)-measurable
function.

From the transition kernel @); we may by abuse of notation define the Markov operator
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Q. that sends bounded measurable' functions to bounded measurable functions:

Qif(x) = [(y) Q¢(x, dy).

yeSs

Qo =1d, , Qu(1) = 1, f > 0 implies Q; > 0
Also for any z € S and A € S,

QuQila(x /S y) Qi dy)
ye

/es /yes y) Qi(z, dy) Qs(z, dz)

:/S@mMQmw@
ze
= Qsyi(z, A) = Qs141a(x),

and the property QsQ; = Qs follows.
Notice that ||Q.f|| < ||f|| on the space of bounded Borel measurable function. To see
this,

/ﬂw@m@ﬂ

< sup / 1£()| Qu(a, dy)
< supl /()] = 1]

Q¢ f ()] = sup

Therefore for each fixed t, Q; is a contraction, and hence a bounded linear operator.
Qif(z) = By f(Xe), thf du(x) = E, f(X¢)
positivity and mass preservation By the same proof as Jensen’s inequality, we can show
that given any convex function ¢, for every ¢ > 0 and every bounded measurable function f,

0(Qef) < Qi(pof)
Define the dual operator Q); by

/Qﬁw:/fa@m

for all bounded measurable f (or just simple functions, or Cj functions). We say u is an
invariant/stationary measure with respect to {Q;} if

Jarau= [ sdu t=0

for all bounded measurable f. This means precisely Q;u = u, either viewed as measures or
operators on bounded measurable functions. Also recall when the state space is discrete,
Q7 1 were expresses as (1Q):, where i is a row vector and ); is the ¢-th power of the transition
matrix Q.

We know @Q; maps By, into By,. Consider Q; as operators over richer function spaces.

A transition semigroup {Q;} is called a (Cy-) Feller semigroup if

1Boundedness is clear. Measurability comes from the standard simple function approximation argument.
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(a) Qq takes f € Cy(S) to Quf € Co(S);
(b) for any f € Cy(S), we have at all z € S, Q:f(x) — f(x).

It turns out that condition (b) may be replaced by the strong convergence [|Q:f — f|l. — 0.
In particular this implies that a Feller semigroup is a strongly continuous contraction
semigroup on Cj, and hence we can adopt the nice results from Appendix E.

In particular, pick f = 14, we then have Q;14(z) = Q¢(z,A) — 14(z), which tells
us precisely that Q:(z,dy) = 0,(dy) as t — 0. This seems to be a natural and desirable
condition for a Markov semigroup. Indeed almost all Markov processes we are interested in
are Feller.

There are various different notions of Feller semigroups. Some authors consider the
Banach space Cj instead of Cj, or even the space of uniformly continuous and bounded
functions instead of Cy (Da Prato). There are some problems with the choice Cy, and they
are discussed in [BSW13, Section 1.1]

Fix z. Since ) is a contraction for any ¢, we have

§§E|Qt+5f(m) — Quf(0)] < [Qsf(x) — f(2)[ =0,

which shows that ¢t — Q. f(x) is uniformly continuous over all ¢ > 0. The same argument
also shows that ¢t — @ f is uniformly continuous. Also since

Quisf(z) = Quf W) < 1Qsf(z) = f(y)| < 1Qsf(x) = f2)| + |f (=) = f(W)l,

we have (t,x) — Q. f(x) is jointly continuous.
If Qif € D(L), then 0,Q¢f = L(Q+f)-
Let f € D(L), then Qi f € D(L), and 0,Q:f = Qi(Lf) = L(Q+f).
Quf =+ [y L(Quf) ds = [ + [; Qu(Lf) ds

13.2 Proposition. Suppose there exists some € S such that Q¢(z, -) = p, then p is an
invariant measure with respect to {Q:}.

Proof. For any f € C, by assumption

lim @1/ («) =tim [ 7o) Qstavdy) = [ F(w)dn.

Fix any s, we then have

[ 1) =t Q@) =i [ Quf ) Qulery) = [ Qut(w) =

Let o be an invariant measure for {Q;} over bounded measurable functions. Then for all
1<p <o,

J1Qesirau< [ Quismyan= [ 1517 au

for bounded measurable f. Hence ||Q:f|l, < [|fl|l, for all 1 < p < co. (For a bounded
measurable function f, sup|f| and esssup|f| are the same.)

Now by density (Proposition 5.5), we can extend the contraction operator @Q; defined on
bounded measurable functions to a contraction operator on the LP(u) spaces (1 < p < 00).
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13.3 Exercise. If Q; is Feller, then Q; defined on L? given above is also a strongly continuous
operator.

All the definitions and properties so far defined for bounded measurable functions extend
naturally to LP spaces by density. For example, if p is an invariant measure on bounded
measurable functions, then it may be taken just as an invariant measure on any LP spaces.

We say the invariant measure p is reversible with respect to Q; if

/thgdﬂ:/thfdu for all t > 0 and f,g € L*(u).

/ngdu=/gLfdu

(Quf,9)u = (f,Qeg)p and (f, Lg) = (9, L)

Q: is a self-adjoint bounded operator on L?(u1), while L is also a self-adjoint negative
unbounded operator on L?(u) Theorem .2

Dirichlet domain D(£) = {f: lim; o [§ f(f — Q¢f) du} exists.

D(L) € D(€) € L*(p)

1 e D(L), with L1 = 0, and therefore 0 = [(f)(L1)dp = [ Lf dp for any f € D(L).

Hille-Yosida theorem characterizes

Equivalently,

13.4 Simple Markov property. Let ®: D(S) — R be nonnegative/bounded measurable, and
assume that {X;} has cadlag sample paths. Then

E, [®(Xstt) | §s] = Ex,®(X;) forallneN.

Carré du champ operator
measures leftover from being a product rule

L(f,9) = 5[L(fg) — (Lf)g — f(Lg)].
let L=A, thenT'(f,g) =V f-Vyg

(Q:f)? < Qi(f?), and by taking limits, we get 2f(Lf)? < L(f?).
symmetric Dirichlet form for reversible measure pu

E(f,9) = /F(f, g) du

= %/L(fg) dp — ;(/(Lf)gdu+/f(Lg) du)

=—/ngdu,

where we used [ fLgdu= [gLfdpand [ L(fg)dup = 0. This is the integration by parts
formula in the context of Markov semigroups.

In the abstract theory, one could start the formalism from the Carré du champ operators
', since it allows us to define a symmetric operator L. We may then extend it to be a
self-adjoint operator L and then generate the semigroup exp(tL) (This is summarized in
[BGL14, page 26] and discussed in detail in Chapter 3.)

It is clear that T" is a symmetric bilinear form, and I'(f) > 0. Hence & is bilinear and

E(f)=0.
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VA (Quf) = ~26(Quf, Q1)

Suppose p is stationary and ergodic, then

Var, f = 2/0 E(Quf, Qi f)dt

13.5 Fact. Cov,(f,g) = 2f0 (Qif, Qeg) dt = fo (f,Qig)d
The first equality follows by

2Cov,(f,9) = Var,(f +g) — Var, f — Var, g

and bilinearity of £. The second equality follows by replacing ¢ by ¢/2, and using reversibility:

oo

2 / E(Quyaf. Qujag) d(t/2) = / E(f, Qug) dt

0

For a Markov process X; with semigroup @); and generator L, the Kolmogorov backward
equation is given by
8tQtf = LQtf for Qtf € D(L)

We already know that the condition Q;f € D(L) is automatic for all f € D(L). However,
we are allowed to consider functions f that are not necessarily continuous, as long as

Q:+f € D(L).

If the terminal time T is fixed and given, we have

0Qr—1f = —LQr—f for Qr_f € D(L).

On the other hand, we have the Kolmogorov forward equation, or more commonly known
as the Fokker—Planck equation

atQtf = Qth for f S D(L)
Assume now the transition kernel {Q;} admits a density, i.e., we have

th(SE7 )

dm

=q (:L’, ’ )
for all t > 0 and x € S, an open subset of R™. (Note that if ¢ = 0, then the density does not

exist since d, &« m.) Furthermore we assume the semigroup is Feller and C° C D(L). (We
will see that this will be the case for diffusion processes.) Now the KBE becomes

o, /S ) arle,y) dy = L, /S £() () dy,

and the FPE becomes
o [ 10 o)y = [ 1,5 alw) dy
/f yQt r,y)dy
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Therefore in the weak sense, we have the following density form

8tQt (J?, y) = qut (l’, y)

for KBE, and
Oqr(z,y) = Lygi(z,y)

for FPE, where t > 0. If ¢; is smooth enough, then the two equations can be understood in
the classical sense.

It is important to understand these two equations in the context of differential equations.
Note that the backward equation fixes the position y at some future time 7', while the
forward equation fixes the initial position x at time 0.

Consider a time-homogeneous Markov process with kernel {Q;};>0 and generator L. Fix
a future time 7', then KBE tells us that for any final position y, the density {g:(x,y)}o<t<T

satisfies
3tCIt($» y) = qut(xv y)v
qi(z,y) dy = 0,(dy) ast — 0.

Alternatively, one can say that the backward density {¢:} = {gr—¢(z,y) }o<t<T satisfies

8t(jt(x7 y) = 7qut(xa y)a
Gi(z,y)dy = 9, (dy) ast—T.

This form is also common in the literature. The KBE is called the “backward equation”
because it fixes the terminal position y.

On the other hand, KFE/FPE tells us that for any initial position z, the forward density
{q:(z, ) }+>0 solves the PDE

{@Ut(y) = L u(y)
u(y) dy = 0.(dy) ast — 0.

But more importantly, KFE/FPE precisely characterizes the evolution of the law

pe(w) = Qi () = qi(z,y) dy du(x)

of the underlying Markov process with initial distribution p and kernel {Q;}:>0, and hence
the name “forward equation.”

We remark that the weak convergence ¢;(z, y) dy = 0. (dy) above is just Q¢(z, A) — 1 4(z),
which follows from the Feller property.

In the time-homogeneous case, the KBE and KFE have relatively concise statement. For
non-homogeneous Markov processes, since we do no longer have Markov semigroups available,
the KBE and KFE become slightly more confusing, and we give their statement below.

13.C  The study of reversibility

The underlying Banach space is now chosen to be the Hilbert space L?(u), where y is the
invariant measure for the Markov chain.

13.6 Ergodic theorem for continuous-times jump Markov chains.
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In the context of continuous reversible Markov processes, ergodicity has a second meaning
and is related to the convergence of the semigroup operator. We say a Markov semigroup is
ergodic if for every f € D(L),

Lf =0 = f is a constant function.

We first note that Qf converges in L? to the projection of f to the subspace of all
functions satisfying Lf = 0. This is an easy consequence of the spectral decomposition.

Therefore the definition of ergodicity tells us that Q;f converges to a constant c in L2.
Because c is the projection of f onto the kernel of L, we have (f — ¢,1),, = 0, which implies
that ¢ = [ fdp.

Qtf—>/fd,uinL2

Let the invariant measure p = @Qf v have Lebesgue density w, then by the exact same
calculation

o, / F () w(y) dy = / £(y) L*w(y) dy,

which implies that 0 = L*w. Note that L* is the Lebesgue adjoint.
If v is furthermore a reversible measure, with density w that is strictly positive and
smooth enough, then we claim the second-order differential operator L given by

ij—=1
n n 1 n
= igz:l %aij 8”f + Jz::l 5 (; 0; Qij + Qg 8i(log w))@f

is symmetric for f defined on the dense domain C? C L?(u). This is an easy consequence of
integration by parts. Conversely, since L is symmetric on L?(w dx), we conclude that w dx
is the invariant measure for the diffusion process

dXt = O'(Xt) dBt —+ b(Xt) dt

with bj (Z‘) = %(27:1 0; Qij + Qi 0; (IOg w))

In the case S = R™ and the reversible measure p admits a strictly positive and smooth
density, the Dirichlet domain D(€) is precisely the weighted Sobolev space H'(w dx). It
is certainly a miracle we could obtain the same function space via two vastly different
approaches.

Now take w = e~V and the matrix ¢ = \/§In, then b = —VV

13.D  Spectral decomposition
[BGL14, Proposition 3.1.6]

For the positive self-adjoint operator —L = fooo AdITy
D(L) is the subspace of L? such that

/ (Lf)? dp = / N2 (L f, ) < o,
0
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while D(€) is the subspace such that
/ Ad(IIf, f) < oo,
0

L takes L%(u) to D(L)

When the spectrum is discrete, we have an easier characterization. Consider the simplest
case it = 7,. Recall the negative generator —L = x -V — A for the OU process has
eigenvalues 0,1,2, ..., and their respective eigenspaces are precisely the span of the Hermite
polynomials Hey, Hey, He,, . .., which are orthogonal and span L?(v). Write f = >"p fx,

where fr = <f, I\{/%>I\{/%, then

—Lf =Y kfi, E(f) =D klful?, Quf =D e ¥ fp
k=0

k=0 k=0
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14.A° Some sample path properties
14.1 Theorem. Almost surely, the sample paths of Brownian motions are locally a-Holder
continuous for o < 1/2, but at no points for a > 1/2.

14.2 Lévy's modulus of continuity. Almost surely

Biys — B
limsup sup M =

50+ 0<t<1-6 y/261og(1/9)

This means almost surely, {B; : 0 < ¢ < 1} has modulus of continuity C'/20log(1/§) for
small enough ¢ and some C > 1.

14.3 Theorem. For a standard Brownian motion {B;},

(a) under an orthogonal transformation U, {U B} is still a standard Brownian motion;

(b) for any v > 0, the scaled {%szt}t is still a standard Brownian motion;

(c) the process

0 when ¢ = 0.

is also a standard Brownian motion, called the time inversion of Byl

W, — {tBl/t when t > 0;

(d) the process By — By_; has the same distribution as B, on [0, 1], called the time
reversal of Brownian motion.

Fot = mt>0 Fi
Let T =(\,500 (Bt : t > s), the tail o-field of the Brownian motion {B;}.

14.4 Blumenthal's zero—one law. For any A € Fy, we have P, (A) =0 or 1.
If we complete the natural filtration of the Brownian motion, then the filtration .7-"t
becomes right-continuous, and hence Fo4 = Fo.
14.5 Theorem. For any A € T, we have P;(A) =0 or 1.
14.6 Theorem.

In any small interval [0, ¢) right of 0, the Brownian motion is almost surely positive,
negative, and zero at some time instant.
The zero set of a Brownian motion is an closed set without isolated points. Therefore it

is also uncountable.
Almost surely ¢t — B, is not monotone on any nondegenerate intervals
Almost surely ¢t — B, is of unbounded variation on any nondegenerate intervals.
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14.B  Markov properties

14.7 Simple Markov properties. For every fixed time s > 0, the process B, — Bj is a Brownian
motion that is independent of Fj .

with transition density given by

1 ly —af
q(z,y) = WGXP Y .

D(L) ={f € C*R%) : Af € Co(R)} and L = JA.
For any f € C?, we have

L1t = g BP0 =10
i E,[f/(2)(B — z) + 3 f"(x)(By — 2)* + o(|B; — z|?)]
t—00 t
= lim (@) + o(t)/t = 3 ().

Using the multivariate Taylor’s theorem, we will get one-half the Laplacian instead as the
generator.

14.8 Strong Markov properties. Given a stopping time 7" such that P(T" < oo) > 0. Then
under the conditional probability measure P(- | T < 00), we have

1{T < oo}(Br+¢+ — Br) is a Brownian motion independent of Frp.
infinitesimal peak into the future
14.9 Proposition (reflected Brownian motion). If T is a stopping time, then
B1{t < T} + (2Br — By) 14~
is also a standard Brownian motion indexed by t.
divergence behavior

14.10 Theorem. For a one-dimensional Brownian motion starting from any z, lim sup, % =

+o00 and lim inf; % = —oo0 Pg-a.s.

As in the case for random walks, this can be proven using the . However,

14.11 Reflection principle. For any a > 0, we have

Py (max B, > a) = 2Py(B: > a) = Po(|B| = a)

If we let the running maximum of Brownian motion maxs<: By be S, then S; D | Bt|.

More generally, we have for any a > 0 and b < a that
Po(mngs >a,B, < b) — Po(B: > 2a — b).
s<t

Clearly
P, (maXBS > a, B, > 2a — b) — Py(B, > 2a — b).

s<t
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14.C A third return to random walks

B? —t is a continuous martingale
2 . . .
exp(AB; — %t) is a continuous martingale

14.12 Law of iterated logarithms.

By
limsup —————==1 a.s.
t p\/2tloglogt
Since B; 2 —B;, we also have a.s. liminf; \/W —1. Therefore some authors
would write
. | Bt _
limsup ————=—==1 a.s.

t  /2tloglogt

martingales
linear martingales B; quadratic martingales B? — t exponential martingales
We write T, = inf{t > 0: B; = a}

14.13 Theorem. For —a < 0 < b, let T'=inf{¢t > 0 : B; ¢ [—a, b]}, which we usually call the
exit time to the interval [—a, b]. Then
b
a+b’
14.14 Skorohod representation theorem. For X € L? with EX = 0, we have a stopping time T

with respect to the natural filtration of the Brownian motion, such that

Po(Br =b) = —~, and EoT = ab.

Po(Br = —a) = oty

Br2X and ET =EXZ2
We can embed the symmetric random walk into a Brownian motion.

14.15 Corollary. For i.i.d. real-valued Xi,..., X, with mean 0 and variance 1. Define
Sy = Z;’:l X;. We can find a sequence of stopping times {7} }° , with Ty = 0, such that

each S,, = By, and T, —1T,_; areii.d.

As usual, we use S,, =& +--- +&,, where & ..., &, are independent with zero mean and
unit variance. Define the function

S(t) =Sy (L4 [t] =) + Spe)41(t = 1)),

which extends S,, by linearly interpolates between the points (n,S,,) on the graph.
The following result tells us the symmetric random walks S(t), when scaled, becomes a
Brownian motion in the weak limit.

14.16 Donsker’s invariance principle. On the space C[0, 1] with the Borel o-field, we have

It is important to be clear about what the weak convergence here actually means.

Brownian motion is recurrent in 1D, neighborhood recurrent in 2D, and transient for
dimensions > 3. This matches the fact that the symmetric random walk is the degenerate
Brownian motion.
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14.D Introduction to Gaussian processes

We use || X||7 to denote sup,cp|X¢|.
14.17 Borell-TIS inequality. For a centered Gaussian process { X }er,

fractional Brownian motion
Given a parameter 0 < H < 1, we may define a standard Gaussian process { By (t)} with
zero mean and covariance function

B[Ba(s)Bir(1)] = 5 (2 + 2 — |t — 5"

for any s,t. This process is known as the standard one-dimensional fractional Brownian
motion with Hurst parameter H.
non independent increments, but still remains stationary (fractional Gaussian noise)
When H = 1/2, it is clear that we recover the standard Brownian motion. When H < 1/2
(>1/2), E[Bu(s)Bu(t)] <0 (> 0), negatively (positively correlated) correlation function.
locally Holder-« continuous for any o < H

14.E  Processes induced from Brownian motions

Throughout this section, the time index of processes will be in the parentheses instead of the
subscripts.

The stopping time process {T} : b > 0} is an increasing homogeneous Markov process.
Its transition density is given by

Pa(s;t) = ﬁ exp <_2(ta25)>

for s < t.

The statement is indeed confusing. The stopping time process is indexed by the states b,
while s and ¢ are candidates for stopping times. The transition density p,(s,t) describes the
density of the conditional distribution

P(Ty, =t | Ty, = 9),

where a = by — by.

A (standard) reflected Brownian motion is given by {|B:|}, where B; is a standard
Brownian motion. The name comes from the observation that once B; hits zero in its sample,
it must “reflect” to stay nonnegative.

A (standard) Brownian bridge process WO(t) is defined in distribution by {B(t) —

tB(1)}o<i<1-

14.18 Proposition. A Brownian bridge has the distribution of a Brownian motion conditioning
on hitting 0 at time 1. To be precise,

{B(t) ~tB(}oziz1 = {B(1) | B(1) = 0}ozecr.
Recall that the conditional distribution of the right-hand side is given by the f.d.d.

P(B(t1) =1,... .B(t,) =z, | B(1) =0) = m | | T
) =0
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fOYO:t0<t1<"'<tn<tn+1:1.

14.19 Proposition. The Brownian bridge is a continuous Gaussian process with zero mean
and covariance function

E(X;X;)=s(1—t) forall0<s<t<I1.
14.20 Vervaat transform. Let 7, = argmin, W°(t), which is a.s. unique. It turns out that
WE() Z WOy + -) = WO(7).
Fix time T > 0. we define the last passage time at level 0 before time T' by
o=or =sup{s <T: Bs; =0},
and the first passage time after time T to be
T=7p=inf{s > T: B, = 0}.

Be aware that only 7 is a stopping time with respect to the natural filtration of the Brownian
motion. The random time o, being the last passage time, is dependent on the future up to
the fixed time T'. However, we may show that it is a stopping time under time-reversal.

A (standard) d-dimensional squared Bessel process

14.F Generalization of Brownian motions

Gaussian white noise
isonormal Gaussian process
Brownian motion By is an L?[0, co)-Gaussian process, where B; = W (1j0,17)

Wiener integral fOT f(t)dBy = W (1o 11f), distributed according to N (0, fOT f()*dt).

14.21 Definition. A (standard) Lévy process Xy = 0 Independent and stationary increments
as time £ — 07, we have X; — 0 in probability continuity in probability: at all times ¢ > 0,
for any € > 0, we have
lim P(| Xq4pn — X¢| > €) = 0.
h—0
A version that is cadlag
Brownian motion and Poisson process now falls under the same umbrella
Lévy—Khintchine formula
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Chapter 15  Stochastic calculus

15.A  Continuous filtration and martingales

The predictable/previsible o-field P is generated by left-continuous and adapted processes,
and a stochastic process is said to be predictable/previsible if it is P-measurable.

The optional o-field O is generated by all right-continuous and adapted processes, and
similarly a stochastic process is optional if it is O-measurable.

It turns out P is generated by continuous and adapted processes as well. Therefore that
P C O, which means every predictable process is optional.

A process is progressively measurable if (s,w) — X;(w) is B[0, ] ® Q-measurable for all
t > 0. Note that if X; is progressively measurable, then X; is adapted to F;.

A continuous adapted process {M;} with My = 0 is called a continuous local martingale
if there exists an increasing sequence of stopping times {7} such that T, (w) — 400 a.s.,
while for each n, the stopped process {M;ar, }+ is a uniformly integrable martingale.

Suppose {M,} is a continuous local martingale started at 0 and also a finite-variation
process. then M;(w) = 0 for a.e. w over t > 0.

For a continuous local martingale M started from 0, we have M = 0 if and only if
(M) = 0.

15.1 Proposition [LeG16, Proposition 3.4]. A left-continuous/right-continuous adapted process
is progressively measurable. Therefore an optional process must be progressively measurable.
(Predictable = Optional = Progressively Measurable)

Given a right-continuous adapted process X; taking values in a separable metric space
(S,p), and let U be an open set in this space. The first hitting time inf{t > 0: X; € U}
and the first entrance time inf{¢t > 0 : X; € U} are both stopping times of F;;. If the
sample path of X; is continuous, then inf{t > 0: X; € F'} and inf{¢t > 0: X; € F} are both
stopping times of ;.

(In fact Choquet’s capacity theorem, one can show that if the filtration satisfies the usual
conditions, then the entrance time to any Borel set is a stopping time.)

15.2 Doob’s maximal inequality.

Let us give mention an application to reversible Markov chains, known as Rota’s Lemma.
For a symmetric Markov semigroup {Q;} with respect to pu, for any 1 < p < oo, there is a
constant C), such that for any measurable f: .S — R, we have

| <Glfll
p

[sup Quf
t>0

To show this, fix T > 0 and look at M; = Qr—_.f(X:) = E,[f(Xr) | X¢] and use Doob’s
maximal inequality. One can check out [BGL14, Lemma 1.6.2] for details, but it should not
be hard to recover the result.
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15.3 Doob's L? inequality.

A process {X;} is said to be of class D if {X, : 7 is a finite stopping time} is uniformly
integrable.

15.4 Doob—-Meyer decomposition. The process {X;} is a submartingale of class D if and only
if
Xy = My + Ay,

where M is a uniformly integrable martingale, and A is an increasing predictable process
such that EA,, < oo. The decomposition is unique.
(If the process X is a supermartingale then we have X; = M; — A; instead.)

15.5 Undefined Theorem Name.

A stopping time 7 is predictable if there is an increasing sequence of stopping times
Tn, DOt equal to 7, such that 7,, — 7. We say a stopping time o is totally inaccessible if
P(o =7 < o0) = 0 for any predictable stopping time 7.

finite variation process

quadratic variation

Let {F:} be a right-continuous and complete filtration, and {X;} be an adapted sub-
martingale (or supermartingale) such that ¢t — EX; is right-continuous (which is clearly
satisfied when {X;} is just a martingale). Then {X,} has a cadlag modification {X;} that
remains a submartingale (or supermartingale).

A local martingale is a martingale if and only if it is uniformly integrable.

A continuous martingale must be a continuous local martingale, but the converse is false
in general.

Given any f bounded measurable and a Brownian motion on [0,T], Qr—_.f(B:) is a
martingale. This is an easy exercise using the Markov property and the tower property.

Fix any T > 0, and let p = {to,...,tn(p)} be any partition of the time interval [0, 7],
where

0=ty <t <~~~<tn(p):T.
If we have a sequence of partitions p,, of [0, 7] such that the mesh ||p,,|| — 0, then
n(p)
Z(Mtf — Mtjil)2 — (M) in probability.

j=1

For Brownian motion, the convergence to (B)r = T further holds in L2.
First we identify the expectation (which minimizes the L? distance):

n(p) n(p)

EY (B, -Bi,_,)>=> EB} —~EB} |
j=1 j=1
n(p)
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Now

n(p) 2 n(p)
E(Z(Btj — By, ,)* - T) =Y Var((B, - Bi,_,)?)
j=1

n(p)
= (t;—t; 1)’ E[B} — 1)?
j=1

<|pl-T-2—0,
which proves the L? convergence.

15.6 Theorem. For a continuous local martingale {M;}, there exists an increasing process
{(M),} unique up to distinguishability, called the quadratic variation of My, such that

M — (M),

gives a new continuous local martingale.
The name comes from the following result. Fix any ¢ > 0, and let p = {to,...,t, )} be
any partition of the time interval [0, t], where

0=t0<t1<~-~<tn(p)=t.

We define the QV of the continuous local martingale M with respect to a partition of [0, ¢]
by
n(p)
QV(M,]D) = Z(Mtj - Mtj—l)Q

Jj=1

If we have a sequence of partitions p,, of [0,¢] such that the mesh ||p,,| — 0, then
QV(M,pn) — (M), in probability.

Given two continuous local martingales M; and N, we define their covariation process by
1
(M,N), = §(<M+N>t — (M) — (N):)

symmetric bilinear form gives a Hilbert space structure on the space of continuous local
martingale

For X = M + A and X' = M’ + A’, define (X, X') = (M, M")

A process X; is a continuous semimartingale the sum of a continuous local martingale
M; and a finite variation process A;. B

Let two stochastic processes {X;} and {X;} be indexed by a common set T'. The two
processes are indistinguishable if there exists a null set N C Q such that for all w € @ — N,
it holds that B

Xi(w) = Xy(w) forallteT.

The process X, is said to be a modification of Xy if for each ¢t € T', it holds that
Plw: X, =X;) =1.

Modification means that we are modifying at each time instant, but indistinguishable means
that the entire sample paths are indistinguishable with respect to the samples.
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15.7 Kunita—Watanabe inequality. For two continuous local martingales M and N, and two
measurable processes H and K, we have

[ < ([ H3d<M>s)l/2 ([ K3d<N>s)l/2

almost surely.

A continuous local supermartingale that is bounded below is a true supermartingale.
Domination property: a continuous local martingale M such that sup,|M;| <Y for some
Y € L' is a uniformly integrable (true) martingale.

15.8 Burkholder—Davis—Gundy inequality. For 0 < p < oo, there exists two absolute constants
¢p and Cp, such that for any continuous local martingale M, it holds that

cpE(s2p|Mt|)p < E<M>£42 < CpE(sgp|MtDp.

In particular, this means that for a continuous local martingale M such that E(M >c1,42 < 00,

Esup,|M;| < oo, which implies that M is in fact a uniformly integrable martingale.

We say a process is a Gaussian martingale if it is both a Gaussian process and a continuous
true martingale M. One can show that (M), is the deterministic function E(M?). We need
to verify M? — E(M}?) is a continuous martingale.

We know (M; — M,)? and F, are uncorrelated. Since the process is Gaussian, this implies
(M; — M,)? and F, are in fact independent. Now check

E(Mf2 - MQZ | -7:9) = E[(Mt - Ms)2 | -7:9] = E(Mt - Ms)2 = E(ME) - E(M?),

and rearrangement proves our claim.
martingale problem
determine the generator of a Markov semigroup on Cj

15.9 Theorem. Let X; be a Markov process adapted to F;, with semigroup @; and generator
L. For f,g € Cy, the following are equivalent:

(a) feD(L)and Lf =g.
(b) Under P,, f(X:) — fotg(Xs) ds is an Fy-martingale.

15.B  Construction of stochastic integrals

We use H? for the space of square integrable continuous local martingales starting at 0.
Given M € H?, we use L*(M) = L*(Q2 x [0,00),dP d{M))" for the space of progressive
process H such that

t
/ H2 d(M), < o
0

15.B.1 The Brownian case

agrees with the Wiener integral

Ithe o-field should be B[0, 00) ® Foo
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15.B.2 The L? martingale case
Ito’s isometry [|H « M||g> = ||H||L2(as

2
E(/Hdes> :E/HfdM

15.10 1t6-Déblin formula. For n continuous semimartingales X*,..., X™ and F € C%(R"),
we have for all £ > 0, it holds that

n t
F(Xg,...,Xt):F(Xg,...,XOHZ/O —&Uj(Xj,...,Xs)ng

rF LXM)d(XT, Xk
*y Z (%‘Jﬁxk )X, XD

Jkl

The first-order term is VF - dX, while the second-order term is the sum of all entries
in the Hessian matrix, weighted by the covariation between the coordinates. This can be
expressed as tr(F - d(X, X)).

When X is a continuous local martingale, if > " (X1 ...,X") = 0, then

j.k=1 Bzﬂé)a:k
F(X}, ..., X}) is a continuous local martingale.

Note that the It6’s formula is usually proved for functions F' defined globally on R™. To
make this in general applicable to an open subset U of R™ (which will occur in the context
of PDEs), we need to introduce a continuous bump function and

Also check out [DaP14, Section 7.2].

If we have m coordinates X1, X2, ..., X™ that are finite variations processes, then it is
already sufficient take F' to be C*' in those m coordinates (and C? in the remaining coordi-
nates). In particular, we get the time-inhomogeneous Itd’s formula: for F € C12(R*T,R"),
we have

F(t, X;) = F(0, X;) /at (s, X,) ds—i—Z/@FsX

+ = Z/@@szX) (X7, X",

]kl

where 0, means the time derivative and J; means the derivative with respect to the jth
spatial coordinate. Check out [RY99, Section 4.3].
When X; = By, the standard Brownian motion, if u satisfies

1
Opu(t,x) + §Aaju(t, x) =0,

then wu(t, By) is a continuous local martingale. As we have discussed before, u(t,z) =
gr—i+(x, Br) Qr—i(x, Br) satisfies the backward heat equation

This allows us to give an alternative proof that wu(¢, B;) is a continuous martingale on
[0,T]. We will see a few times that for processes that naturally arises in stochastic calculus,
its martingale and Markovian properties can be proved alternatively by It6’s formula.

For 1-dimensional Gaussian martingales, recall (M), = E(M?). If d(M); = h(t) dt and u
satisfies Oyu + 1h(t)Ayu = 0, then u(t, M) is a continuous local martingale.
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15.11 Corollary. If we take n = 2 and F(z,y) = xy, then we have for two continuous
semimartingales X and Y that

¢ ¢
XY= Xo¥o + [ Xeavis [ VodX,+ (x¥).
0 0
If we {X,} is a continuous local martingale, then the continuous martingale
t
X2 —(X); = 2/ XydX, + (X)y.
0

Product rule
d(X:Y) = X4 dYe + Vi d X + d(X,)Y),

dXt = O'(t, Xt) dBt + b(t, Xt) dt
time-change

15.12 Dambis-Dubins—Schwarz. [LeG16, Theorem 5.13] Given a continuous local martingale
M such that (M), = oo a.s., it induces a Brownian motion {8} adapted to a different
filtration F,, such that a.s., for all s > 0, 5s = M, where

Ts = 1inf{t > 0: (M); > s}.

More concisely, we have for ¢ > 0, B(nry, = M;.

The 7, is an inverse to s with respect to the quadratic variation of M. We have already
seen multiple times a stopping time of this form is useful to proving results. We stress that
whether one define 7, by (M), > s or (M), > s does not affect the result, basically because
(M) is continuous.

In particular, the above result applies directly to Gaussian martingales: any Gaussian
martingales can be written as the time-changed BM Sgy 2.

15.13 Martingale representation theorem. Let F; be the minimal completed filtration of a
standard Brownian motion. For any random variable Y € L?(2, F., P), there exists a
unique progressive process H € L?(B) such that

o0
Y:EY+/ H,dB;.
0

It follows that for a (not necessarily continuous) true martingale M bounded in L2, there
exists a unique progressive process H € L?(B) and some real constant C such that

t
Mt:C+/ H, dB,.
0

The same claim still holds if M is a (necessarily) continuous local martingale that is

L2 _(B). The results above hold on the finite interval [0, T] by the same reasoning.

loc

In general, the exact formula for H may be expressed using Malliavin calculus. For
Y € DY2(L?[0,T]), a Sobolev-type regularity condition to be discussed later, we have

T
Y =EY +/ E(D,Y | F,)dB,.
0

However, in the special case where Y = f(B), the explicit formula for H; is quite simple.
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15.14 Proposition. For f € C}, we have

F(BY) = Bof(B) + /0 Q1_.Vf(B,)dB

where @ is the standard Brownian semigroup.

Proof. As usual we prove the 1d case. Note Qi_sf'(Bs) = Ep,f'(B1—s), where . is a
Brownian motion independent of Bs. Therefore we have to keep track the time and the
starting position along the way.

Define u(t,z) = E; f(B1—¢) = Q1—+f(x). We have previously argued that u(t, B;) is a
continuous martingale on [0, 1] by It&’s formula and the fact that u satisfies the backward
heat equation, but did not realize w(1, By) = f(B;) and u(0, By) = Eof(B1). Now Itd’s
formula lets us to write

u(1, By) = u(0, By) + </ dyu(s, Bs) + 10u.u(s, B) ) /8usB

By construction u satisfies the backward heat equation, and therefore the above equation is
simplified to

1
d
f(B1) = Eof(B1) +/ d*kaf(Bs)dS
0 :L,
and we can exchange ) and % because f is nice enough. O

Given a Brownian motion By, its completed filtration F; is automatically right-continuous.
(Therefore with respect to this continuous filtration, P = O.)

All martingales with respect to F; has not only a continuous modification, not just cadlag.

change of measures right-continuous and complete filtration

15.15 Girsanov's theorem.

removes the drift in SDE
sufficient condition for the stochastic exponential to be a (uniformly integrable) martingale
Novikov’s condition. Eexp(3(L)o) < 00
Kazamaki’s condition. L is a uniformly integrable martingale, and EeXp(%Loo) < 00
E(L) is a uniformly integrable martingale
For a continuous local martingale M and any real/complex number A, we define the
stochastic exponential (also known as Doléans-Dade exponential) of AM by
)\2
5()\M)t = exp ()\Mt — 2<M>t) .

Note that since E(AM) is bounded below, it is a continuous supermartingale, is a martingale
if and only if EE(AM); = 1.

EAM); = exp(AMo) + A [ E(AM,) dM,

It is unique solution to the SDE

dZ, = \Z, dM,, where My = 0.

complex is reserved for use the Fourier inversion theorem
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EXNEXY ) =EX +Y +(X,)Y)),

For two continuous local martingales M and N, £(M)E(N) is a continuous local martin-
gale if (M, N) =0.

15.16 Theorem. For a continuous local martingale D that take strictly positive values, it has
a stochastic logarithm L, in the sense that

D, = E(L); = CXp(Lt - %(L)t).

An explicit formula for L is given by

t
1
LtZIOgDO+\/O Eds

15.17 Lipschitz existence and uniqueness. Let b: [0,00) x R®™ — R™ and o: [0,00) x R" —

R™ ™ satisfy the global Lipschitz condition in the space parameter: for each t € [0, 00), it
holds that

162, ) = b(t, y) |2 + [lo(t, 2) = ot y)][r < Cllz =yl

for all z,y € R™. (The matrix norm || - [|r is the Frobenius norm, which is simply the 2-norm
of the vector associated to the matrix.) Let B; be an m-dimensional Brownian motion, and
let F; be its completed filtration. Assume ¢ is an L? random variable independent of F,,
then we have a unique pathwise solution to

{dXt = O'(t, Xt) dBt + b(t, Xt) dt,
X, = ¢.

linear growth condition is automatic when we have the global Lipschitz condition

Solution to SDE is a strong Markov process that is Feller, with C? C D(L)

Given {B;} on some given probability space (2, F, P), {X;} is called a strong solution
to the SDE if it is adapted to the minimal completed filtration of B. We say the strong
solutions are pathwise unique if any two strong solutions X and X’ with X = X{ a.s. must
be indistinguishable.

A weak solution consists of three parts, the probability space (92, F, P), a complete and
right-continuous filtration {F;}, and (X;, B:), where {X;} and {B;} both needs to adapt
to the filtration F;. We say the weak solutions are weakly unique if for two weak solutions

(Q,F, Fy, P, Xy, By) and (', F', F/, P, X{, B;) with the same initial distribution (X 2 X0)s
we have {X,} 2 {X/}.

15.18 Lévy's martingale characterization of Brownian motions. For a continuous process adapted
to Fi, the process X; is a d-dimensional standard Brownian motion if and only if it is a
continuous local martingale with

(X7, X%y, = 6,,t for all components j and k.

15.19 Yamada—Watanabe.
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15.C Examples of diffusion processes
Geometric Brownian motions
dXt = O'Xt dBt + MXt dt

Assume X > 0. We differentiate dlog X; using the 1t6’s formula:
1

1
legXt = ZdXt — Tﬁd<X>t
o2
Therefore )
log X; — log Xo = 0B, + (u - G;)t (15.20)
which gives the candidate solution
o2
X; =Xo-exp| 0By + (u - ?)t . (15.21)

There is one issue. We need to show that X; > 0 must holds for all ¢ > 0, so that log X;
makes sense for all £ > 0. One way is to employ the “localization trick.” Define 7y to be the
hitting time inf{¢t > 0 : X; = 0}. Suppose P(1p > o0) > 0, then conditioning on this event,
the left-hand side of (15.20) converges to —oo as t — 7, , while the right-hand side converges
to oB: + (u — %2)7, an a.s. finite value. Therefore P(1yp = 00) = 1, and we can conclude
that (15.21) is the one and only solution (without using Lipschitz existence and uniqueness).

Of course one may also directly appeal to Lipschitz existence and uniqueness. First
use [t6-Doblin formula to verify that dX; is indeed 0 Xy dB; + uXy dt. Since we have one
pathwise solution, this must be the unique solution.

One should easily check when Xy < 0 or Xy =0, (15.21) remains the solution.

Ornstein—Uhlenbeck process is the solution to the classical Langevin equation

The explicit solution can be easily computed d(e* X;) using the product rule:

t
X, = Xoe M+ Ue_)‘t/ e dBs.
0
Note that the second term is distributed as a Brownian motion indexed by ¢. It also has the

name of stochastic convolution.
Let)\zlandazx/iweget

t
X =e'Xo+ \[26715/ e’ dBy
0

Dot (Xo + Be2e_1),
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where  is a standard Brownian motion independent of Xj.
Qif(z) =E.f(Xy) =Ef(e 'z + V1 —e2Z) for Z ~ N(0, 1)
Lf(x) = Af(z) —z- V()
U(f,9) = 5{A(fg) —x-V(fg) = (Af +2 -V )g— (Ag+x-Vg)f} =V[-Vyg
E(f.9) =E,(Vf-Vyg)
In L%(y), D(L) = {f € C': the weak Lf € L*(v)}.
Now we perturb (15.22) and consider the overdamped Langevin’s equation

dXt = O'dBt — [)\Xt + VU(Xt)]dt,

which has an additional gradient flow drift term. Therefore compared to the classical
Langevin, the overdamped process is more attracted to where U(z) is small.
We focus on the only useful case o = V2

dX; = V2dB, — [MNXy + VU(X,)]dt
The semigroup @); associated with this process has a unique reversible measure given by
dr(z) = Z71e V@ dy(z),

where v is the Gaussian measure with variance 1/A, and Z is the normalizing constant for 7
to be a probability measure. In particular, note that when A = 1, then + is the standard
Gaussian measure, and when A = 0, then ~ should just be the Lebesgue measure. This is
not surprising, because when U = 0, X; = B;. The property of the Laplacian tells us that
the generator L = %A of By satisfies

<Lf’ g>L2(m) = <f7 Lg>L2(m)

for f,g € C?.
When the potential energy U is a density function, we may sample the Gibbs measure
=y
m=—p—dm

from the SDE
dX, = V2dB, — VU(X,)dt.

[DaP14, Section 12.6.5]

When A =1 Lf(z) =Af(z) — (z+ VU(z)) - Vf(z)
When A=0, Lf =Af-VU-Vf

Linear equations

dXt = CXt dBt + DXt dt

n-dimensional squared Bessel processes

dXt = 2\/ Xt dBt + ndt

We now give the long-delayed proof Harris’ inequality in the Gaussian case with positively
correlated coordinates.
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15.23 Pitt's theorem. Let X ~ N(0,Y) in R?, with all entries of ¥ being nonnegative. Suppose
f,g: R? = R are increasing in each coordinate, then

Cov (f(X),9(X)) > 0.
(Provided that f(X),g(X) are nonnegative or L?, of course.)

Proof. We follow the hints given in [Hanl4, Problem 2.11|, and prove the special case where
f,g have bounded partial derivatives (Cg). This allows us to interchange V, and E in
(15.24).

Write X = 2127, where Z ~ N(0, ;). This allows us to write

COV(f(X),g(X)) = COV.Y(f o 21/279 o 21/2)7

where ~ is the standard Gaussian measure on R?. Using the covariance identity with respect
to the OU process, we can write the above further as

| e(rezagost)

0

= /OO<V(f oXY2), V,E[go X2 (e tx + /1 - e—2t§)]> dt, (15.24)
0 vy

where & ~ N (0, I).
Now V(f o £1/2) = Vf(£1/2) (£1/2)" and

v, [gozl/z(eft‘chr mg)] = Vg(*) (EI/Z)T et

for

*x=x1/? (e7'z + V1 —e2tg).

Thus the integrand of (15.24) is equal to

(VA2 (8) " (2) e BIVg()]) = (SVAE), e BVg()])

~

where the expectation is with respect to the £ in “x”. Since e~? > 0, 3 has nonnegative entries,
and the two gradients are always nonnegative, the preceding (-, -), must be nonnegative,
and hence (15.24) must be nonnegative, finishing the proof in the special case.

By a mollifier argument we can reduce to only assuming continuity on f and g. We
can further approximate bounded increasing functions by bounded continuous increasing
functions. These arguments can be found in the original [Pit82|, which completes the
proof. O

There is also a reverse-time SDE.

The Laplace operator is a symmetric operator with respect to the Lebesgue measure

The generator of Langevin diffusion A — V -1Id is symmetric with respect to the Gaussian
measure

The generator of overdamped Langevin diffusion A — VU - V is symmetric with respect
to normalized e~V dm.
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15.D Applications to partial differential equations

The THSDE
dX, = o(Xy) dB, + b(X;) dt,

is a time-homogeneous strong Markov process
For general SDE
dXt = O'(t, Xt) dBt + b(t, Xt) dt

is a time-inhomogeneous Markov process on the original probability space, but we may
consider {(t, X;)}+>0 can be reduced to THSDE

1 n n
Lf= 5”2:31 a;j0;0; f + kzz:lbkakﬂ

where a;; is the (i, 7)-th entry of the matrix function a = oo™T.

Let L* be the (Lebesgue) adjoint on the Hilbert space L?(m). This means that (Lf,g) =
(f,L*g) for f € D(L) and g € D(L*).

L"f = % > 0i0(aisf) =) ow(brf).
h=1

1,j=1

{X;} is a Feller process, and C2 C D(L) (Oksendal Le Gall), if we consider L to be on
the Banach space Cy or LP (1 < p < 00)
By Ito-Doblin formula, we have the following representation for f(X;).

15.25 Theorem. For {X;} that solves the SDE, we have for any f € C? that

£00) = £ + [ 30 (X )os(s. X By + [ LX) ds,

4,j=1

where the second term on the right-hand side is a local martingale. It follows that

Ef(X,) :Ef(X0)+E/O Lf(X,)ds, (15.26)

provided that the last term is indeed integrable.

Note that (15.26) precisely restates

t
Quf (@) = f(x) + /0 Q.Lf ds,

without developing the theory of continuous Markov processes and proving that @Q; is
Feller. This is precisely how some textbooks chose to present the material, but we still find
the Markovian interpretation of (15.26) most natural. In a moment we will see that the
probabilistic solutions to various PDEs can also be developed in the Markovian way or using
the martingale-It6 approach.

Hoérmander’s condition for the smoothness of transition density and hypoellipticity

If a = 007 is uniformly elliptic
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Consider the standard Langevin diffusion, which would give us a(t, ) = 2I,, and b(t,x) =
—xz. Therefore

L*f=Af +div(z - f),

and the KFE for standard Langevin diffusion becomes

O0vq(y) = Ayqe(y) + divy, (y : Qt(y))>

where ¢; is the density of the diffusion X at time ¢, provided that X, ~ qg.

Because the Gaussian measure v and the Lebesgue measure are equivalent, the KFE
Orq1(y) = Ly q:(y) remains true if we take ¢; to be the density of the law of X; with respect
to v. However, the adjoint L* is now an unbounded operator on L?(7).

This provides useful insight because the stationary measure of Langevin diffusion is the
Gaussian measure. Consider the derivative of the relative entropy D(X¢||7y,) with respect to
time:

d
G0 = [ oo a) dy

= /(@%) log ¢ + Orqe dry
= (1 +logq:, L"qs)

:‘:/Vul+k%q0~v%d7

Vg |?
:‘/ | qf| dy = —1(Xi[lv).

exponential decay of Fisher information

de Brujin’s identity For invariant measure p

4 Ent, f < —I.f

I(Xe[ly)

We can generalize Fisher information to general diffusion processes
[Dur96, Chapter 4] Parabolic and elliptic PDEs

and suppose for each x the SDE has a weak solution.

Let f € C?, the function

u(t,z) = Qef(z) = B f(Xy).
solves the Cauchy problem to the parabolic PDE

{(‘3tu:Lu fort >0
u(0,z) = f(x).

This is a direct consequence of the KBE. The result is very general because it gives a
formal solution for any second-order elliptic operators, C? is clearly too restrictive as an
initial value condition.

Fortunately for Brownian motion we can do much better. In that case

)= [ (-5 ) s

As a convolution of a bounded measurable f with a C'°° function, Q:f € C* as well. If we
assume [ € Cp, then all derivatives of Q. f are also in Cy. Therefore Q;f € D(L), and the
result follows by KBE.
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15.27 Fact. It turns out, by explicit computation of Q; f, we can plug in and verify that for
any f € Cy, u(t,z) = Q¢f is a solution to the PDE.

The solution is very natural from the Markovian perspective, but as previously mentioned
we may also derive it from the martingale-Itd6 approach. The construction of the martingale
is not the most intuitive.

What if the PDE is nonhomogeneous? What if the PDE has an additional potential term
vu?

If the parabolic PDE is given as

{atu — Lu+g(t,),
u(0,2) = f(a)

instead, then

w(t,z) = By f(X,) + Ba /Ot ot — s, X.) ds

The term fot g(t — s, X,) ds accounts for the cumulative effect of g(-, Xy) from time s up
to the final time ¢. To justify this rigorously, we have to show that

0, — L) EJC/O gt — 5, X2V ds = g(t, 2).

Replacing t — s by r, we have
t t
(0 — L) / ot — 5, X) ds = (9, — L)/ o(r X, ) dr
0 0
t
— (0, -1L) / (Qeerg(r, )) () dr

=0 [(@gtr D@ = [ 0Qurgtr )@ ar
= (Qi—eg(t, ) () = g(t, ),

where we have used the Leibniz rule. For details on Leibniz rule, see [Fol23, Section 4.5]

15.28 Feynman—Kac formula. Let X; be the solution to the SDE, and L be its generator.
Suppose f is bounded measurable and v € Cp, then the function

u(t,z) = E, {f(Xt) exp <— /Ot o(t — 5, X,) dsﬂ

satisfies the PDE
{atu = Lu—vu

u(0,z) = f(x)

Combine this with previous we can obtain the nonhomogeneous Feynmann—Kac. This
can be found for example on Wikipedia, but is too complicated to provide any additional
insight and is hence omitted.

As we have discussed before, the initial value problem can be converted into a backward
problem. Fix the terminal time T,
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(a) a(t,z) = u(T —t,z) = Qr_if(x) = E, f(X7_;) satisfies the backward equation

{at@: —La for0<t<T,
a(T,z) = f(z).

(b) a(t,x) =u(T —t,x) =

T—t
Bof(Xr) + By [ o(T—t=s.X.)ds
0

satisfies the backward equation

{(%ﬁ =—La—g(T —t,x),
w(T,z) = f(x).

Now rewrite g(t,z) = g(T — ¢, ), then the equation

{ata = —Li— §(t, ),
w(T,z) = f(x).

is satisfied by @(t,2) = B, f(Xr—¢) + By fo " G(s +t, X,) ds =

T
B, f(Xr_s) + Eq / (s, X o) ds.
t

This is equivalent to writing

At 7) = B, [ F(Xr) + /t " s X,) ds} 7

which means that if we start the diffusion process at X; = x, then Ef(Xr) (from

Lu) and E ftT 9(s, Xs) ds (from the additional constant term §) contribute to the
the value of the solution @ at (¢,z). This looks cleaner than the forward PDE,
which contains a convolution-like term, and provides one reason why some authors
prefer this backward formulation. The backward formulation is also preferred in
mathematical finance.

(c) By the same derivation, the backward equation

{ata = —Lii + bu
wT,x) = f(z)

Exies | {0 e~ [ Tf)(s,Xs)dsﬂ

Consider the elliptic PDE

is satisfied by

{Lu =0 in D
u(z) = g(xr) on IOD.

We claim that it has the probabilistic solution

u(z) = Ewg(XTD)v
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where 7p = inf{t > 0: X; ¢ D} is the first exit time to the domain D.
This is the Dirichlet boundary problem for the differential operator L, which asks if there
exists an function u that is L-harmonic in D and agrees with g on the boundary.
Setting L = %A, we then obtain a formal solution to the Dirichlet problem for the Laplace
equation:
w(@) = Bug(Bry).

Poincaré cone condition

regular boundary

a convex domain

Dirichlet problem with potential term (Bass 40.4) Schrédinger equations
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16.A Random matrices

16.A.1 Random measures

Given a probability space (2, F, P), we say a random variable L: Q — P(S) is a random
(probability) measure. Given a sequence of random probability measures L, (w) and another
random measure L(w) (not necessarily with mass 1) on €2, we say L,, converges almost
surely/in probability to L if we have the almost sure convergence/convergence in probability
of random variables

/den(w) — /de(w) for all f € Cp(S5).

We emphasize that L, (w) and L(w) are measures defined on S, so the above indeed makes
sense. Some authors use to term weakly almost surely/in probability to emphasize there
are two layers of convergence taking place: weak convergence inside and almost sure/in-
probability convergence on the outside.

almost sure convergence implies convergence in probability, but not vice versa (consider
deterministic L,, and L)

16.A.2 Ensembles
A Gaussian orthogonal ensemble (GOE)

A Gaussian unitary ensemble (GUE)
16.A.3 Asymptotic laws on the spectrum of random matrices

The empirical spectral distribution of a self-adjoint matrix ¥ € R™*" is % S oh1 0, We will
denote it by ESD(Y).

16.1 Semicircle law. A self-adjoint matrix with independent entries in the upper diagonal are
independent is called a

We use x for vectors, and X for matrices. (The below needs to be corrected)

16.2 Marchenko—Pastur law. Consider the sample covariance matrix %XpoT = % Sorey xpkxgk,
where X, € RP*" consists of columns x,;, € R? (k € [n]) which are i.i.d. with mean zero
and finite variance. Suppose p(n)/n — r > 0 as n — oo, then

ESD(1X,X.)) = pup

207
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almost surely, where

_ (1 _ 17t (b —2)(z —a)
dpnp = (1 T) do + STAL
where a = (1 — /r)? and b = (1 + /r)%

16.3 Bai-Yin Law.

16.4 Tracy-Widom law.

1[a,b] (.13) dx:

16.A.4 Determinantal point processes

For f = exp(—y) is a log-concave density. For all x € R", we have f < Cexp(—alz|) for
some C > 0 and a > 0. It follows that E|X|? < oo for all p.
Alternatively, we have the following result

16.5 Borell's lemma. For a log-concave random vector X, we have P(|X| > t) < Cexp(—ct)
for some ¢,C' > 0.

For a log-concave density f such that [zfdz =0, we have
f(0) < sup f(x) < e"f(0).
zeR™

16.B  Concentration of measures

For X ~ N(0,1I,), the norm || X|| is concentrated around /n [Verl8, Theorem 3.1.1]
For the uniform measure on the sphere, measure is concentrated around any equator)
more generally, we have [Ver18, Lemma 5.1.6]

16.6 Gaussian Poincaré inequality. For f € H'(v,), we have
Var, f <E,|Vf%

We know f =372 (f, I\{/%>I\{/% Also notice that (f,Heg) = [ fdvy. Therefore

Va’r’Y f = ||fH%2(fy) - <f7 HeO>2

o0

Z #(f, Hey)® by Parseval’s identity

=
Il
_

e

(kil)!<fv Hey,)? (16.7)

b
Il
—

Formally differentiate f =7 %( f,Heg) Hey, term-by-term, we obtain

Z ’Hek \/}(I:’“_ll)!. (16.8)

Inspired by the Sobolev space for Lebesgue measure on R™, we may define the Gaussian

Sobolev space
H'(7) = {feL2 Zk< He’“> <oo}.
k=1



16.B Concentration of measures 209

For any f € H'(y), the series in (16.8) converges to Vf (the weak derivative of f) in L?(7),

with
o] Hek 2
IV 1By = Zk<f,> ,
B V!

which is precisely (16.7).
For details on the Gaussian Sobolev space on R™, we invite the readers to consult [Mal95,
Chapter 5, Section 2] and [Bog98, Section 1.5].

16.9 Gaussian log-Sobolev inequality. For f that is the square of a function in H(v,), we
have

IVfI?
f
Proof. O

Entwf§2E7|V\/f|2;E,y( >%E7[Vf-v(logf)].

An alternative (and much more recent) proof of this using the Prékopa—Leindler inequality
is given in [Gen08|.

16.10 Exercise. Use the same technique to directly prove the Gaussian Poincaré inequality.

The Poincaré inequality states that
Var, f < CE(f)

for some constant C' > 0 uniform probability measure over a convex body, and measures
with log-concave densities [BGL14, Theorem 4.6.3]
The log-Sobolev inequality states that

Ent, f* <2CE(f)

for some constant C' > 0 holds for measures p with strongly log-concave densities [Led01,
Theorem 5.2]

If 4 has A-strongly log-concave density, then p satisfies LS(1/)\).

It follows that the Poincaré constant for any strongly log-concave measure is independent
of the dimension. It is still to this day open whether the Poincaré constant for any log-concave
measure is independent of dimension n. The state of art, by the end of 2025, is that the
Poincaré constant for log-concave measures is O(y/logn).

Log-Sobolev inequalities are stronger than Poincaré inequality. Take the function to be
1+ €¢f in the log-Sobolev inequality, and then take e — 0, we should recover the Poincaré
inequality

Var, f < CE,|Vf|*.

We know from the Gaussian case that both inequalities are tight when C = 1, but in general
one should not expect that the Poincaré and log-Sobolev constant to differ by a multiple
of 2. We will write P(C') and LS(C) to mean that a measure u satisfy the Poincaré and
log-Sobolev inequality with optimal constant C' and 2C, respectively. (Optimal constant
means that infimum of all possible constants such that the inequalities hold.) Therefore,
LS(C) = P(C).

There is an alternative form for log-Sobolev inequalities

If we set f = g—Z, then

D(w[lp) S I(v[|p),
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where the relative Fisher information I is defined by

Il =4 [ T/Pran

The constants would differ by a multiple of 4.
There is also the modified log-Sobolev inequality, which states that

Ent, f < E(f,log f)

for a class of functions f.
The constant C above is called the Poincaré/log-Sobolev constant. (We remark that, in
the mixing time literature, the Poincaré, log-Sobolev, and modified log-Sobolev constants

are defined instead by
o E()
= f N
A=in {Varuf Var, f #0,,

_.JEVT)
a_mf{Entﬂf .sz,Entf#O},
_ . JES g f)
p—lnf{EntHffEO,Entf#O},

which are the optimal constants in the above inequalities.)

16.11 Proposition. Given a symmetric Markov semigroup @y with generator L and invariant
measure u, the following are equivalent:

(a) u satisfies P(C);
(b) the spectrum of —L is contained in {0} U [1/C, o0).

This is precisely the reason why the Poincaré inequality is sometimes called the spectral
gap inequality. Notice that when the spectrum is discrete, this says precisely that the
Poincaré constant is precisely the inverse of the smallest strictly positive eigenvalue of —L.

We note that since —L1 = 0, 0 is always an eigenvalue. (The spectral gap is sometimes
defined as the gap between the largest and second largest eigenvalue of L.) Now let A > 0
be an eigenvalue for —L, with an eigenfunction f € D(L). Then

EG.5) = (-LF Az A [ P du = AVa .

Here we used ffdu = 0, since f (associated to the eigenvalue \) is orthogonal to the
eigenfunction 1 associated to the eigenvalue 0. Therefore the Poincaré constant must be
> 1/ for any nonzero eigenvalue A.

Conversely, suppose all positive eigenvalues are > 1/C. Then

e 1 [ 1
N = [ sz [ amsn =g [P
1/C 1/C
proving that the Poincaré constant must be < C.

The (largest possible) domain of functions for P/LS to hold should be some weighted
Sobolev space with respect to the measure, if the space is well-defined. Therefore it usually
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suffices to take the class of functions to be Cg°, whose completion is the Sobolev space. Also
C} is dense in the Sobolev space.

Dirichlet domain

hypercontractivity

[Hanl4, Lemma 3.13]

16.12 Herbst's lemma. Given p € P(R™), if
/\2 2
Ent, (M) < TU E, exp(AF)

for all A € R, then
2 2

A
E, exp(AF) < =

for all A € R. If we replace F' by X ~ pu, then this is saying precisely that X is subgaussian

with proxy variance o2.

It suffices to prove the above for A > 0 and then replace F' by —F to get the case when
A <0.
Suppose F € C}} and L-Lipschitz, then M e C{. Therefore if p1 is LS(C), then

Ent,(e*) < 2CN2L*E, exp(\F).

where L comes from ||V F||,,, which is precisely the Lipschitz constant of F' (this is Rademacher’s
theorem). It follows that

E, exp(AF) < 2CA\*L2.
This yields the concentration of Lipschitz function, after appropriately extending F' to all
Lipschitz functions by a mollifier argument (see Chafal & Joseph Lehec Theorem 3.1).

16.13 Lipschitz concentration. For u € P(R™) that is LS(C) for some smooth enough functions
(C2° should be good on R™), then any L-Lipschitz function F': R™ — R is integrable, and
for every t > 0, we have

t2
wF >E,F+t) < exp(—m)

If pu satisfies Poincaré’s inequality, then we instead have the weaker subexponential
concentration for any Lipschitz function F":

< _t>
w(F >EF+1t) S exp( 7eL)

Both the Poincaré and log-Sobolev inequality gives us a dimension-free bound for the
concentration of Lipschitz function; however, log-Sobolev gives us subgaussian concentration
of Lipschitz functions, while Poincaré only gives us subexponential concentration. This is
expected since log-Sobolev implies Poincaré.

The most classical result, of course, is the

16.14 Gaussian Lipschitz concentration. Consider Z ~ =, we then have

P(F(Z)> EF(Z)+t) <exp <—2t;>

since the log-Sobolev constant for ~,, is 1/2.
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We say a real random variable X is mean-zero subgaussian with proxy variance o? if

242
Eexp(AX) < exp<a2/\ >

Recall when X ~ N(0,0?), the above inequality is precisely an equality. The random
variables such that Hoeffding’s lemma (and hence Hoeffding’s inequality) holds are precisely

b;“—subguassian. On the one hand,

16.15 Theorem. Let S be a separable metric space, for X ~ u € P1(5), the following are
equivalent

(a) F(X)is subgaussian with proxy variance o2 for all 1-Lipschitz F;
(b) Wi(p,v) < /202D(v||p) for all v € Py(S).

Pinsker’s inequality can be recovered. We know that when S is endowed with discrete
metric p(z,y) = 1{z # y}, Wi(u,v) = dry(u,v). On the other hand, by Hoeffding’s lemma,
we know F(X) is subgaussian with proxy variance 1(sup F' — inf F) < 1/4. Hence

drv(p,v) <4/ %D(VHM)-

16.16 Theorem [Led01, Theorem 6.2].
16.17 Theorem [Led01, Corollary 6.4].

tensorization
If p satisfies P(C), then the product measure p x - -- x p satisfies P(C).

16.18 Proposition [Led01, Proposition 6.3].
Talagrand’s inequality

16.19 Theorem [Led01, Theorem 6.5]. Let u,v € Po(R™). If p is a strongly log-concave
measure with parameter ¢, we have

W) < 1/ 2D(wln).

This is in fact a consequence of log-Sobolev inequality, and the Herbst argument
Note that the standard Gaussian measure -, satisfies ¢ = 1, and therefore

WQ(/%’Yn) S 2D(’Yn||:u)'

2
Ledoux defined W5 using the quadratic cost @ instead

16.20 HWI inequality. For p,v € P2(R™), we have

D(v||p) < Wap, )V I(v] p) —sz 11,V

16.21 Definition. A random variable X is subgaussian if there is a constant K > 0 such that

(a) P(|1X|>t) <2exp(—t*/K%) for all t > 0; [tail condition]
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(b) (E|X|p)1/p < Ka,/p for all p > 1; [moment condition]|
(c) Eexp(\2X?) < exp(K32A?) for all |\ < Kig; [X? MGF condition]
(d) Eexp(X?/K?%) < 2; [boundedness condition]
and additionally, if X is mean-zero, then
(e) Eexp(AX) < exp(K2\?) for all A € R. [mean zero X MGF condition]

If X is subgaussian, then the constants K ’s above differ by absolute constants. This is
Vershynin’s definition.

In a metric space (S, p), we define the concentration function of

16.B.1 Talagrand’s generic chaining argument
16.C  Functional inequalities of Markov processes

Poincaré inequality and exponential convergence to ergodicity

16.D Stochastic localization

16.22 Localization lemma.

16.E  Mixing times of Markov chains

Let the state space S be finite.
Define the worst scenario distance between ¢-step and the stationary distribution by

d(t) = d
(t) max v (uQt, )

= Iileaéchv(Qt($, -),7T).
We define the e-mizing time to be
tmix(€) = inf{t > 0: d(t) < €}

relaxation time

drv(p,v) < drv(p, p) + drv(v, p)

submultiplicativity of coupling distance
16.23 Theorem. d(s+t) < 2d(s)d(t)

16.24 Fekete's lemma. For a subadditive function f: [0,00) — R, i.e.,
fls+t) < f(s)+ f(t) forall s,t>0.

We have
lim ) _ inf Hi0)

€ [—00,00).
t t t>0 ¢

The same result holds for a subadditive sequence of real numbers; see [Kal21, Lemma 25.19].
Taking —f in place of f gives us a result for superadditive function.
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1
tmix(e) Z trel IOg(2>
€
2

The mixing time for symmetric random walks on the n-cycle Z,, is n=.
The mixing time for random walks' on the boolean hypercubes {0, 1}" is nlogn.

16.F Models from statistical mechanics

Gibbs random field.

ferromagnetic Ising model on a finite graph G = (V, E) with parameter 8 > 0

Let S = {—1,1}V be the space of configurations, which basically means that each vertex
of the graph is assigned a spin —1 or 1. We want to define a probability distribution P on
the space of random configurations S, which takes the interaction of spins between adjacent
vertices into account.

Define the probability measure 7 on the finite set S by

r{o} = Zlﬁ exp(—BH (o)),
where

vNYw

is known as the potential energy/Hamiltonian, and Zg is the normalizing constant

Zg = Z exp(—ﬁH(a)),

oceS

also known as the partition function. The measure 7 is called the Gibbs measure. In general
we can generalize

The parameter (3 is the reciprocal of the temperature in physics. For § close to 0, 7 is
closed be being uniform, and for 8 large, we should expect larger (o) for distributions with
lower energy.

The partition function is impossible to compute when S is large, which means that it is
impossible to find the exact m. However in computer science we are interested in developing
fast sampling algorithms with these distributions. A sampling algorithms from a given
distribution using a Markov chain converging to this distribution is called a Markov chain
Monte Carlo method.

Metropolis chain

Glauber Dynamics

Curie-Weiss model on n spins

J n
H(o)=—5- > ow;—hy o
k=1

1<ij<n

where J > 0 is a constant and h € R represent the external magnetic field. The difference
between the CW model and the Ising model is that in the latter we are considering interactions
between neighbors on a graph, but in the former we are considering interactions between all
the spins, and the underlying graph is irrelevant.

LIf discrete-time, we can let the chain to be 1/2-lazy
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16.F.1 Bernoulli bond percolation

We use w € {0, 1}Ed for each configuration on the E? grid, which is in fact a random variable
that takes value in {0, 1}Ed. Using w for a random outcome can indeed be confusing initially,
but at the end of the day what we really care about is how the configurations are distributed.
The probability space we will take is (2, F, P,), where Q = {0, 1}Ed, F is the product o-field,
and P, = P’ Bernoulli(p), the distribution of the configurations when the edges are open
with i.i.d. Bernoulli(p).

Notice that each vertex of the grid must be contained in exactly one connected component
with open edges, which is often called an open cluster. Let this open cluster be be denoted

Define

6(p) = Pp(the origin is contained in an infinite open cluster),

and
pe(d) = sup{p : 0(p) = 0}.

By ergodicity or Kolmogorov zero—one law, one can conclude that 6(p) =0 or 1.

O(p) is an increasing function in p. This is a straightforward consequence from the
coupling method. (We can alter the underlying probability space without changing P,.) Let
p1 > p2 be the edge probabilities of two configurations. We use the same uniform random
variable to determine the two Bernoulli random variables Bernoulli(p;) and Bernoulli(ps)
attached to each side. Under this coupling, then an edge in configuration 1 is open if an
edge in configuration 2 is open. This shows precisely that 6(p1) > 0(p2).

pe(d+ 1) < p.(d), and in fact the strict inequality holds for d > 1

0 < pe(d) <1ford>2

increasing event A and B,

P,(A)P,(B) < P,(AN B)
For any increasing L?(P,) function, we have

Epf Epg < Epfg

Let N be the number of infinite open clusters. P, is ergodic, P,(N = k) =0 or 1 for any
k € No U {oo}. This implies the number of infinite clusters must be constant a.s. In fact, N
can only be 0, 1.

First one can show that P,(2 < N < oo) = 0. For the sake of contradiction suppose
P,(N = k) =1 for some k > 2. There must exist some square box B, centered at the origin
such that

P,(all k infinite cluster intersects B,,) > 0.

Since the probability that all edges in B,, are open is positive, and
P,(all k infinite cluster intersects B,,, all edges in B,, open) = P(N =1) > 0,

which contradicts our assumption.
By the Burton—Keane trifurcation argument, we cannot have infinite open cluster.
percolation at critical value
O(p.) =0for d=2and d > 19
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16.F.2 First passage percolation
16.G Large deviation theory

Let I: S — [0,00] be a LSC function and {r,} be an increasing sequence of positive real
numbers that goes to +00. We say the sequence of Borel probability measures p,, satisfies
the large deviation principle (LDP) with rate function I and normalization r, if for any
closed sets F' and open sets G,

1
li —1 n(F) < —inf I(x), 16.25
imsup = log j (F) < - inf I(z) (16.25)
1
liminf — 1 > —inf I(x). 16.2
im in o og tn(G) > inf (x) (16.26)

We write LDP (i, 7, I).
If (16.25) is replaced by

1
lim sup — log p, (K) < — inf I(z), (16.27)
n Tn zeK
for any compact set K, then we say the weak large deviation principle holds, and write
wLDP (pt,, 7, I) instead.
This is equivalent to saying that for any Borel set A,

1
. < liminf A
zeIIIgAI(x) < hmnmf - log pin (A)

1
< lim sup . log pin(A) < — iIeleI(.T).

We say A is an I-continuity set if —inf et I(x) = —inf__& I(x). When A is such a set,

zeG

1 .
117an - log pn(A) — — igg I(z)
If S is regular (e.g. a metric space), then there is at most one rate function I that satisfies
LDP(up, rn, I).
We say a rate function I is tight if {z : I(z) < ¢} is a compact subset of S for any ¢ € R.
We say the sequence {u,} C P(S) is exponentially tight with normalization {r,} if for
each 0 < b < oo, there exists a compact set b such that

1
lim sup — log pn, (K3) < —0.
n r’ﬂ
exponential tightness and (16.27) together implies (16.25), and to show LDP, it suffices
to show wLDP and then establish exponential tightness. In addition, the rate function I is
tight.

16.28 Cramér's theorem. Let X, X5, ... be be a sequence of i.i.d. R%valued random variables
with distribution 7. Let u, be the distribution of the sample mean % Then
wWLDP (ptn,n, I) holds for I(a) = sup,cra{(a,t) — log Mx, (t)}, the Legendre dual of the
cumulant generating function of X.

If in addition there exists a neighborhood around 0 such that Mx, (t) < oo, then LDP
holds and T is a tight rate function. (In the special d = 1 then LDP also holds, but I may
not be tight.)
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Any interval (unbounded, open/closed, half-open) are all I-continuity sets because of
convexity. In the case a > EXy, we have inf,~, I(x) = inf,>, I(z) = I(a). In the R? case,
unbounded intervals may be replaced half-spaces, while bounded intervals may be replaced
by convex bodies.

Convexity and LSC of I(z) tell us that there exists a sequence {z,,} C Int A converging
to x € A such that I(z,) — I(z).

16.29 Sanov's theorem. Given a Polish space S, let X1, Xo,... be a sequence of i.i.d. S-valued
random variables with distribution m € P(.S). Define the empirical sample distribution

1
Ln:ﬁéé)(ka

which is a P(S)-valued random variable. Let v, be the distribution of L, (i.e., Po L,1),
which is a measure defined on P(S). Then

LDP (v, n, D(-|7)).

The interpretation of this theorem is that under the true distribution that =, the
probability that the sample distribution is some other v,, decays at the rate exp(—D(l/n H7r)n)
This provides a quantitative comparison between the sampling distribution and the true
distribution, a very natural question in statistics. The probability that the sampling
distribution lies in some set in P(.S) corresponds to the distribution of L,,. Therefore the
distribution of sample distribution indeed makes sense.

16.H Optimal transport

Let ¢: S x T — [0,00] be the cost function, usually assumed to be at least LSC. Given
w € P(S) and v € P(T), the classical Monge’s formulation of the optimal transport problem
considers
inf L d
Jint [ e 1) duta)
The measurable maps from (S, S) to (T, T) are called transport maps, and any transport
map that achieves the infimum is called a Monge map.

It turned out Monge’s formulation can be extremely hard to study directly, and it became
necessary to study another formulation. Kantorovich’s formulation of the optimal transport
problem wants us to find

[ ) dna)
m€ll(u,v) JsxT
where II(u, v) is the space of all couplings between p and v, also called the space of transport
plans. We have mentioned in the main text that this set is nonempty and convex. Any
transport map that achieves the infimum is called an optimal coupling. We will refer to
the two formulations as MOT and KOT respectively. KOT is a more general formulation
because if a Monge map L exists, then an optimal coupling must 7 exists of the form

dr(z,y)

d/J/(w> = ly:L(z) (I),
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or equivalently, 7 = (Id x L),u. To put into words, KOT allows transportation beyond a
point-to-point scheme.

Under the assumption that (S,S) and (7, 7) are Polish, and the cost function is LSC,
then the optimal coupling in KOT is attained. This boils down to the so-called direct method
in the calculus of variations. This method is based on the following result:

16.30 Proposition [San15, Box 1.1]. Let S be a compact metric space, and f: .S — (—o0, 0]
be LSC, then min, f(z) can be obtained.

Define C: (g, v) — [0,00] by Cm = [ ¢(z,y) dm, the evaluation of the cost of a transport
plan. This is a positive linear functional.

16.31 Theorem. If ¢: S x T — [0, 00] is LSC, then the function(al) C: II(u,v) — [0, 0] is
also LSC, when II(u,v) C P(S x T') endowed with the topology of weak convergence is
sequentially compact.

If S and T are compact and c is continuous (even be negative-valued), the above result
follows straight from Riesz—Markov—Kakutani theorem (finite measures) and sequential
Banach—Alaoglu theorem, a technique we should already be familiar by now; see [Sanl5,
Theorem 1.4].

Combine this with Corollary 8.31, we can immediately conclude that the infimum in
KOT can be achieved.

16.32 Gluing lemma for transport plans. For transport plans w1 € II(S,T) and 7s € II(T, R),
there is a product measure m on S x T' X R such that its marginals on S x T'and on 7' x R
are m; and 7o respectively.

Proof that W), is a metric. O
Proof of the dual representation of W7 . O

16.33 Duality of the Kantorovich problem. Let S and T be Polish spaces, and consider
Kantorovich’s formulation. We have

min / c(x,y)dw:sup{/fdu—l—/gdy},
mell(p,v) JgxT

where the supremum is over all f € C,(S) and g € C,(T) such that f(z) + g(y) < c(z,y).
It is possible to also take f € L'(u) and g € L*(v), or f € Lip,(S) and g € Lip,(T). (By
this notation we mean bounded Lipschitz functions.)

Indeed, this may remind the readers of linear programming. Consider the primal problem
minimize ¢-x subject to Ax =b,x >0
and the dual problem
maximize b-y subject to ATy <c.
Let p and v to be discrete measures with finite support in the context of the previous result.
They naturally corresponds to a matrix A of size 2-by-n, and we take b = [ﬂ . Also let ¢ be

the cost function. It should then be clear that duality of the Kantorovich problem in finite
dimension is precisely the aforementioned linear programming problem.
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For x and y that satisfies the constraints in the primal and the dual problem, we have the
result that  and y solve the primal and dual problem if and only if the equilibrium equation

m
T; > 0 = Zyiaij = Cj
=1

for all j € [n]. This is called the complementary slackness condition because the slackness
of z; from z; = 0 implies the tightness of 2211 ¥ia;j, and the slackness of the latter that
implies the tightness of the former.

c-concave functions

16.34 Brenier's theorem. Consider KOT with the quadratic cost c(x,y) = |z — y|?> on R,
and let p and v be absolutely continuous.” The optimal coupling 7 € II(, ) must be of the
form m = (Id x L).u, where L is unique, and must be the a.e. gradient of a convex function
. Meanwhile,

suppv = Ve (supp p).

This means precisely that Monge’s problem can be obtained by the transport map V.
Also, it should not be hard to show that V¢*, being the inverse of Vi, is the optimal
transport map from v to p. This shows that the Monge map L is in fact almost bijective.

Brenier’s theorem naturally leads to the solution of a fully nonlinear elliptic PDE, known
as the Monge—-Ampére equation. Let j—jfl = f and j—:@ = g. Given L,u = v, by change of
densities, we get

f(@) = g(Ve(a))|det V()]

since by convexity V2¢ > 0, rearranging gives us

f(z)
9(Ve())
Note that everything above holds only for a.e. x.

McCann interpolation \; = ((1 —t)Id + tL)*,u for 0 < ¢t < 1. This is also called the
constant speed geodesic, because

det V2p(z) =

Wa(As, Ae) = [t — s|Wa(p,v)
for any 0 < s,t < 1. For comparison, one can check that for J, and dy,
W2(5m, §y) = \/t — SWQ(CTS,Ut),

if we set oy = (1 — t)o, + toy, the straight-line interpolation between point = and point y.
monotone transport for two
infimum convolution
displacement convexity for three types of energies
internal energy
potential energy
interaction energy

16.35 Benamou—Brenier.

2The cost |x — y|?/2 is chosen in the proof for computation. Also absolute continuity with respect to the
Lebesgue measure can be replaced by absolute continuity with respect to the H%~! measure.
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16.H.1 Otto’s calculus

16.H.2 Entropy-regularized optimal transport

Define .
EOT (u,v) = inf = /||y — z||? dr + e Ent(r).

Tell(p,v) 2
This is the optimization problem that aims to minimize a strictly convex function over
the convex set II(u,r). The minimum can thus be uniquely attained, which is known as
the Schridinger bridge. Notice that EOTq(u,v) = 2WZ(u,v), and one should expect the
Schrédinger bridge to converge to the Brenier solution as € — 0.

McKean—Vlasov process

16.H.3 Martingale optimal transport
16.I Mathematical finance

arbitrage free
fundamental theorem of asset pricing
complete
discount factor
risk-neutral measure
no free lunch with vanishing risk (NFLVR)
self-financing

16.J Local times
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Appendices

A Helpful results from analysis and topology

A.1l Fact. The metric function p: X x X — [0,00) on the space X is continuous.

A.2 Proposition. In a given (Hausdorff)? topological space X, a sequence {x,,} converges to
x if and only if every subsequence of x,, has a further subsequence that converges to x.

Proof. The only if direction is obvious. To prove the if direction, suppose x,, / = under the
assumption. Let ng = 1. There is some (open) neighborhood U of x such that for every
k € N, we can find a smallest ny > ni_1 such that x,, ¢ U. However, this implies that
the subsequence {x,, } of {z,} does not have a subsequence that converges to x, which
contradicts the assumption. O

A.3 Theorem [Mun00, Theorem 30.1]. Let X be a topological space, and A be a subset. If
some {z,} C A converges to x € X, then € A. The converse is true when X is first
countable.

Now let f: X — Y. If function f is continuous, then for all sequences x,, — x, we have
f(x,) — f(x). The converse is true when X is first countable.

A.4 Fact. Every real sequence has a monotonic subsequence.
A.5 Proposition. For an increasing function f: R — R, the set of discontinuities is countable.

A.6 Proposition. Given a set A in a metric space (X, d), the function dist(-, 4): X — [0, 00)
given by
dist(z, A) = inf{d(x,y) : y € A}

is a continuous function. Also dist(x, A) = 0 if and only if = € A.
A.7 Proposition.

(a) Closed subspace of a complete metric space is complete.

(b) Complete subspace of any metric space must be closed.

We discuss the completion of a metric space X. Consider the set of all Cauchy sequences
in X. We identify two Cauchy sequences {z,} and {y,} if d(x,,yn) — 0, which gives
an equivalence relation ~. The completion X of X is defined to be the set of all Cauchy
sequences in X quotient this equivalence relation. It is clear to see that X is the complete
metric space that contains X as a dense subset.

3to ensure that the sequential limit must be unique; actually not necessary for this proposition
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If X is a normed vector space, then we can define a norm on X by the recipe zn]ll g =

lim, ||z, || x. If X is an inner product space, then we can define an inner product on X by
the recipe ([z,], [yn]) ¢ = limy, (2, yn) x. It should be an easy exercise to check that |||/ ¢

and (-, ) are indeed a norm and an inner product. Hence we may complete an normed

space to be a Banach space, and a inner product space to be a Hilbert space.

A.8 Abel's theorem. Assume S(z) = > ° ja,z™ converges, and let R be the radius of

convergence
1

lim sup,, |an|"/™

If the series converges at * = R > 0, then the series converges uniformly over [0, R]. In
particular this implies that S(x) is continuous at R~.

A.9 Proposition. Infinite subset of a compact set has a limit point.
A.10 Proposition. Intersection of a closed set and a compact set is compact.
A.11 Proposition. Compact subsets of a Hausdorff space are closed.

A.12 Proposition. For A C B C X, where A and B are given the subspace topology of X.
Then A is dense in X if and only if A is dense in X.

Note that A is dense in B means that A D B.

A.13 Urysohn's lemma. Let X be normal. If A and B are two disjoint closed sets in X, then
there exists a continuous function f: X — [0,1] such that f(B) = {1} and f(A) = {0}.

If X is a metric space (which is necessarily normal), then this is easy. We may just take

B dist(z, A)
 dist(x, A) + dist(x, B)

f(x)

Here is a sketch of the standard proof of this important result in topology. Based on
normality, we may inductively dyadically choose (i.e., using DC) an increasing sequence of
sets Ujjon that “lie between” A and B:

AC Ul/Qn’ . ,U(j,l)/gn - Uj/Qn’ R ’U(21L71)/2n NB=10.

One can show that the function f: X — [0, 1] given by

inf{r: z € U,} 1if the set is nonempty,
fx) = .
1 otherwise

is continuous.
The use of DC can be avoided when X is second countable and regular, by the constructive
proof of the following proposition.

A.14 Proposition. Every second countable regular space is normal.
A.15 Urysohn metrization theorem. Every second countable regular space is metrizable.

In particular, every lescH space is metrizable.
[Fol99, Theorem 4,/16, Corollary 4.17]
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A.16 Tietze extension theorem. Let X be normal and A C X be closed. For f € C(4), we
can extend it to F' € C(X) with F|4 = f.

application of Urysohn’s lemma

in the case X = R, a particular simple proof can be obtained as follows. The complement
of A is a countable union of open intervals, and by continuously connecting all the endpoints
of these intervals we may extend f to a continuous function on the real line.

A.17 Proposition.

(a) A second countable space is separable; the converse is also true when we are in a
metric space.

(b) A second countable space is Lindeldf, the converse is also true when we are in a
metric space.

Therefore compact metric spaces are separable because they are Lindel6f. A topological
space is o-compact if it can be written as a countable union of compact sets. It follows that
a o-compact metric space must be separable. Conversely, a locally compact separable metric
space must be o-compact.

A subspace of a Lindelof space is not necessarily Lindelof. Therefore it is sometimes
useful to introduce the definition of a hereditary Lindeldf space, whose subspaces are all
Lindeldf.

A.18 Fact. A second countable space is hereditary Lindelof, since any subspace of a second
countable space is second countable.

A.19 Fact. Closure of separable space is separable.

In the Euclidean space we know compactness is equivalent to closed and bounded. In a
metric space we need something stronger than boundedness for the equivalence to hold. We
say a subset of a metric space is totally bounded if it can be covered by a finite e-net for any
€ > 0. This is stronger than being bounded in general.

A.20 Theorem (Characterization of compactness in metric spaces). A subset A of a metric
space X is totally bounded if and only if every sequence has a Cauchy subsequence.

Therefore A is compact if and only if it is sequentially compact if and only if it is totally
bounded and complete.*

Sequentially compact implies completeness, because a given Cauchy sequence has a
convergent subsequence, and we can then use triangular inequality. (This is exactly how we
prove real Cauchy sequence to be convergent.)

There is a close connection between precompactness (relative compactness) and total
boundedness. Say A is precompact in X, then every sequence in A has a subsequence that
converges in A, and this subsequence is Cauchy. Hence A is totally bounded.

It should be an easy exercise to check that if A is totally bounded in X, then so is A.
To get a converse we need to we assume in addition that X is complete. then A must be
complete as well. Therefore A is compact the theorem above, showing that A is precompact.
In summary,

4In the usual proof of both directions of this result, DC is used. The alternative proof that only requires
CC is given in [Her06, Proposition 3.26].
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A.21 Proposition. Precompactness implies total boundedness, and is equivalent to the latter
in a complete metric space.

This proves the first part of

A.22 Generalized Arzela—Ascoli theorem. Let X be a compact Hausdorff’ space, then the
collection F is precompact in the metric space C'(X) if and only if totally bounded if and
only if it is equicontinuous and pointwise bounded.

sup e x| f(x)| < oo for each z € X

pointwise bounded and equicontinuous implies uniformly bounded.

Every equicontinuous and pointwise bounded sequence of continuous functions on X
has a uniformly convergent subsequence. The classical Arzela—Ascoli theorem states the
special case that a sequence of equicontinuous and uniformly bounded functions contains
a uniformly convergent subsequence. One should know /recognize that this can be directly
proved using the diagonal argument, a technique used throughout the whole text.

A.23 Proposition. Let f,g: X — Y be two continuous functions, where X is a topological
space and Y is Hausdorff. If f and ¢ agree on a dense subset of X, then f =g on X.

A.24 Theorem. Let X and Y be metric spaces, with Y being complete. Let D be a dense
subspace of X, and f: D — Y be a uniformly continuous function. Then there is a unique
extension of f to F': X — Y, such that F is still uniformly continuous.

Proof. Any x € X can be written as the limit of a sequence {z,} C D. For each such
sequence {z,,}, by uniform continuity it holds that for all e > 0, for all m,n € N there exists
0 > 0 such that

|Tn — 2m| <6 = |f(2n) — flzm)] <e

Since {x,} is a convergent sequence it also holds that there is some N5 € N such that for all
m >n > Ny, it holds that |z, — x,,| < §. With these information combined, we get {f(x,)}
is a Cauchy sequence in Y, which is complete. Therefore lim,, f(x,) exists.

Now let us show that lim, f(x,) = lim,, f(w,) is the same for any {z,} and {w,}
that approach z. We know z,, — w,, — 0, and hence (using the same reasoning as above)
f(@n) = f(wn) = 0.

Now define F'(x) = lim,, f(z,) for any {z,}. The function F is (sequentially) continuous
everywhere. It is clear F|p = f, and such an extension must be unique by Proposition A.23.

It remains to show that F' is uniformly continuous. Consider a,b € X, which are
respectively limits of some {a,} and {b,} in D. We want to show that for any e > 0, for all
a,b € X, there exists § > 0 such that

la—b| <8 = |F(a)— F(b)| <e.

We leave it to the reader to use the uniform continuity of F|p, F(a) = lim,, F(a,,), and the
triangular inequality to meet the above inequality. O

This result is frequently used as one way to extend linear functionals f € D* on the
dense subspace D to the entire normed space X. Notice that linearity on the dense subspace
carries easily over to the whole space, and if || f]| < C, then | F|| < C, by the continuity of F.

We emphasize X and D here have the same metric structure. Compare this result with
the upcoming Hahn-Banach theorem.

5Hausdorff is not necessary, but usually stated.
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A.25 Uniqueness theorem. Let G be a region (i.e., nonempty open connected subset of C).
If f and g are both holomorphic in G, and f and g agree on some S C G that has a limit
point in G, then f and g agrees everywhere on G.

A.26 Mean value inequality for R%-valued functions [Rud76, Theorem 5.19]. Let f: [a,b] — R
be continuous, and f be differentiable in (a,b), then there exists = € (a,b) such that

[f(0) = f(a)| < (b—a) sup [f'(2)].

a<z<b

Proof. Apply the ordinary mean-value theorem to the continuous ¢: [a,b] — R defined by

and use the Cauchy-Schwarz inequality. O

A.27 Mean value inequality for C-valued functions. Let f be defined on an open set containing
the segment v* between z and zg, and f be differentiable everywhere on v*. Then

FE =L@ o).

|Z - Z0| wey*

Proof. This follows from the Fundamental theorem of calculus for parameterized paths and

the Estimation lemma:
|ﬂ@ﬂm|/fmmﬁ
v

< sup | f'(w)] - length(y)
wey*

sup |f'(w)] - |z — zol. O
wey*

A.28 Uniform convergence of derivatives. Let f,: (a,b) — R be a sequence of differentiable
functions that converges pointwise to f. If f/, converges uniformly to some function g, then
fn — f uniformly and also f/ = ¢.°

The key part of the proof is the use of the mean value theorem on f;, — f/ .
A.29 Fact.
A.30 Tychonoff’s theorem. Arbitrary product of compact topological spaces is compact.

A.31 Theorem (Tychonoff's theorem for countable product). Countable product of compact
topological spaces is compact.

Tychonoff’s theorem is equivalent to the axiom of choice.

See discussion in [Her06, Section 4.8].

for countable product of compact metric space, only CC is needed
If the product is finite, then no choice is needed.

A.32 Exercise. Give a direct proof of Tychonoff’s theorem for the countable product of
compact metric spaces, using a metric on this product.

A.33 Theorem. The countable product of sequentially compact spaces is sequentially compact.
6[Rud76, Theorem 7.17]; also see Theorem 8.15 and Remark 8.16 in [Kra22].




228 Appendices

B Normed spaces

Let X and Y be normed spaces in this section.

We use L£(X,Y) for the space of linear maps between normed spaces X and Y, and we
denote £(X,F) by X*, called the dual space of X. Given a real vector space (V, <), where
“<” is a partial order that obeys vector addition and scalar multiplication:

r4+z<y+z forzeV,

<
TRV = {)\xg)\y for A € RO,

We say f € V* is a positive linear functional if x > 0 implies f(x) > 0.

B.1 Fact. Let (X, | -||) be a normed vector space. Then vector addition X x X — X and
scalar multiplication F x X — X are both continuous. Also by the reverse triangular
inequality,

[zl = liyll] < 1l = yll,

the norm function || - || is continuous with respect the topology generated by it.
B.2 Exercise. For a general metric space, one has B(x;r) C B(z;r). Provide a example that

shows that equality may not hold. (Hint: discrete metric.) Show that in addition that when
the space is a normed vector space, then B(x;r) = B(x;r).

B.3 Proposition. For T' € L(X,Y), then T is bounded if and only if Lipschitz continuous if
and only if it is continuous if and only if it is continuous at any point of X.

Proposition A.6 When X is a normed space and A is a subspace, then d(-,A) is
furthermore linear. Hence it is a continuous linear functional on X with kernel A.

B.4 Proposition. A normed space X is Banach if and only if for every sequence {z,} C X
satisfying
D llzall < oo,
n
the series ), x, converges to some element of X in norm. (Every absolutely convergent
series converges in the norm topology of X.)
This alternative criterion for completeness can be useful at times.
B.5 Proposition.

(a) For a normed space X and its closed proper subspace V', we can define a norm on
the quotient space X/V by

I[z]llx/v = inf{|lz —v| : v eV},

where [z] is the coset © + V. If X is Banach, then V is Banach as well.

(b) The topology induced by the quotient norm || -||x/y is the same as the quotient
topology on X/V.

(c) (Riesz’ lemma) For any € > 0, there is some z € X with ||z|| = 1 satisfying

Iz]llx/v =1 —e
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B.6 Proposition. The closed unit ball is compact in a normed space if and only if the normed
space is finite-dimensional.

Therefore a normed space is locally compact if and only if it is finite-dimensional. Hence
an infinite-dimensional separable Banach space is a Polish space that is not locally compact.

The “if” direction follows by the fact that the finite dimensional normed space is home-
omorphic to R™.” For the contrapositive of the only if direction, we use Riesz’ lemma to
inductively choose a sequence in the infinite-dimensional space that has distance > 1/2 from
the existing finite-dimensional subspace.

B.7 Fact. Let E be a dense subspace of a normed space X, then E* and X* can be
isometrically identified in a natural way since a continuous function® is uniquely determined
by its value on a dense subset.

B.8 Proposition. If Y is complete, then £(X,Y) is complete. In particular the dual space of
any normed space is complete.

B.9 Hahn—Banach theorem. Let X be a real vector space, and p be a sublinear functional
on X. Say F is a vector subspace of X, on which we have a linear functional f € E*. If
f(z) < p(x) for all z € E (f is dominated by p on the subspace), then we can extend f to a
linear functional F defined on the entire space X, such that F(z) < p(x) now holds for all
reX.

Let X be a complex vector space, and p be a seminorm” on X. Say E is a vector subspace
of X, on which we have a linear functional f € E*. If | f(z)| < p(x) for all z € E, then we
can extend f to a linear functional F' defined on the entire space X, such that |F(z)| < p(x)
now holds for all x € X.

Note we can always define the seminorm p by p(z) = ||z| || f|| g+, and it becomes imme-
diately clear that an extension F' of f always exists and can be made so that the norm is
preserved: ||[F|lx- = ||f||&*-

Let X be a real separable topological vector space, and p be a continuous sublinear
functional, then the Hahn—Banach theorem can be proved in ZF without any choice. The
term topological vector space will be clarified in Appendix C, but one can probably guess
what it means.

In many applications, our p is automatically continuous (e.g., bounded linear functionals
when X is a normed space). Also note that if pg is a linear functional, then p = |po] is a
seminorm, and since pg is continuous, p must also be continuous. Hence with the separability
topological assumption on X, most consequences of Hahn—Banach are retained.

The most significant consequence of the Hahn-Banach theorem are the existence of
nontrivial linear functionals that satisfy certain properties.

B.10 Corollary. Let X be a normed space.

(a) Let E be a closed proper subspace of X. Take any 2 € X — F, then there exists
f € X* such that f(z) = inf,cg|lz —v||=06#0, flg =0, and || f|| = 1.

(b) For z # Ox, there exists f € X* such that and f(z) = ||z| and || f]| = 1.

"This in fact holds for more general spaces as well, see Proposition C.2.
8consider f € X* and V@I i1 our context

[E3]

9Note that seminorms are a subclass of sublinear functionals that are always nonnegative. The absolute
value signs that pop up later are expected.
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(c) For any f € X*, there exists ,y € X such that f(z) # f(y).

Proof. Part (b) and (c) follow quickly from (a). For part (a), apply Hahn—Banach theorem
to the subspace E + Fz with the linear functional f: y + Az +— AJ and the dominating
seminorm p = || - || O

We discuss some elementary use of this corollary. What happens if in Fact B.7, F is not
dense in X7 This is a conceptually important question.

B.11 Fact. For any closed proper subspace E of X, then we know every linear functional on
E can be extended to a linear functional on X. Furthermore, by Corollary B.10(a), there
exists a nontrivial linear functional on X that vanishes on F. Therefore E* is also properly
contained in X™*. In fact, it is true that the first isomorphism holds

The E above can be replaced by any subspace of X that is not dense, since we can always
take its closure.

Actually this is not the best we can get. As you might have already felt, the first
isomorphism should hold; see the proof of the next proposition.

It follows by Corollary B.10(b)(c) that the hat map'’": X — X** such that Z(f) = f(z)
is an isometric injection. When the hat map is also surjective, the normed space X is called
reflexive, which means exactly that we can always identify X with X** as the same. Notice
in particular that a reflexive space must be Banach because X**, as a dual space, is complete
under its norm. The primary example of a reflexive space is the Hilbert space, the L space,
and the Sobolev spaces WP and VVO1 P when 1 < p < 0.

B.12 Proposition. The closed subspace of a reflexive space is reflexive.

Proof. Part (a) of Corollary B.10 tells us that given a closed subspace E of a normed space
X, there exists some linear functional on X that vanishes on E. We can characterize all
linear functionals on E by these linear functionals on X that vanishes on E: according to
the first isomorphism theorem

X*/null(- |g)

1R

we have

E* = X*/E*, (B.13)
where B+ = {f € X*: f(F) = 0} is called the annihilator of E in X, a closed subspace of
X.'"" Since E is closed in X, E* is closed in X* as well, and hence

E* = (X*/EY)* = (EH)* (B.14)
={ze X" :&(f)=0forall fc E*+}
~{zecX:f(x)=0foral fec Bt}
=E=E. (B.15)

This shows that the isometric embedding is surjective. O

10denoted by the letter J as well
HThe notation suggests that it bears connection with the orthogonal complement for Hilbert spaces.
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Equation (B.15) is [BS18, Corollary 2.3.24], while the two isomorphisms (B.13) and (B.14)
are rigorously proved in [BS18, Corollary 2.3.26]. In fact both are isometric isomorphisms.
(The finite-dimensional case is stated in [Ax124, Section 3F, Exercises 31 & 33].)

B.16 Theorem. Let X be a normed space and E be a subspace. Then
(a) {zx€ X : f(x)=0forall f € E+} =F.
Hence E is dense in X if and only if E+ = {0}.
(b) the linear map
X*/E* = E*: [f] = fle
is an isometric isomorphism.

(¢) If furthermore F is a closed subspace, then
(X/E)* = E*: A= Aom
is an isometric isomorphism. Here 7: X — X/F is the quotient map.

Biihler and Salamon [BS18, Theorem 2.4.4] also provides a proof of Proposition B.12
that works directly with the elements in the spaces. The same theorem also proves that

B.17 Proposition. A Banach space X is reflexive if and only if X* is reflexive.

For A C X, the Minkowski functional/gauge of A is defined by
pa(z) =inf{r e R:r>0and z € rA}

for all x € A, where we take inf ) = +o00 as usual.
We claim that p4 is continuous if and only if 0 € Int A. If in addition A is convex, then
p4 is a sublinear functional.

B.18 Uniform boundedness principle. Let X be Banach and Y only be normed. For {T,}oeca C
L(X,Y), suppose sup,, || Taz| < oo for all x € X, then sup, ||| < co.'

B.19 Open mapping theorem. For two Banach spaces X and Y, if T' € L(X,Y) is surjective,
then the map is open.

B.20 Corollary. For two Banach spaces X and Y, if T' € £L(X,Y) is bijective, then the inverse
T~ is also a bounded linear map.

B.21 Closed graph theorem. For two Banach spaces X and Y, if T € L(X,Y) is closed, then
the operator is bounded.

B.22 Baire category theorem. Every complete (pseudo)metric space is a Baire space, i.e., a
space where a countable intersection of nowhere dense sets is nowhere dense. This implies
that a complete metric space is not the countable union of nowhere dense sets.

The above result also holds for all locally compact regular spaces, which includes locally
compact Hausdorff spaces.

It is a well-known fact that Baire category theorem for complete metric space is equivalent
to DC. However, a Polish space (which includes any locally compact second countable
Hausdorff space) is Baire can be proven in ZF; see [Her06, Theorem 4.102]. Also, it is shown
in [Fel17] that only CC is needed to establish the uniform boundedness principle.

12also known as the Banach—Steinhaus theorem
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B.23 Proposition. A closed and countable nonempty subset of a complete metric space X
must have an isolated point.

Proof. If X have no isolated point, then every singleton {2} C X is nowhere dense, which
implies that X is a countable union of nowhere dense set. O

C Weak topologies and topological vector spaces

Some motivation is needed before we start the main material of this section.

f: X =Y is continuous if and only if for every x, — x, we have f(x,) — f(z).

A related results z, —  in the initial topology on X generated by F = {fs: X — Y3}secn
if and only if f(z,) — f(x) for all f € F. This is true for both nets and sequences.

In particular, this applies convergence in product spaces.

If the target spaces Y3’s are all Hausdorff, then X is Hausdorff if and only if the collection
F separates points in X.

The subbasis of F can be specified by fjg L(V), where V ranges over any open sets of
Y3, for any § € B. One may take Y to be any basic or subbasic open set as well, by the
property of the preimage. If F consists of only one function f, then the preimage f~! takes
(subbasic/basic) open sets in Y precisely to (subbasic/basic) open sets in X.

Suppose we have two vector spaces X and Y. We say X and Y are in duality if there
is a bilinear pairing (-, -): X x Y — F. Assume also that Y separates points in X, which
means that for each z # 0x, there exists some y € Y such that (z,y) # 0, since we are in the
setting of vector spaces. We assign a topology o(X,Y) to X, known as the weak topology,
the weakest topology that makes the collection of mappings

{z=(z,y):yeY}

continuous. If X also separates points in Y, then the pairing (X,Y, (-, -)) is called a dual
pairing.

Bogachev 1.6.5 6 8

We need two new types of convergence on vector spaces and their dual spaces. We will
start by discussing them given a normed space X.

For {z,} C X, we say x, — x weakly (i.e., converges in the weak topology) if for all
feXr, flzn) = f()

For {f,} C X*, we say f, — f in weak-star (i.e., converges in the weak-star topology) if
for all x € X, Z(fn) = fn(x) = 2(f) = f(x).

Both limits are unique, but for very different reasons. Say z, — x and y weakly, then
x # y if and only if there exists f that f(z) # f(y). This is a clear consequence of the
Hahn-Banach theorem.

On the other hand, say f, — f and f, — ¢ in weak-star, then f(z) = g(z) for all
x € X, and hence f = g. Be very aware that this unique limit f does not have to be a
bounded linear functional, i.e., an element in X*. Of course, if sup,, || f»|| < oo, the weak-star
limit f has to be bounded. (This is true automatically when X is Banach, by the uniform
boundedness principle: for each x, since {f, (z)} is a convergent sequence, it is bounded, and
hence sup,, || fr|| < c.)

One can also impose the weak topology on X*. When X is a reflexive Banach space,
o(X*, X) and o(X*, X**) coincides, but this is not true in general.

The basis for o(X, X*) is usually expressed in the following explicit way.
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For any xy € X, a neighborhood basis for z( is given by

fj_l(fj(xo) _€7fj($0)+€),

1

J:
or equivalently,
{z e X :|fj(x—xo)| <eforall j€ [n]},

for any finite number of f;’s and € > 0.

You push zg to the target field F, vary f;(zo) in a small neighborhood in F, and then
push back to X to get a neighborhood for xg.

The weak and weak-star topology can alternatively be seen as seminorm topologies, which
we discuss here. Say X is a vector space, on which we have {p, }aca as a family of seminorms
that separates points in X. The topology on X generated by {p.} is the initial topology with
respect to the family of functions

{ = palx —2x0) 120 € X, € A}.

The seminorms we used to define the weak topology on X are {|f.|: fo € X*}.

Be very careful that this is not the initial topology that makes all p,(-) continuous.
Rather, due to the vector space structure of X, the translation by y in the functions
x — po(x — y) is an important requirement, such that (z,y) — = + y and (\,z) — Az
are continuous. A vector space with a Hausdorff topology that makes vector addition and
scalar multiplication continuous is called a topological vector space, which we have mentioned
earlier.

A topological vector space X is locally convex if every neighborhood of 0 contains a
convex neighborhood of 0. The topology on a vector space induced from seminorms is locally
convex because the neighborhood basis at 0 is made of locally convex sets

{z € X :pj(x) <eforalljen]}

for any finite number of p;’s and € > 0. In fact more surprisingly, all locally convex topology
can be generated by a family of seminorms, using the Minkowski functional. For details of
the two equivalent characterizations of locally convex spaces, see [BS20, Section 8.1].'% The
weak topology is just a canonical example of the general seminorm topologies on locally
convex spaces.

If the number |A| of seminorms p, used to generated the locally convex topology on X is
countable, then the topology on X is metrizable with

o PilT—Y)
d(z,y) =) 27/ .
@)= 2 T )
Of course, d(z,y) — 0 if and only if p;(x,y) — 0 for all j. The converse of this statement is
also true. The proof of this equivalence again can be found in [BS20, Proposition 8.6.1]. Note
that if (X, d) is complete, the locally convex space is called a Fréchet space. The Schwartz
space of rapidly decreasing functions S(R"™) from Fourier analysis is the primary example.

133ome authors ask the convex neighborhoods to be balanced, i.e., ol C U for any |a| < 1 in the definition.
One may safely drop this assumption, which is also discussed in the reference.



234 Appendices

Given two normed spaces X and Y, we are already familiar that we can assign a norm
topology to the vector space £(X,Y). With all our previous discussions, it is possible to
assign two other topologies to L(X,Y).

First, we have the strong operator topology generated by the seminorms

T — || Tx| over z € X.

Hence T,, — T in the strong operator topology if and only if T,,x — T« in Y-norm for all
x € X. Clearly the limit 7" is unique since Tz is uniquely determined for all z.
Second,we have the weak operator topology on L£(X,Y) generated by the seminorms

T f(Tx)overz € X, f € Y™

Therefore T,, — T in the weak operator topology if and only if for all x € X and f € Y™,
f(Thxz) — f(Tx), which is equivalent to saying that T,,x — Tx weakly in Y for all z € X.
Since the weak limit in Y is unique, T is unique.

The norm topology on £(X,Y) is stronger than strong operator topology, which is again
stronger than the weak operator topology.

C.1 Proposition. Weak and weak-star topologies are Hausdorff (for different reasons). In fact,
one can further show that weak-star topologies are completely regular.

Proof. The weak topology is Hausdorff because continuous linear functionals separates
points. O]

There is only one topology that one can assign to a finite-dimensional vector space such
that vector addition and scalar multiplications become continuous.

C.2 Proposition [Rud91, Theorem 1.21]. A real/complex topological vector space X of finite
dimension n is homeomorphic to R"/C"™ with the Euclidean topology.

Proof. Consider the real case. We have a linear isomorphism 7' from R™ to X by iden-
tifying the standard basis elements ey, ..., e, of R™ with a basis zi,...,z, of X. For
a=(a,...,a,) € R", we have

T(a) =a121 + ...+ apZp.

The coordinate projections a — a; are of course continuous, and since addition and scalar
multiplications are both continuous, 7" is continuous.
Showing that T~! is continuous requires more work. O

C.3 Proposition [Rud91, Theorem 1.22]. A topological vector space is locally compact if and
only if it is finite-dimensional.

C.4 Proposition. For a normed vector space, weak topology is always weaker than the norm
topology. Furthermore, the weak topology is strictly weaker than the norm topology if and
only if the space is infinite-dimensional.

Proof. First, weak convergence is weaker than norm convergence, since

1f (@n) = f)| < [ fl[llen — ]|
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for all f € X*. Therefore the weakest topology that makes all linear functionals continuous
is weaker than the norm topology.

We need to show that in an infinite-dimensional normed space X, all weakly open sets
are norm-unbounded, which can be further reduced to showing that any neighborhood basis

U= 5@l <

around Ox is unbounded in norm. Consider the linear map F': X — F” given by

F(z) = (fl(x),,fn(x))

Note that F~1({0}) is a subspace of the considered neighborhood basis U. Hence if U is
norm bounded then F~1({0}) must only contain 0. However, the injective linear map F'
cannot map an infinite-dimensional space X to a finite-dimensional one.

If X is a finite-dimensional normed space, we claim that the metric ball {z: ||z| < €}
around Ox is weakly open. Take X to be R™ with supremum norm, then

{w: ||zl < e} = (e 2] < e} = ({z: €] () <€},
Jj=1 J=1

where {e}} is the dual basis with respect to the standard basis {e;}. Since the dual basis
elements are continuous linear functionals, the proof is complete. O

C.5 Proposition. Suppose X and Y are topological spaces defined by seminorms {p, aca
and {gs}gecp respectively. Say T is a linear map, then 7' is continuous if and only if for each
B € B, there exists a1, ..., a; such that

Q5<T.’E) < C[pal (.Z‘) +-- +pakw]'
C.6 Proposition. Suppose z,, — & weakly, then sup, ||z,|| < oo, and ||z|| < liminf,||z,].

C.7 Proposition.

C.8 Proposition [Fol99, Proposition 5.17]. For {T},} C £(X,Y) with sup,||T,| < co. If for
some T € L(X,Y), we have ||T,z — Tz|| — 0 on for all z € D dense in X, then T,, — T in
the strong operator topology.

Separability of the space and the weak and weak-star topology on the closed unit ball
plays an important role in some results.

C.9 Theorem [Brell, Theorem 3.28]. Let X be a normed'* space, then the closed unit ball

{feXx :fl<1}

in X™* is metrizable in the weak-star topology if and only if X is separable.

14 Brezis [Brell] assumes that X to be Banach space, but this assumption is used nowhere in the proof.
Also dense normed subspace of a Banach space has the same dual, and dense subset of a separable space is
always separable.
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For the more important “if” direction, one can define a norm [f] = > 7, 27"|f(z,)|,
where {z,} is a fixed countable dense subset in X. The topology induced from this norm is
the same as the weak-star topology restricted to the closed ball.

One can find an alternative proof of the “if” direction from [BS20, Theorem 6.10.23]. It
uses the following result, which is invoked throughout our text.

C.10 Sequential Banach—Alaoglu theorem. For a separable normed vector space X, the closed
unit ball in X™* is weak-star sequentially compact. This means precisely that for any normed
bounded sequence in X*, it has a subsequence that is weak-star convergent to some F € X*
with the same norm bound.

close connection to Helly selection theorem

Proof. Let {f,} C X* be norm bounded by some positive constant C, and take a countable
dense subset {z,} of X. We follow the diagonalization procedure. Since sup,|fn(z1)] <
Cllz1|l, {fn(z1)} lives in a bounded interval, there is a subsequence {f,()(71)} that con-
verges.'” Let {fr} = {f,(n)}, and we can now extract a further subsequence {f2} from {f}
such that f2 converges on {z,72}. Proceeding inductively, we get the following table of
subsequences listed in rows:

Table 1: subsequences listed in rows

SR R S
fiof B

O C R E S
fio 5 f8 f

Take the diagonal sequence fi, fa,.... If we ignore the first j — 1 terms of the diagonal
sequence, this new {f7} is a subsequence of {f7}%° ;. Therefore f" converges on the dense
subset {x;} of X. We need to show that the convergence in fact holds on the entire space X.

(One may want to proceed using Theorem A.24, but unfortunately this does not work
because the dense subset might not contain 0.) Take any x € X, for any € > 0 there exists
some x; such that ||z — x;|| < €, which implies that

|fo(x) — fr(x;)] < Ce for all n.

Now
fa(zy) = Ce < fii(x) < fil(z;) 4+ Ce
Let f satisfy f(z;) = lim,, f;}(x;) for all j, then taking limits we have

flz;) —Ce< limninf fr(z) <limsup fi(z) < f(z;) + Ce.

It follows that
limsup f}(z) — liminf f}}(z) < 2Ck,

15This can be done explicitly by letting
v(n) =min{m >v(n —1) : |fm(x1) — s1] < 1/n},

where s1 = liminf,, fn(z1).
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and since € is arbitrary, f(z) = lim,, f?(z) for all z € X. We then know f should be linear,
and also that

£ ()] = lim| £ @)] < C.
for x € X with unit norm, which shows that f € X* with || f|| < C, as desired. O

One important consequence of sequential Banach—Alaoglu theorem is a sequential char-
acterization of reflexive Banach spaces. This essentially explains why (separable) reflexive
Banach spaces are desirable in some applications.

C.11 Eberlein-Shmulian theorem. If a Banach space X is reflexive, then it is weakly sequentially
compact in the weak topology o (X, X*).

Proof. First assume X is in addition separable, then X** is separable and hence X* is
separable. Also X™ is reflexive. By the sequential Banach—Alaoglu theorem, we know the
weak-star topology o(X**, X*) on X** is weak-star sequentially compact, and hence X is
weakly sequentially compact.

Now we drop the assumption that X is separable. Given a norm-bounded sequence
{z,}, define E = span{z,,}5° ;, which as the closure of a separable space is separable. By
Proposition B.12 we know FE is also reflexive, and hence the preceding paragraph tells us
that {z,} has a weakly convergence subsequence with the same norm bound. O

The converse turns out to be true as well, but we do not discuss here.

Going back to sequential Banach—Alaoglu theorem, from Theorem C.9, we know when the
normed space is separable, the weak-star sequential compactness and weak-star compactness
coincide. In fact, we have

C.12 Banach—-Alaoglu theorem. For a (not necessarily separable) normed vector space X,
every closed and bounded-in-norm subset of X* is weak-star compact.

Be aware that weak-star compactness and weak-star sequentially compactness are not
the same when X is nonseparable. In fact, neither of the two implies the other.'

The proof of the topological Banach—Alaoglu theorem is nonconstructive (it requires
Tychonoff’s theorem for arbitrary product of the unit interval). The result is also less
interesting because we are generally more interested in convergence of sequences. However,
the statement do provide some additional insights to weak topology and reflexive spaces.
The sequential version may also be proved from the topological version below by metrizing
the closed unit ball in the dual space (again by Theorem C.9), but we do not recommend
this approach.

C.13 Exercise. The converse of Banach—Alaoglu theorem is also correct when X is a Banach
space. (Hint: use the uniform boundedness principle)

Here is the topological characterization of reflexive Banach spaces, which is quite difficult
to prove.

C.14 Kakutani's theorem. A Banach space is reflexive if and only if the closed unit ball is
compact in the weak topology.

We ask the reader to consult [Brell, Theorem 3.17, 3.18, & 3.19] or [BS18, Theorem 3.4.1]
for dedicated discussion of .
A set S in a vector space is called balanced if AS C S for all [A| < 1.

16There are explicit counterexamples.
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D Some relevant operator theory

The current section only covers the mere basics of operator theory useful to the study of
stochastic processes. In particular, we will discuss adjoint and unbounded operators on
Banach and Hilbert spaces, but completely omit compact operators and spectral theory.

D.1 Theorem. For T' € L(H), there is a unique 7% € L(H) such that (T*z,y) = (x, Ty) for
all x,y € H. This T* is known as the adjoint of T, which has the following properties:

@) 1T =T, | T*T|| = |T||*, T** =T,

(rangeT)* = nullT* and (nullT)* = range T*.

This T* is called the Hilbert adjoint

Keep in mind that there is a canonical isomorphism between a Hilbert space and its
dual, but no such canonical isomorphism between a Banach space and its dual. This is the
key reason why we have to develop the notion of adjoint differently for Hilbert spaces and
general normed spaces.'”

Let X and Y be two normed spaces. For T € £(X,Y), define its norm adjoint 7*: Y* —
X* by

T*f(x) = f(Tz) forall feY* and z € X.

This T* turns out to be bounded and also satisfies ||T*|| = ||T||. (One direction uses
Hahn-Banach.)

In the case Y and X are Hilbert spaces, by Riesz representation theorem (Hilbert space),
we can make the identification between f € Y* and some y € Y via f(z) = (z,y). Under
the definition of the Banach adjoint, we have

(Tw,y) = f(Tx) =T"f(z) = (2, T"y),

which is fortunately consistent with the Hilbert space adjoint notation. However, in the case
of a complex Hilbert space we have

(AT)* = \T*,

compared to
(AT)* = \T*

for a Banach space. Because we have a conjugate linear isomorphism in Riesz’ theorem, such
subtlety appears.
For X that is a finite-dimensional inner product space, with respect an orthonormal basis
T™* is just the conjugate transpose of T: let * be the notation for the conjugate transpose,
then
(Ta,y) =y Tz = y*(T*) s = (&, T"y).

unitary operators

annihilators

Closed range theorem for Banach spaces

An unbounded operator from Banach space X to Y is a linear map T': D(T') — Y only
defined on a normed subspace of X.

7hecause they belong to different categories
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For unbounded operators on Hilbert spaces, self-adjoint operators are stronger than
symmetric operators. An densely defined operator T is symmetric if

(Tx,y) = (z,Ty) forall x,y € D(T),

and T is self-adjoint if furthermore D(T) = D(T*), i.e., T = T™* as operators.

The adjoint T* is defined as follows. We declare y € D(T™) if there exists z € H such
that (T'z,y) = (x, z) for all z € D(T), and we say z = T"y.

Given a linear map T: D(T) C X — X, its resolvent set is defined as

p(T) ={A € C: (Al —T) is invertible},

which consists of the regular points of T. (By invertible we mean Al — T maps D(T)
one-to-one onto X.) When A is a regular point, (A —T)~! is called the resolvent of the
operator T, which we denote by Ry (7). By Corollary B.20 we know when T is bounded the
resolvent must be bounded as well.

We stress that many people define Ry to be (T'— \I)~! instead, which can lead to slightly
different conclusions. Our choice is consistent with the semigroup literature.

The resolvent satisfies an important identity (attributed to Hilbert). For A, u € p(T),

BA(T) = By(T) = (1 = NE,(T)BA(T) = (1 = N RA(T)R,.(D).
This can be easily verified as follows:
(il = T)RA(T) — Ru(T)J(A = T) = (st = NI = (A = T)[Rz(T) — Ry (T)](ul — T),

and multiply R,, and Ry on the two sides of the expression to get cancellation.
[BS20] 7.8.6 For a self-adjoint bounded operator 7' 7.10.8 .9 10.3.3

projection-valued measure and resolutions

D.2 Spectral decomposition of self-adjoint operators.

E  Semigroups

On the Banach space X, the family of bounded operators {1} }:>¢ is a strongly continuous
one-parameter semigroup'® if it satisfies the semigroup properties

(a) TO = I;
(b) Tiys =T 0Ty

and the continuity of ¢ — T} in the strong operator topology:
(¢) || Ttz — || > 0ast — 0.
We are often interested in a strongly continuous semigroup that satisfies in addition

(d) sup, || T[]l <1,

181t is also called a Cp semigroup, where Cy stands for strong continuity and can be confusing. We will
now use this name.
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which is called a strongly continuous contraction semigroup. In this section all semigroups will
be assumed to be strongly continuous by default, but not necessarily contraction. However,
all the results should be understood in the context of contraction semigroups, the only case
we are interested in. One can make the above definitions for the one-parameter groups
{Ti}ter- Note that for semigroups any limit at zero is one-sided, but for groups the limit
should be two-sided.

As a consequence of the uniform boundedness principle, since SUPy¢o,1] | Tix|| < oo, we
can define M = sup,¢(o 11[|7¢|| < oo. It follows that

72| < M| Ty || < M max{M, 1}t = MePt

for some 8 > 0. This allows us to define a new semigroup S; = e T} that is uniformly
bounded by M.

These computations are trivially true for contraction semigroups (where M = 1 and
B =0), but it still inspires us to look at the A-resolvent

RA:v:/ e M T dt
0

defined for any A € C such that Re A > 8. (When A > 0 this is just the Laplace transform.)
The improper integral here is in the Riemann sense, and the limit is in norm. It evaluates
how much T;x grows over its trajectory.

The infinitesimal generator of a strongly continuous semigroup {T;};>¢ is defined by

Lz = lim Tix — @
t—0 t

in norm, whenver the limit exists at . In general, the operator L is an unbounded operator,
and we would like to characterize D(L).

[BS20, Sections 10.5 & 10.6]

semigroups induced from bounded operators

For a bounded operator L, its exponential T; = exp(tL) = Zzozo tkk—L,k is a semigroup
whose generator is L

A is a self-adjoint operator on H with A > 0, {exp(—tA)};>0 is a strongly continuous
semigroup with generator —A.

For self-adjoint operator on H, {exp(itA)}icr is a strongly continuous group of unitary
operators with generator ¢ A.

One have to mention the famous Schréodinger equation from quantum physics here: on a
complex separable Hilbert space, we have

Hep = ih o),

which describes the evolution of the quantum state () over time. Here H is an unbounded
self-adjoint operator (usually semibounded from below), called the Hamiltonian observable
of the system. ~

We know that U; = exp(—it%) defines a one-parameter unitary group over t € R. We
now verify 1(t) = Uzt)(0), which we hinted above.

First, U, has generator —i£. Now 9,U;)(0) = —i$£U1)(0), which implies the Schrodinger
equation by replacing ¢ (t) = Up)(0).
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We remark that that the Schrédinger equation is not just physically sensible and mathe-
matically consistent, but also mathematically somewhat necessary. If we mandate that the
quantum state must evolve according to a unitary operator Uy, then the operator must be of
the form exp(it%), and the Schréodinger equation follows from there.

L is defined precisely on the image of the resolvent, i.e., Ry\(X) = D(L). (Al — L) and
R are inverse operators to each other, and hence the name resolvent and its notation.

lim x>0 AR z =2
A*)OO o, . . .
The next proposition is very essential.

The generator L is closed and densely defined

If Tyx € D(L), then 0;Tix = L(Tix).

If furthermore « € D(L), then Tix € D(L), and hence 0;Tyx = Ty(Lz) = L(Tix).
It follows that Tyz = = + fot L(Tsz)ds = x + fot Ts(Lx)ds

Tirnx — Tyw

LTz = 1i = o, T,
i h1—>mo h el
Ty (Thx —
= lim 7t( ht )
h—0 h
T _
- Tt(lim M) — T,Lz,
h—0 h

because T3 ( - ) is continuous.

E.1 Proposition. Strongly continuous semigroups are uniquely determined by their generators.
For two strongly continuous operator semigroups {S;};>o and {T}};>¢ on the Banach space
X with the same generator, we have S; = T; for all ¢ > 0. (And hence the name generator.)

E.2 Theorem. For a contraction strongly continuous semigroup on a Hilbert space, L is
self-adjoint and L < 0.

Conversely, if L is self-adjoint and L < 0, then {exp(tL)};>o is a strongly continuous
contraction semigroup of self-adjoint operators with generator L.

E.3 Stone's theorem. Given a strongly continuous group of unitary operators {U;} on a
Hilbert space, then its generator L must be ¢A for some self-adjoint operator A. This means
that U; = exp(itA).

This result is related to Schrodinger’s equation.
An operator L generates a strongly continuous contraction semigroup implies that every
A > 0 belongs to the resolvent set of L, and

IRAll = [[(AT = L)~ < 1/

In addition, recall that L is closed and densely defined. We now state the converse of the
result.

E.4 Hille-Yoshida theorem. Suppose L is densely defined and for every A > 0, the operator
Al — L has a bounded inverse Ry: X — D(L) that satisfies || Rx|| < 1/, then L can generate
a strongly continuous contraction semigroup.

It is usually easier to show that the range of A\I — L is only dense in X, and in that case
one may use the closure of L to generate the semigroup.
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An unbound operator on a Banach space X is densely defined if for any € D(L) and
A > 0 we have
(AL = L)z[| = Allz].

This is clearly true for contraction semigroups. Just like for Hille-Yoshida, we have the
corresponding converse.

E.5 Lumer—Phillips theorem. Suppose L is densely defined and dissipative, and the operator
Al — L is surjective for some (and hence all) A > 0, then L can generate a strongly continuous
contraction semigroup.

It is usually easier to show that the range to A\I — L is only dense in X, and in that one
may use the closure of L to generate the semigroup.

F Convex geometry, optimization, and analysis

Let X be a nonempty vector or topological space, and let f: X — R throughout this section.

Beyond the vanilla convex functions, there are two stronger notions of convexity that
are often useful. Let X be a vector space, and consider ¢: X — (—o00, 00]. The function is
convex if

o((1—tz+ty) < (1 —t)p(x) +tp(y) forall0 <t<1anduz,yce X,

and is strictly convex if the inequality is strict. The domain of a convex function ¢ is
{z € X : p(x) < +oo}. If X is furthermore a normed space, then the function ¢ is strongly
convex with parameter A > 0 if

o((1— 1)+ 19) + 5 (1= )tlly — 2] < (1~ t)pla) + ti()

forall0 <t <1 and z,y € X. This means precisely that there is a second order gap between
the linear interpolation and the graph itself.

It should be easy to verify that ¢ is A-strongly convex if and only if z — ¢(z) — 5 ||z||? is
convex. We also remark that if X is set to 0, then this is just the vanilla convexity.

If we assume ¢ € C*(R"), then strong convexity is equivalent to

A
P(y) = p(@) + (Vo(a),y — ) + S lly - =[*. (F.1)
In fact, it is also equivalent to a strong monotonicity of the gradient

(Veo(y) = Vo(a),y — ) > Ay — z||>. (F.2)

To see this equivalence, switching the z and y in (F.1) gives

o(a) > 9(9) + (Vw7 ~ ) + 5y —

Once we add it back to (F.1), inequality (F.2) follows. For the other direction,
1
1
o)~ pla) = | H{Vplat tly—a).tly — ) di
"1
> [ (V@)= o)+ APy - o)
o t

A
= (Vo(a),y — o)+ Sy — >
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The fundamental theorem of calculus is necessary here, because we need to take the
growing gradient condition over the entire straight line between x and y into account.

If we assume further that ¢ € C?(R"), then strong convexity precisely means the
D2p(x) = M, uniform over all z. This is a simple consequence of the second-order Taylor’s
theorem:

oly) = 9(a) + (V(a),y — ) + (V2 FE)y — )y — ),

where £ is an intermediate point on the straight line between x and y.

It is easy to show that strict convexity of ¢: R — R is equivalent to saying that ¢’ is
strictly increasing. However, from strict convexity we cannot conclude ¢”(z) > 0 for all x,
e.g., consider op(x) = z* at the origin. The converse remains true, i.e., ¢’ > 0 implies strict
convexity.

The epigraph of f, denoted by epi f, is the set

{(z,y) e X xR :y > f(z)},

the set of all points lying on or above the graph of the function.
F.3 Fact. Let X be convex. The function f is convex if and only if its epigraph is convex.

A function f: X — (—o0, +00] is lower-semicontinuous at a € X if for all y < f(a), we
have an open neighborhood U, such that y < f(z) for all € U,. Equivalently this means

li;n_}i(rllf f(z) > f(a).

Instead, the function f: X — [—o00,+00) is upper-semicontinuous at a € X if for all
y > f(a), we have an open neighborhood U, such that y > f(z) for all z € U,. Equivalently
this means

limsup f(x) < f(a).

T—ra

We say the function f is lower-semicontinuous (LSC) or upper-semicontinuous (USC) if
the function it is pointwise LSC/USC. Because of symmetry we will focus on LSC functions
from now on.

A function is LSC if and only if

(a) f~1(—o0,c] is closed for all ¢ € R;
(b) f~(c,+o0] is open for all ¢ € R;
(c) epifisaclosed in X x R.

geometric consequence of the Hahn—Banach theorem. Let X be a real topological vector
space, a hyperplane is a set
{xreX: f(zx)=t}

for some linear functional f and ¢ € R. It is a codimension-1 affine subspace, and one can
show that

F.4 Fact. A hyperplane is closed if and only if the f is a continuous linear functional.
A hyperplane {z € X : f(x) =t} separates two sets A, B C X if
flx)<tforallz € A and f(z)>tforall z e B.
The hyperplane strictly separates A and B if
flz)<t—eforallz€ A and f(z)>t+eforallze B.
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F.5 Hyperplane separation theorem. Let X be a finite-dimensional real vector space, and A
and B be disjoint convex subsets. Then there is a hyperplane that separates A and B.

Notice that such a hyperplane must be closed because the algebraic dual and continuous
dual space coincides in the finite-dimensional case.

F.6 Hyperplane separation theorem. Let X be an infinite-dimensional real topological vector
space. For two disjoint convex sets A and B in X, if
(a) A is open, then there is a closed hyperplane that separates A and B.
(b) Ais closed and B is compact, then there is a closed hyperplane that strictly separates
A and B.

See [Brell, Chapter 1] for details.
Given a normed vector space X, and a function ¢: X — (—o00, o0] we define the Legendre
convez dual of ¢ to be the function ¢*: X* — (—o00, 00| given by

©*(f) = sup f(z) — p(x).

rzeX

If we have ¢: X* — (—o00, 00|, then we define

Y (x) = sup f(x) —P(f).

fex

(Technically we can define the ¢* on the larger X** to make the definition consistent over
any normed vector space, but we chose not to.)
By definition, we have the following

F.7 Fenchel-Young inequality. For every x € X and f € X*, we have

f(@) <o) + ¢ (f)

To motivate the notion of convex conjugate, we may look at the following toy example.
Consider the space X = R and f(z) = pzx for any fixed slope p € R. We consider a function
¢ € C*(R) such that ¢” > 0. This implies that ¢': R — R is strictly increasing, and ¢
must be strictly convex.

By definition,

©*(p) = SUp p — o(z).

The supremum is attained at the = where p = ¢’(x), by taking derivative. Therefore
0" (¢'(@) = ¢ ()2 — ().
Now taking derivatives on both sides, we have
(") (¢'(2) - ¢ (2) = ¢'(2) + 29" (2) — &' (2), (F.8)

which implies that

(¢7) 0’ =1d,
or equivalently (0*)(p) = (¢')~t(p). If we show that ¢** = ¢, then we may conclude that
the derivatives of ¢p* and ¢ are indeed inverse to each other.
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Replacing p = ¢’(z) in (F.8), we now get
¢"(0)=p (@) D) — ¢((¢¥) ' ®) = p () (p) — 2((¥") (0)-
Using this, we can simplify
¢ (") (p) = (@) ()P = ¢"(p) = ¢((¥") ().

Since (p*) = (¢')~! is bijective, we conclude that ¢** = ¢, which proves also that ¢* and ¢
are genuinely inverses to each other, as desired.

The key takeaway from this computation is that the convex conjugates ¢* are designed
so that the “derivatives” of ¢ and ¢* becomes inverses to each other. For the general case

of ¢ defined on normed vector spaces, we have the notion of subdifferential dp(z) for any
x € Dom f, which is the set

{feX 1 p(y) > p(x)+ fly—x) forally € X}.

[

Notice that
fedp(x) = [f(z) =o(@)+¢"(f) <= zedp(f)
To see this, we now have the reverse of Fenchel-Young inequality:

o(x) +¢*(f) = Sl;pw(w) +fly—2)—ply—z) < sup o(y) —ply —z) < f(x).

F.9 Exercise. For f; € dp(x1) and fa € Op(x2), we have the monotonicity
(f2 = fi)(x2 —x1) > 0.
If p and ¢* are differentiable (Lipschitz), then
Vu* oVu(z) =2 and VwuoVu*(y)=y
everywhere (almost everywhere).

F.10 Fact. 0f(z) = {Vf(z)} at all points where V f(z) exists, which is understood to be

i L@+ ) — f(2)
h—0 h

for all y € X. (This is known as Gateaux derivative, which is just the normal gradient when
X = R". Tt makes sense over any locally convex TVS.)

F.11 Fenchel-Moreau theorem. Let ¢: X — (—o00, 00| be a convex LSC function such that
© Z 400. (Such a function is also called to be proper.) We have o™ = .

Expanding the definition, this is precisely
p(x) = sup f(z)—¢*(f)
fex
This tells us that the set of
all convex LSC function not identically +oo
is exactly the set of
all supremums of affine functions that are not identically 4 oo.

(Since f € X*, it is an affine function.)
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F.12 Fenchel-Rockafellar theorem. Let ¢,1: X — (—o00,00] be convex. Suppose there is
29 € X such that p(xg) < 400, ¥(xg) < 400, while ¢ and 1) are continuous at . Then

inf p(x) + () = max =" (=f) =¥ (f).

For extended convex functions, we do not necessarily have continuity.
If C C X has nonempty interior, then Int C = C.
We already know convex sets. A subset A of X is affine if for all A € R and z,y € A,

(I=XNzx+ Ay € A

Different from a convex set, an affine set must contain each line through any two points within,
not just the line segment. The vector subspaces of R? are precisely the affine subspaces of
R? containing 0.

Given a vector space X and a subset A, a point p € A is called an extreme point of A if
it is on any line connecting two distinct points. This means precisely there does not exist
x # y in A such that

p#A(l—XNz+ Ay forany 0 < A< 1.

Let A be a subset of a vector space X, and Z be another vector space. A map f: A —
f(A) C Z is affine if for any z,y € A and A € R such that (1 — ANz + Ay € A,

A =Nz +xy) = 1= Nf(@) + A (y)

In particular, affine maps take convex sets to convex images (convexity-preserving).

Given a set of points S in a vector space X, the convex hull conv S is the smallest set in
X that contains S. Equivalently it can be explicitly written as all finite sums 2?21 AjZj,
where z; € 5,0 < A; <1, and Z?Zl A; = 1. If X is a topological vector space, then the
closed convex hull (resp. open convex hull) is the closure (resp. interior) of the conv S.

We can define affine hull similarly, without restricting A; to be nonnegative.

F.13 Krein—Milman theorem. A nonempty compact convex subset of a locally convex topological
vector space is equal to the closed convex hall of its extreme points (which always exist).

A set C' C X is a cone if z € C implies Az € C for all A > 0.
[Brell, Corollary 3.22 & 3.23]

F.14 Theorem.
direct method of calculus of variations

F.15 Radon’s theorem. Any set of d + 2 points in R% can be partitioned into two subsets
whose convex hulls intersect.

F.16 Carathéodory's theorem. Given some set S C R<, for any point in conv S, it is the convex
combination of at most d + 1 points of S.

F.17 Helly's theorem. Let A;, Ao, ..., A, be convex subsets of R?, where n > d + 1. If every
d+1 number of A,’s have nonempty intersection, then the intersection of the whole collection
N, 4, #0.

The result remains in force if we let {A,},er be an (infinite) indexed family of com-
pact convex subsets of R%. This case follows by the finite intersection characterization of
compactness. (Fix one A’ in the collection, and replace each A, by A, NA’.)

F.18 Lemma. For F: X X Y — [—00, 0], we have

sup inf F(z,y) < inf sup F(zx,y).
ngyEY (@) IGXye}Ii (@9)
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G Proof of the two extension theorems
G.1 Dynkin's m-)\ theorem. Within a nonempty set X, if P is a w-system that is contained in
a A-system L, then o(P) C L.

Proof. Let I' = A(P), the A-system that contains P (see Definition 1.9).

We then need to show I is a o-algebra. Once this has been shown, we can claim that
o(P) CT C L, which finishes the proof. To prove I is a o-algebra, we need the key fact that
T" is in fact a w-system, i.e., for E € I' and F' € ', we wish to prove ENF €T

Here is the major trick. Define

Kg={FCX:ENFeT} (G.2)

for any F € I'. We show that Kg is a A-system for any fixed £ € T'.
First, X e g sincefor Ee', ENX =F €l Nextfor ACBinKg, ENACENB
are both in I". Therefore

ENn(B—A)=EnN(BNA°
=(ENB)N(ENA*°
=ENB-ENAe€T,

which proves that FF — F € Kg. Finally for the ascending sequence of sets A; C A, C --- in

K g, we have
EN <U Aj> =JwEn4,)).
j=1 j=1

Since ENA; €T for all j € N and

EﬂAjTU(EﬂAj) as j — oo,

=1

we have U]Oil A; € Kg. Hence we have proved that Kg is a A-system for any F € I.
Now we restrict our attention to E € P. Since P is closed under finite intersections, we
have P C Kg, and therefore A(P) =T C Kg. In summary, we have

FePand Fel'=ENFel.

Here is where the magic takes place. By symmetry we may switch  and F', and see that
now given any £ € I', we have F € P = ENF €T, ie., P C Kg. Therefore for general
E €T, it holds that I' C Kg. More explicitly, this means

EFcland Fel'=sENFel,

i.e., ' is closed under finite intersections.
It remains to show that I' is a o-algebra. We check the three axioms for a o-algebra:

(i) X €T (by A-system axiom 1)
(ii) for A € T" with A C X, we have X — A € T'; (by A-system axiom 2)
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(iii) for Ay, Ap € T, AjU Ay = X — ((X — A1) N (X — As)). By (ii) above and T' being
a w-system it is clear to see A U A € T'. Therefore for Ay, As,... from I', we
U?:l A; € T. Now by axiom 3 of a A\-system,

oo

OAJ-TUAJ- as n — oo.
Jj=1 J

=1
Thus U(;il Aj erl.
The proof is now complete. O

The key idea in these proofs is always to explore “the structure generated from &£ is the
smallest containing £.” This is the reason we define collection Kg in (G.2), as our end goal
is to show that for any £ € T, it holds that E N F € T for any F' € I', which is the A-system
generated by P.

The reason why we can switch the role of £ and I in the proof is the symmetry of “1”
operation. It simplifies the proof, but there is nothing truly magical in the end.

The exact same idea (including this symmetry switch) can be applied to prove the
monotone class theorem, which we will do now.

G.3 Monotone class theorem. Given an algebra Ay of sets, then the monotone class M
generated by Aj coincides with the o-algebra o(Ag) generated by Ajp.

Proof. To prove M D Ay, it suffices to show that M is a o-algebra.

First of all we note that every monotone class closed under finite unions must be closed
under countable unions. Suppose M is closed under finite unions. Then if A; € M for
all j, we have B, = U;—l:1 A; € M. Meanwhile B,, 1 U;il A; as n — oo, and therefore
U?il Aj e M.

Since M contains ) and X, we only need to show M is closed under complements and
closed under finite unions.

We first show M is closed under complements. If we can show that the collection

Ki={ACX:A €M)}

is a monotone class, then since K O Ay, it follows that L O M, which proves our claim
that M is closed under complements. To see why K is a monotone class, for an ascending
sequence of sets A1 C Ay C --- in K,

<G Aj>C = ﬁAﬁ e M.
j=1 j=1

The same argument applies to any descending sequence of sets in .
It remains to prove that M is closed under finite unions. For any E € M, let us define

Kg={FCX:FEUF e M}.

First we prove Kg is a monotone class. Consider an ascending sequence of sets F; C
F; C -+ in Kg. This gives an ascending sequence of sets

FURMMCEUFRC...
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in M, which implies

(oo}

G(EUFj)zEU(UFj> eEM.

j=1

Therefore Ujil F; € Kg. A decreasing sequence of sets from Kg can be handled in the same
way.

Just like in the proof of the 7-A theorem, we first fix £ € Ay. Since for F € A,
EUF € Ay C M, we have Kg D Ay. Therefore Kg D M, given that Kg is a monotone
class. This shows that

FeAjand FeEe M= FEUF € M.

Now switch E and F' to see that for any given F € M, if F' € Ay, then EU F € M, i.e.,
Kg 2 Ap. Again we get g 2O M. This shows that for any £ € M and F' € M, we have
EUF € M, as desired. O

Given the resemblance of these two theorems, one might wonder if there is a shortcut to
directly prove one from the other. Sadly the answer is no, in both direction.

A proof of Dynkin’s theorem from the monotone class theorem is outlined in [Bil95,
Exercise 3.12]. The idea is as follows: given P C L, we consider the algebra 4, generated
by P. By the monotone class theorem, we can conclude that o(P) is exactly the monotone
class generated by Ag. Since £ by definition, if we can show 4y C L, then it follows that
o(P) C L. Recall we have an explicit description of the sets in Ay, which will help us here.
However, the proof is by no means simple.

It is unlikely to prove the monotone class theorem directly from Dynkin’s theorem. Since
Ay is a m-system, if we can show that the monotone class M generated by Ajg is a A-system,
then we are done. The main difficulty is that we cannot show easily verify that M is closed
under proper difference. We might want to define

OQa={BCX:B2>Aand B— Ae M}

for A € M, but this does not really work out because of the constraint B O A.

H Existence theorems for probability measures on product spaces

It is noteworthy that all results here use the axiom of dependent choice in the proof.

H.1 Existence of product probability measures on infinite spaces. The probability premeasure
1o defined above is o-additive, and hence by Carathéodory extension theorem, there is a
unique extension of o to a probability measure on @), F.

Proof. The tradition approach requires Tonelli’s theorem on finite products, see for example
[ADM11, Section 6.3]. We follow [Sae96], which proceeds from first principles and is much
simpler. O

It is clear that this can also be proved as a consequence of the following Tonesco-Tulcea
existence theorem. One has to extend from countable indices to arbitrary indices, but we
have done this in the proof of Daniell-Kolmogorov existence theorem.

[Kal21, Theorem 8.24]
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H.2 lonesco-Tulcea existence theorem. For any sequence of measurable spaces {(Sn,Sn)}
and kernels g, : S; X -+ x S,_1 — S, for n > 2. Then there exists a sequence of random
variables {X,,}°2 ; each living in {S,}52,, such that the f.d.d. is given by

(Xla"'7Xn) ~ 1 X X iy

H.3 Nelson extension theorem [Fol99, Theorem 10.18].

[ Facts and tools in probability

e” > x + 1 log sum inequality ””T_l <logzr <z—1forz>0

1 T 1 1
fgbd ): Sdt <
T z—1 o1t z—1

Therefore for all n,

1
rz—1

nglogn:/ —dt <
X 1 t "t
Hence

1
log(n 4+ 1) < Z P log(n) + 1

[.1 Coupon collector’s problem.
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Index of Notations

maximum of two
minimum of two

power set

B(z;r) the ball centered at x with radius r

S(x;7) the sphere centered at x with radius

r

Function spaces

<"'>

11l

Co

Cy

Ce

P

inner product, or dual pairing
norm

uniform /supremum norm
¢P/LP norm

space of continuous functions that
vanishes at infinity

space of bounded continuous func-
tions

space of continuous functions with
compact supports

LP space

General measure theory
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@ = =

a general o-algebra
Borel o-algebra
product o-algebra

space of signed/complex Borel mea-
sures

M, space of signed/complex Radon mea-
sures

L Lebesgue o-algebra

I a general measure, or a probability
distribution

m Lebesgue measure on R?

Probability

E, expectation on the canonical space
for stochastic processes, with initial
distribution p

P, probability measure on the canonical
space for stochastic processes, with
initial distribution w

E expected value

F a general o-field, or a collection of
functions

P space of (Borel) probability mea-
sures

Py Wasserstein p-space of probability

measures

dpv(-, -) total variation distance between

P

two probability measures

probability measure
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List of Definitions

absolutely continuous, 57 conditional expectation

absolutely continuous measures, 52 for L' random variables, 141

adjoint, 238 for nonnegative random variables,

affine hull, 246 144

affine map, 246 conditional probability, 141

affine set, 246 consistent family of probability measures,

algebra, 16 156

(almost) invariant, 163 continuity sets, 128

almost invariant function, 163 continuous local martingale, 191

annihilator, 230 continuous measure, 20

approximation to the identity, 75 continuous random variable, 100

atom, 21 continuous semimartingale, 193

atomless measure, 21 convergence

averaging operator, H6 almost everywhere, 35
almost uniformly, 38

backward filtration, 149 in LP, 35

balanced, 233 in measure, 35

balanced set, 237 in total variation, 119

Bernoulli shift, 165 vague, 73

Bessel’s inequality, 66 weak, 72

Borel o-algebra, 17 converges in distribution, 128

bounded variation, 57 convex, 242

box topology, 43 convex hull, 246

Brownian motion, 159 convolution, 75

convolution of two measures, 76
Cauchy/fundamental in measure, 35 correlation, 105

characteristic function (measure theory), countably additive/c-additive, 18
15 ’

characteristic function (probability
theory), 135

closed convex hull, 246

closed inner regular, 27

closed partial order, 125 cumulant generating function, 135

compact inner regular, 27 (cumulative) distribution function, 26, 98,
complete, 20 99

completion, 20
completion of a metric space, 223
complex measure, 49 differential entropy, 122

counting measure, 19
counting process, 157
covariance, 105
covariation process, 193
covering number, 85

cylinder set, 43
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Dirac point mass, 19

discrete distribution, 97
discrete filtration, 146

discrete martingale, 146
discrete measure, 20

discrete probability space, 97
discrete random variable, 97
discrete signed/complex measure, 54
discrete stochastic integral, 147
Doléans-Dade exponential, 197
dominating measure, 52

Doob decomposition, 147

empirical distribution function, 135

empirical spectral distribution, 207

empirical/sample distribution, 135

entropy functional, 121

epigraph, 243

equivalent measures, 52

ergodic, 163

event, 97

event space, 97

exit time, 187

expectation/expected value, 101

exponentially tight measure with
normalization, 216

extreme point, 246

F, set, 16
Feller semigroup, 178
finite measure, 18
finite-dimensional distributions, 156
first exit time, 206
first passage time, 189
Fisher information, 123
Fourier transform
of function, 77
of measure, 77
fractional Brownian motion, 188
Fréchet space, 233

G set, 16

Gaussian martingale, 194

Gaussian Sobolev space, 208

generalized inverse/quantile function, 99
Gibbs measure, 214

Hardy-Littlewood maximal operator, 56
Hausdorff measure, 85

Hellinger distance, 124
hereditary Lindelof, 225
Hermite polynomial, 115
Hilbert space, 63
Hilbert space projection, 64
hitting time, 173
Hurst parameter, 188
Holder continuity

at a point, 160

local, 160

I-continuity set, 216
image/pushforward measure, 41
increasing event, 113
independent

collections of events, 102

events, 102

random variables, 102
indicator function, 15
indistinguishable, 193
induced inner measure, 30
induced outer measure, 30
integral probability metric, 125
invariant measure, 163
invariant/stationary measure, 178

joint distribution, 103

Kantorovich’s formulation, 217
Kolmogorov backward equation, 181
Kolmogorov forward
equation /Fokker-Planck
equation, 181
Kolmogorov uniform metric, 125
Kullback—Leibler divergence/relative
entropy, 120
Ky Fan metric, 69

A-system, 21
last passage time, 189
Lebesgue measure, 27
Lebesgue—Stieltjes measure, 27
Legendre convex dual, 244
locally convex topological vector space,
233

locally integrable function, 56
log-concave

density, 116

distribution, 116



function, 116

measure, 116
lower Minkowski content, 85
lower-semicontinuous, 243
LP space, 61
LP space, 61

Markov chain Monte Carlo, 214
measurable flow, 168
measurable function, 31
measurable rectangles, 45
measurable space, 16
measurable subspace, 19
measure, 18
measure space, 18
measure-preserving dynamical system,
163

measure-preserving flow, 168
measure-preserving transformation, 163
Minkowski functional /gauge, 231
mixing

strong, 164

weak, 164
mixing time, 213
modification of sample paths, 193
modulus of continuity, 161
moment generating function, 107, 135
Monge map, 217
Monge’s formulation, 217
Monge—-Ampére equation, 219
monotone coupling, 125
multi-index, 78
mutually singular, 52

natural filtration, 146
negatively correlated, 105
null set, 20

open cluster, 215
open convex hull, 246
optional o-field, 191

orthonormal basis/complete orthonormal

system, 66
orthonormal system, 65
outer measurable, 23
outer measure, 22
outer null set, 23
outer regular, 27
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p norm, 61

parallelogram law /polarization identity,
63

Parseval’s identity, 66

partition function, 214

pathwise unique, 198

permutable, 106

m-system, 21

Polish space, 83

positive linear functional, 228

positive measure, 49

positive semidefinite function, 79

positive /negative/null set for a signed
measure, 49

positively correlated, 105

potential energy/Hamiltonian, 214

predictable/previsible o-field, 191

(probability) density function, 100, 101

probability distribution/law, 97

probability mass function, 100

probability measure, 18

probability space, 97

product o-algebra, 43

product topology, 43

progressively measurable, 191

proper function, 245

(purely) atomic measure, 21

quadratic variation, 150, 193

Radon measure, 73
Radon—Nikodym derivative/density, 53
random measure, 135, 207
random probability measure, 144
random variable, 97
rapidly decreasing functions, 78
rate function

tight, 216
real random vector, 97
real-valued random variable, 97
recurrent state, 173
reflexive, 230
regular conditional distribution, 144
relative Fisher information, 122
reversible measure, 174, 180
Riemannian metric, 92

s-finite measure, 54
sample path, 157
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sample space, 97
Schrédinger bridge, 220
Schwartz space, 78
semialgebra, 16
sequentially precompact, 131
setwise convergence, 119
Shannon entropy, 122
sigma compact, 225
o-algebra, 16
o-algebra generated by

a function, 31

functions, 32

sets, 17
o-finite measure, 18
o-subadditivity, 19
signed /real measure, 49
square integrable martingale, 150
standard Borel space, 83
standard Brownian motion, 159
standard Gaussian density, 110
standard Gaussian measure, 110
standard mollifier, 75
stationary process, 166
stationary/invariant measure, 174
stochastic logarithm, 198
stochastic matrix, 158
stochastic/transition kernel, 145
strictly convex, 242
strictly invariant, 163
strong operator topology, 234
strong solution, 198
strongly positive definite, 87
subdifferential, 245
subexponential random variable, 107
subguassian random variable, 107
subprobability measure, 128
support of Borel measure, 27
symmetric Dirichlet form, 180

symmetric random variable, 111

tail o-field, 105
tensor product of Hilbert spaces, 67
test functions, 73
tight family of measure, 129
tight measure, 28
time inversion of Brownian motion, 185
time reversal of Brownian motion, 185
topological vector space, 233
topology generated by a family of
seminorms, 233
total variation
distance between probability
measures, 119
measure of a signed/complex
measure, 51
norm, 51
totally bounded, 225
transition function, 72
transport maps, 217
transport plans, 217

uncorrelated, 105

uniformly absolutely continuous integrals,
39

uniformly integrable, 39

upper Minkowski content, 86

upper-semicontinuous, 243

variance, 105

Wasserstein distance, 126
Wasserstein space, 126
weak operator topology, 234
weak solution, 198

weak topology, 232

weakly unique, 198



	Contents
	Prologue
	Literature Review
	I Measure theory
	1 Measure spaces
	1.A Basic setup
	1.B Two tools from set theory
	1.C Extension theorems
	1.D The Lebesgue measure
	1.E Regularity of measures

	2 Measurable functions and integration
	2.A Measurable functions
	2.B Nonnegative Lebesgue integrals
	2.C Signed Lebesgue integrals
	2.D Connections to the Riemann theory
	2.E Modes of convergence
	2.F Littlewood's second and third principles
	2.G Uniformly integrable functions
	2.H Continuity and differentiability of parametrized functions
	2.I Image measures

	3 Product spaces
	3.A Product sigma-algebra
	3.B Integration on product spaces
	3.C Change of variables
	3.D Properties of the product Lebesgue measure
	3.E The Gamma function and polar coordinates

	4 Structure of measures and integrals
	4.A Hahn–Jordan decomposition of signed measures
	4.B Radon–Nikodym theorem and Lebesgue decomposition
	4.C Differentiation
	4.D Bounded variations and absolutely continuity
	4.E Fundamental theorem of calculus
	4.F Extension to Rn and general metric spaces

	5 Measures and function spaces
	5.A Lp when 1 <= p < infinity
	5.B Lp when p = infty
	5.C Hilbert spaces and L2
	5.D Duality of Lp
	5.E The L0 space
	5.F Riesz' theorems and convergence of measures
	5.F.1 The topology of locally compact spaces
	5.F.2 Spaces of test functions

	5.G Convolutions and smooth approximation of functions
	5.H Fourier transform of functions and measures
	5.I Fourier series
	5.J Stieltjes transform
	5.K Laplace transform
	5.L Sobolev spaces

	6 Elements of Polish spaces

	Interlude
	A Hausdorff measures and dimensions
	B Topological groups and Haar measures
	C Harmonic functions
	D Introduction to PDE
	E Distribution theory
	F More Sobolev spaces
	G Functional inequalities
	H Tools from vector calculus
	I Differentiable manifolds and integration with differential forms

	II Probability
	7 Interpreting probability using measure theory
	7.A Distributions
	7.B Moments, independence, and joint distributions
	7.B.1 Expectations as integrals
	7.B.2 Independence, a new measure-theoretic notion
	7.B.3 Sum of independent random variables

	7.C Basic concentration and deviation inequalities
	7.D Miscellaneous but crucial facts and tools

	8 Modes of convergence in probability
	8.A Statistical distances
	8.B The coupling technique and Wasserstein metric
	8.C Weak convergence of probability measures
	8.C.1 The topology and metric of weak convergence
	8.C.2 Problem of measurability

	8.D Comparisons between modes of convergence
	8.E Laws of large numbers
	8.F Moment generating functions and characteristic functions
	8.G The moment problem

	9 Conditional expectations and discrete martingales
	9.A Conditional expectations
	9.B Conditional distributions and transition kernels
	9.C Stopping times
	9.D Martingales in discrete time
	9.E Uniformly integrable martingales
	9.F Backward martingales and their applications
	9.G Lp convergence of martingales
	9.H Martingales of bounded increments
	9.I Gamblers' ruin and random walks

	10 Construction of random processes
	10.A Independent sequences
	10.B Consistent family of probability measures
	10.C Poisson processes
	10.D Explicit construction of discrete Markov chains
	10.E Lévy's construction of Brownian motions
	10.F Other constructions of Brownian motions

	11 Ergodic theory and stationary processes
	11.A Elementary notions
	11.B The ergodic theorems
	11.C Invariant measures, ergodicity, and weak convergence

	12 Discrete-time Markov chains
	12.A Markov properties
	12.B Recurrence and transience
	12.C Stationary distributions
	12.D Convergence to stationarity
	12.E Ergodicity of Markov chains
	12.F Harmonic Markov chains
	12.G Random walks as Markov chains
	12.H Major examples

	13 Continuous-time Markov chains
	13.A Jump Markov chains, a primer
	13.B The continuous-time semigroup theory
	13.C The study of reversibility
	13.D Spectral decomposition

	14 Brownian motions
	14.A Some sample path properties
	14.B Markov properties
	14.C A third return to random walks
	14.D Introduction to Gaussian processes
	14.E Processes induced from Brownian motions
	14.F Generalization of Brownian motions

	15 Stochastic calculus
	15.A Continuous filtration and martingales
	15.B Construction of stochastic integrals
	15.B.1 The Brownian case
	15.B.2 The L2 martingale case

	15.C Examples of diffusion processes
	15.D Applications to partial differential equations

	16 Special Topics
	16.A Random matrices
	16.A.1 Random measures
	16.A.2 Ensembles
	16.A.3 Asymptotic laws on the spectrum of random matrices
	16.A.4 Determinantal point processes

	16.B Concentration of measures
	16.B.1 Talagrand's generic chaining argument

	16.C Functional inequalities of Markov processes
	16.D Stochastic localization
	16.E Mixing times of Markov chains
	16.F Models from statistical mechanics
	16.F.1 Bernoulli bond percolation
	16.F.2 First passage percolation

	16.G Large deviation theory
	16.H Optimal transport
	16.H.1 Otto's calculus
	16.H.2 Entropy-regularized optimal transport
	16.H.3 Martingale optimal transport

	16.I Mathematical finance
	16.J Local times


	Epilogue
	Appendices
	A Helpful results from analysis and topology
	B Normed spaces
	C Weak topologies and topological vector spaces
	D Some relevant operator theory
	E Semigroups
	F Convex geometry, optimization, and analysis
	G Proof of the two extension theorems
	H Existence theorems for probability measures on product spaces
	I Facts and tools in probability

	Bibliography
	Index of Notations
	List of Definitions


